Physics 312 — Assignment 4

l.a. Given the complex number z = 1 — i/2, find 22, 23, 2%, 25 and draw them
as “vectors” in the complex plane. Find 1/z, 1/22,1/23,1/2*, 1/2° and draw them as
“vectors’ in the complex plane.

b. Given the complex number z = exp(i/5), find its first twelve powers and draw
them as “ vectors” in the complex plane. Do the samefor z = exp(—i/5).

c. Find the real and imaginary parts of the complex ratio (7 + 3¢)/(5 — 4i). Find its
magnitude (absolute value) and phase angle. Draw numerator, denominator, and ratio as
“vectors’ in the complex plane.

alfz=1-1i/2,then
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The numbers z, 22, 23, z*, and 2° are plotted below.
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To find an expression for 1/z multiply by z* /z*, where z* is the complex conjugate of

z, asfollows
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Therest, z—2, 273, etc., are obtained from z—1:
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The numbers 1/2,1/22,1/2%,1/2* and 1/2° are plotted bel ow.
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b. Given the form of z in this part, it is convenient to use Euler s identity: exp(i6) =
cos(6) + isin(f) (where 6 is expressed in radians).

exp(i/5) = cos(1/5) + isin(1/5) ~ 0.980 + 0.199 ¢
exp(2i/5) = cos?(1/5) — sin?(1/5) + 2i cos(1/5) sin(1/5)
cos(2/5) + isin(2/5)

exp(3i/5) = cos(3/5) + i sin(3/5)

exp(4i/5) = cos(4/5) + isin(4/5)

exp(i) = cos(1) + isin(1)

exp(6i/5) = cos(6/5) + i sin(6/5)

exp(7i/5) = cos(7/5) + i sin(7/5)

exp(8i/5) = cos(8/5) + i sin(8/5)

exp(9i/5) = cos(9/5) + i sin(9/5)

exp(2i) = cos(2) + isin(2)

exp(11i/5) = cos(11/5) + isin(11/5)

exp(12i/5) = cos(12/5) + isin(12/5) (10)



The first seven powers of z are plotted below
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Andfor z = exp(—i/5) wefind
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3i/5) = cos(3/5) — isin(3/5)
4i/5) = cos(4/5) — isin(4/5)
1) = cos(1) — ¢sin(1)

6i/5) = cos(6/5) — isin(6/5)
7i/5) = cos(7/5) — isin(7/5)
8i/5) (8/5) — isin(8/5)
9i/5) = cos(9/5) — isin(9/5)
2i) = cos(2) —isin(2)

= COS

117/5) = cos(11/5) — isin(11/5)
12i/5) = cos(12/5) — isin(12/5)



Thefirst seven of these numbers are plotted below:

c¢. Multiply by the complex conjugate of the denominator over itself to obtain
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So the real partis23/41 and the imaginary partis43/41.
Re-express the complex number in the following way
rel? = % + il
41 41
re’ = rcos(0) + irsin(f) (13)

Equating real and imaginary parts gives r cos() = 22 and r sin(¢) = 43. Squaring these

and adding yields
r* cos”(0) + r° sin“(0) <41 + 10

9 2378 58
P2 = 2222
1681 41
58
r = HNLng' (14)
If we take the ratio instead, we find
rsin(fd)  43/41
rcos(d)  23/41
43
tan(H) = 2—3



43
0 = arctan <2—3> ~ 1.080 radians = 61.86 degrees. (15)

Plotted below are 7+ 3i, 5 — 44, and (7 + 3i) /(5 — 4i).

2. Two coupled oscillators (pendulums in the class demo) obey the equations
m d2x1
dt?
d2x2
2
Verify that these equations have a solution (normal mode)

= fmngl + K(xo — 1)

= fmngg + K(x1 — x2).

x1 = cos(wst)  za = cos(wst)
for the appropriate value of w,, and find w,. Describe in words the motion corresponding

to this solution.
Similarly, verify that the equations a so have a solution
1 = cos(wqet) T2 = — cos(wqyt)
for the appropriate value of w,,, and find w,. Describe in words the motion corresponding
to this solution.

The most general motion is described by alinear combination of the normal modeswe
have found:

21 = acos(wst) + beos(wqt)
2o = acos(wst) — beos(wgt).

