Physics 312 — Assignment 2

1. A pardlel plate capacitor has a small hemispherical boss of radius a on one of its
plates. To be definite, you can assume that A is the area of each plate, d the separation
between them, with v/A >> d >> a; take the platesto be perpendicular to the z axis and put
the boss at the center of the lower plate. However, the results you will obtain hold more
generally, aslong as a is much smaller than the distance from the boss to the closest edge.
The problemisto find the electric field.

You can imagine that the lower plateis aflat plain, the upper plate is the bottom of a
large cloud, and the hemi spherical bossrepresentsahill in the middle of the plain, or maybe
atree in the middle of afield. The problem then tells you something about the chances of
being struck by lightning in hilly country, or why isolated trees are at risk of being struck.

(a) If o isthe charge density on the lower plate far away from the boss, what is the
electric field far away from the boss, £y? You can (approximately) relate o to the area,
A, and to the total charge on the plate, @, but it is not necessary to do so.

From Gauss Lawwefind oy = FEyeo, (in Sl units, wheregy = 8.85x10712C2%/N - m?)
or oy = 4mEy (in Gauss — cgs units). Seefor example Serway, page 481, or Tipler, page
647. Hence Ey = 0¢/eg (Sl) or Ey = 4moq (Gauss— cgs), isthe field on the lower plate,
far from the boss. It isalso truethat oy = /A + corrections of order a?/A.

(b) Find the field and the charge density everywhere on the lower plate.

This problemisequivalent to that of aconducting sphereinauniformappliedfield. Itis
also similar, mathematically, to the problem of fluid flow past a sphere, for a non-viscous,
incompressiblefluid. (Seelast semester’s notes for the very similar problem of flow past a
cylinder: http://www.phys.virginia.edu/classes/311/notes/f luids11/nodel9.html). Anyhow,
the hint was given in class to find first the electrostatic potential ¢ and then use E =
—V®. In empty space & satisfies the Laplace equation V>® = 0, and on the surface of
the conducting plate  must be constant. Since ® is defined up to a constant, one can set
® = (0 on the lower plate. The hint was given to look for asolution of theform

®=A; 2+ By z/r° = (Ay r + By /r?) cosb.

One can verify that this expression satisfies the Laplace equation expressed in spherical
coordinates
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The problem then isto determine A; and B; using the data of the problem:

(i) For large r, the field must be Eyz. Since ® reducesto A, z for large r, we see that



Al = *EQ.

(ii) @ clearly vanishes on the plane z = 0. It must aso vanish on the boss, i.e., for
r=qaandf < x/2. Thisgives

~Eya+ Bi/a*=0
Hence B; = Ej a® and wefind
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The electric field is obtained from the electrostatic potential by taking agradient: E =
—V®. Thefield on theflat part of the plate is most easily calculated in Cartesian coordi-
nates. Recall that the gradient of afunction points in the direction in which that function
changes most rapidly (Tipler, p. 671, Serway, p. 716) and that ® is constant in the plate,
i.e. itdoesnot vary with = or y in theflat part. Thusthe gradient of ¢ at the surface of the
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plate (z = 0) isinthe z direction, with
a3
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which isvalid for » > a. The derivative is computed at constant x and y, and so the first
expression in eg. (1) is convenient. (The derivatives with respect to = and y, i.e. the
components of gradient in the x and y directions, vanish when the expression is evaluated
az=0)

The field on the boss is most easily calculated in spherical coordinates. Again @ is
constant in the plate, that is, it does not vary with the angles 6 or ¢. Thusthe gradient of ¢
isinthe t direction, with

E, = = 3E, cos b, 3

ol
valid for 8 < 7/2. The derivative is computed at constant 6 and ¢, and so the second
expression in eg. (1) is convenient. (The derivative with respect to ¢ is zero, and the
derivative with respect to 6 vanishes when the expression is evaluated at r = a.)

Everywhere on the plate the charge density is Feg (in Sl), or E/47 (in Gauss — cgs).

(c) Where on the lower plate does the maximum electric field occur, and how much
larger than FE isit?

Expression (2) variesfrom Ey at r — oo t0 0 at r = a, and expression (3) variesfrom
3Eyatd =0to0at d = w/2. Hence, the maximum field is3Ey, at thetop (9 = 0).

(d) Where on the lower plate does the minimum e ectric field occur, and how much
smaller than Ey isit?