In particular, consider the solution with @ = b. Show that this describes the situation
where, initially, pendulum 1 is held at distance 2a from the vertical, and released with zero
speed; what aretheinitial position and speed of pendulum 2? Plot and describeinwordsthe
resulting motion of each pendulum when K /mw3 = 0.1 (weak coupling) and K /mw?3 = 1
(strong coupling).

For full credit, you must give accurate plots, by MAPLE or otherwise, and they must



extend over several oscillations of each pendulum.

First let us show that there is a solution to the coupled oscillator equations of the form
21 = cos(wst) and xo = cos(w,t). Substituting these forms into the first equationsyields

— mw? cos(wst) = —mwj cos(wst) + K [cos(wst) — cos(wst)] . (16)

Notethat all of the terms are proportional to cos(w,t) and have no other time dependence.
Hence, we can divide through by m cos(w,t) finding
w? = ws. a7

Subsgtituting the forms into the second equation yields exactly the same result. Therefore,
1 = x9 = cos(w,t) isasolution, provided w, = wy.

In this first solution the positions of the pendulums move together, i.e. they have the
same velocity and the same acceleration, and the distance between them never changes.

Now let usshow that 1 = —z5 = cos(w,t) isasoasolution. Substituting theseforms
into the first equationsyields

— mw? cos(wat) = —mw3 cos(wat) + K [~ cos(wat) — cos(wat)] . (18)
The cos(w,t) iscommon and can be factored out, leaving
w=wi+2K/m. (19)

Once again, substituting these forms into the second equation yields the same result. Con-
sequently, z; = —xz2 = cos(w,t) isasolution, provided w, = /w3 + 2 K/m.

In this second solution the pendulums move in opposite directions; their velocity and
acceleration are in the opposite directions.

A normal mode isamotion of asystem inwhich each piece movessinusoidally withthe
same frequency. Thus, the solutions above are norma modes. In this particular case, the
first normal mode corresponds to the center-of-mass motion while the second corresponds
to the relative motion.

Next we asked to consider a solution of the form

7 (t)=a [cos (wot) + cos <,/w3 +2K/m t>]
2o(t) =a [cos (wot) — cos <\/w3 +2K/m t>] ,

where we have subgtituted in the expressions we found for w, and w,. Theinitial position
of pendulum 2 isx,(t = 0) = 0. The velocity of pendulum 2 iswvy(t) = dxo(t)/dt

va(t) =a [wo sin (wot) + \/wd + 2k/msin <\/w3 +2K/m t>] , (20)

so theinitial velocity of pendulum 2 is vy (t = 0) = 0.
Using the trigonometric identities

A+ B A—-B
cosA+cosB = 2cos< ; >cos< 5 >




A+ B B-A
cosA—cosB = 2sin< ; >sin< 5 >, (21)

we find
(w0+\/w§+2K/m>t (wo—\/w§+2K/m>t
z1(t) = 2acos 5 cos 5

{(wo+\/w3+2K/m>t [(\/w§+2K/mwo> t]
2a sin 5 sin (22)

Let usexpresstimein units of T;, where Ty isthe natural period of the uncoupled oscillator,
i.e Ty = 2’/'1'/(.00. Let s = t/TQ, then

) = 2r (1+/TF29) s lQﬂ(lM)Q]
x1(s) = 2acos 5 cos 5
r2(s) = 2asin lQW (1 i \gm) 5] sin lQW (\/T;q — 1) 8] ) (23

where ¢ = K/mw3.
Below isaplot of z;(t) = 2 cos(w(1 +v/1.2)s) cos(m(l —/1.2)s)
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and aplot of z5(t) = 2sin(m(1 + v/1.2)s) sin(m(v/1.2 — 1)s)
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This should make you recall various concepts connected to waves like interference,
super position, beats, phase velocity, group velocity, etc.

3. The coupled pendulums of problem 2 behave in away similar to two coupled quan-
tum states. The wavefunction of two coupled quantum statesis

Y =ci(t)dy + ca(t) o
and the time evolution is given by

. dc

th; =Fic;i + Ve

ZFL% = EQCQ + VCl.
Consider only the “degenerate’ case when F; = FE» (identical atoms, for instance), anal-
ogously to the identical pendulums of problem 2. Use F, to denote the common value of
F; and Es.