The minimum field is zero, at the foot of the boss. Hilltops are to be avoided during
thunderstorms; it is best to be at the foot of the hill (provided the top is a safe distance
away).



(e) Using a computer program, draw a set of equipotentials, starting from the lower
plate. The graph should illustrate how the equipotentials become smooth for z >> a.

We plot the dimensionlessratio &/ Eya as afunction of distance divided by «, i.e., we
use Eya asthe unit of potential and a as the unit of length.

Hereisaview of the boss and of the equipotentials—® = = (1 — L )
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for —® = 0.5 and 1.5. wherewe havetakena = 1.




Hereareplotsof intersectionsof equipotentialswiththezz plane, —® = 2 | 1 — 1
(€% + 22)°/2
for —® = 0.1 upto 0.5 (top panel) and —® = 0.5 up to 2.5.
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2. Sparks and discharges (as seen in “ Jacob’s ladder”) emit bluish light. What are the



frequency and wavelength of this light? What is the energy of an emitted photon in eV ?
You can give arange of values or atypical value.

Blue light has awavel ength ranging roughly from 4.8 x 10~ mt04.2 x 10~ m. The
corresponding frequency rangeis 6.3 x 104 Hzto 7.1 x 10* Hz (f = c¢/\).

The energy of aphotonisgivenby £ = hf = hw (Tipler, p. 1148) where h is Planck’s
constant (h = 4.136 x 10715 eV - s). Thusthe associated energy rangeis2.6 eV t02.9 eV.

3. A steel wire of radius a hangs at the center of a stedl can of radius b. If thewireis
at potential V' and the pipe is grounded, what is the field at the surface of the wire? | am
asking for an exact answer in the idealized case of wire and can of infinite length. Assume
that the radius of thecanis 5 cm, what practically feasiblea and V' will giveagood corona
discharge? You can just give typica values.
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Figure 1:
Applying Gauss' law
E-dA = Q;’—d 4
0
to the cylindrical geometry, we find
E(r) 2nrL = Dinside (5)
€0

where r is the radius of the enclosing surface (with e < r < b) and L isitslength. (In
the infinitely long case, the electric field points radially, so there is no contribution to the




integral above from the end caps of the cylindrical surface.) Solving for E(r) gives
A
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where A = Qinside/ L, the linear charge density of the wire.

But we do not know the linear charge density; we know the applied voltage. We can
calculate the potentia difference from the electric field through

E(r)

(6)

b
Vo - Vo = — / E(r) - dr
~ Aln(b/a)
27I'EQ '
Hence, the linear charge density is
- 27I'EQV
A= In(b/a)’ )
whereV = V;, — V,. Substituting this expression for A into the electric field gives
1%
E(r) = - n/a) T )

The dectric field at the surface of thewireis E(a) = V/In(b/a)a.

Dielectric breakdown in air occurs at an ectric field of roughly 3 x 10¢ V /m (Tipler,
p. 677). It occurs when the neutral molecul es become ionized, then there are free charges
about to conduct electricity. Some ions are around before breakdown, but a breakdown
these ions gain enough energy as they are accelerated by the electric field that when they
collide with a neutral atom they cause it to ionize as well—leading to a “ chain reaction.”

We don’t want breakdown to occur over awide region of our system (because that will
cause a spark). We only want breakdown over a small region surrounding the wire, which
will serveasasource of ionsthat spray into therest space but don’t necessarily causefurther
ionization.

Our first constraint isthat the field at » = a must be greater than the breakdown field,

i.e

14 6

m(b/a)a >3 x 10° V/m. (9)
Thefactor In(b/a) won't ever bevery large. If theratiob/a = 100 thenIn(b/a) ~ 4.6; and
if b/a = 1000 then In(b/a) =~ 6.9. The important factor istheratio V/a. If the wire has a
radius of 0.5 mm, thenV > 6900 V. Let usassumey = 10,000 V, thenat r» ~ 0.72 mm,
the field falls below the breakdown threshold. So indeed the dielectric breakdown is only
occurring in asmall region surrounding the wire.

If thereishot, polluted air rising through the cylinder like the one in this problem, it can
beused asa“ precipitator.” SeeTipler, p. 682-684 for ashort description of an electrostatic
precipitator. That section a so includes a description of xerography. See aso Bloomfield p.
378-383.