Verify that these equations have the solution (eigenstate)
c1 = exp(—iwgt)  ca = exp(—iwst)

for the appropriate value of w, and find w,. Asafunction of time, what is the probability

that the quantum system isin the state ¢, (if it isin thiseigenstate)? In the state ¢,?
Similarly, verify that the equations have the solution
c1 = exp(—iwgt) ¢z = —exp(—iwgt)
for the appropriate value of w,, and find w,. Asafunction of time, what isthe probability
that the quantum system isin the state ¢, ? In state ¢, ?
The most general solution is described by a linear combination of the eigenstates we
have found:
c1 = aexp(—iwst) + bexp(—iw,t)
¢y = aexp(—iwst) — bexp(—iwgt).
In particular, consider the solution with @ = b. Show that this describes the situation
where, initially, the system is in the state ¢,. Plot (accurately) and describe in words the
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probabilities |c;|? and |cy|?, as they vary with time, when V/E, = 0.1 (weak coupling)
and V/Ey = 1.0 (strong coupling).

Let us substitute the proposed solution ¢; = ¢; = exp(—iw,t) into the time evolution
equations
hws exp(—iwst) = Ep exp(—iwst) + V exp(—iwst). (24)
Notethat exp(—iw,t) iscommontoall of thetermsand constitutesthefull time dependence
of each. We can divide through by exp(—iw,t) which givesus

hws = Fy + V. (25

Therefore, ¢; = ¢2 = exp(—iwst) isasolution provided w, = (Ey + V') /A. (From the
units of & and w we can determinethat £y and V' are energies.)
When we write the expression for a wavefunction in terms of states

¥ =c1(t)dy + c2(t) gy,

it is somewhat analogous to writing a position vector in terms of its components r(t) =
x(t)i + y(t)j. In particular, we are assuming here that ¢, is normalized (somewhat like
7-7 = 1) and furthermore that ¢, and ¢, are orthogonal (somewhat like? -7 = 0). In
thisanalogy the ¢’s are amplitudesin the “directions” v, and 1,; and they are often called
probability amplitudes. If we arein the “state” ¢ with ¢; = co = exp[—i(Ey + V)t/h],
then the probability that the quantum system isin the state ¢, at timet is proportional to
le1 ()2, The sum of all the distinct probabilities must add up to one, so in this case, the
probability to bein state ¢, is

e ()2 1

P, = = —, 26
“ TGP P 2 (20)
And similarly the probability to be in state ¢, is
ea 1) 2 1
P, = = —, 2
“ TGO+ aOF 2 @7

Note that we havedivided by |c; (¢)|? + |c2(t)|* so that the probabilities add up to one; this
procedure is called normalization.
Now we consider another solution. Putting ¢; = —ca = exp(—iw,t) into the evolution
equation yields
hwq, exp(—iw,t) = Egexp(—iwat) — V exp(—iwqt), (28)

leading to w,, = (Ey — V')/A. The probability that the quantum systemisin the state ¢, is
then given by

ea(0)? 1
P, = = —, 29
“ TGP L a®F 2 (29)
And the probability to bein state ¢, is
ea(0)? 1
P, = = —, 30
% =TGP La®F 2 (30

The subscripts s and a were not chosen arbitrarily; s stands for “symmetric" and a for



“antisymmetric." Note that if we were to “exchange’ the labels 1 « 2 that ) « 1 inthe
symmetric case and i) < —1) in the antisymmetric case.
Now we consider the linear combination of the eigenstates with the following coeffi-

cients
e e A

o = oo () g (B

The probability that the quantum system isin the state ¢, is given by
P, = |Cl (t) |2 (32)
S e O + e

e = a2 [2+2008 <27W>]
@R = |af? [22cos<27w>] (33)

Notethat |c;(¢)|> + |c2(t)|* = |a|? at al times. The probability to bein state ¢, is
~ 1+4cos(2Vt/h)
=

where

Py, (1) (34

and that to be in state ¢, is

1 —cos(2Vit/h
Py (1) = L=< 2VUR), (@)
Itisthe V' term which “couples” the two states ¢, and ¢,. The period in the absence
of any couplingisTy = 27h/Ey, S0 let usexpresst interms of Ty, i.e. s = t/Ty. The

probabilities are then

Py (s) 1+ cos[472rs(V/E0)]
Py(s) = 1-— cos[472rs(V/E0)] ' (36)

For weak coupling (V/Ep = 0.1) we have P;(s) = (1 + cos(0.47s))/2
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and P5(s) = (1 — cos(0.47s))/2
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And for the strong coupling case (V/Ey = 1.0) Pi(s) = (1 + cos(4ns)) /2
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and P5(s) = (1 — cos(4ms))/2
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