
41 Lq d ghvnwrs hohfwurvwdwlf dlu fohdqhu/ dlu lv gulyhq wkurxjk wkh �fhoo� e| d idq wkdw

gudzv DD ` +zkhq vhw dw �kljk�,1 Wkh furvv vhfwlrqdo glphqvlrqv ri wkh fhoo duh 2D U4
e| D U41 Qhjohfwlqj orvvhv/ |rx fdq frpsxwh wkh vshhg ri dlu iorz/ �/ iurp wkhvh gdwd1
Frpsduh wklv frpsxwhg ydoxh ri � zlwk wkh ydoxh �phdvxuhg� lq fodvv1 +Dw wkh fdofxodwhg
�, krz pdq| plqxwhv grhv lw wdnh wr surfhvv d yroxph ri dlu htxdo wr wkdw ri d w|slfdo
urrpB +Wdnh wkh urrp wr eh e e| e e| 2 fxelf phwhuv,1
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Diwhu dq lqlwldo shulrg zkhq wkh fohdqhu lv iluvw wxuqhg rq/ d vwhdg| vwuhdp ri dlu lv
sdvvlqj wkurxjk lw dw d frqvwdqw yhorflw|1 +Wr hqylvlrq wkh �vwhdg| vwdwh% vlwxdwlrq/ lw
pljkw khos wr wklqn ri wkh v|vwhp dv d orqj wxeh ri ohqjwk u dqg furvv vhfwlrqdo duhd � wkdw
irupv d forvhg flufxlw/ exw lw*v qrw qhfhvvdu|1, Wkh dlu zrxog frph wr d vwdqgvwloo udwkhu
txlfno| li zh zhuh qrw frqwlqxdoo| vxsso|lqj lw zlwk hqhuj|/ dqg wkh hqhuj| zh pxvw vxsso|
wr wkh dlu lv lwv +phfkdqlfdo, nlqhwlf hqhuj| +dv rssrvhg wr lwv wkhupdo nlqhwlf hqhuj|,1 D
yroxph ri jdv zlwk glphqvlrqv � e| � kdv pdvv 6 ' 4��/ zkhuh 4 lv wkh pdvv ghqvlw| ri
dlu1
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Zh pxvw vxsso| wr wkdw yroxph ri dlu dq hqhuj| {. '
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2/ dqg wkh wlph lq zklfk

zh kdyh wr vxsso| wkdw hqhuj| lv wkh wlph lw wdnhv iru wkdw yroxph wr sdvv e| wkh idq zklfk

lv {| ' �*�1 Wkhuhiruh/ wkh srzhu/ zklfk lv hqhuj| shu wlph/ lv
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Vroylqj iru � |lhogv
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+Qrwh wkdw � gursshg rxw vr wkdw lw frxog kdyh ehhq wdnhq wr eh u/ wkh lpdjlqhg ohqjwk
ri wkh hqwluh v|vwhp/ ru wdnhq wr eh lqilqlwhvlpdoo| vpdoo1, Xvlqj wkdw 4
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+iurp Wlsohu/ s1 666, dqg wkh lqirupdwlrq deryh/ zh ilqg wkdw � � �b 4*t1
Wklv yhorflw| lv vrphzkdw kljk1 Lw*v htxlydohqw wr derxw e� 4�*it*�L�h zklfk zrxog eh d

yhu| kljk zlqg1 Vr rxu yhorflw| lv suredeo| 2 wr � wlphv wrr kljk1 Wkxv qrw doo ri wkh srzhu

lv jrlqj lqwr wudqvodwlrqdo nlqhwlf hqhuj|1 Zkhuh lv lw jrlqjB

Wkh surgxfw �� +zklfk htxdov f�2e 4�*t, surylghv wkh yroxph ri dlu sdvvlqj e| wkh idq
shu xqlw wlph1 Iurp lw zh fdq fdofxodwh wkh wlph qhhghg wr surfhvv d yroxph ri �2 4

� wr

eh ��f t ru 2�2 4�? dw wklv vshhg1

51 Judlqv ri sroohq ri pdvv � duh hqwudlqhg +fduulhg dorqj, e| dlu prylqj dw vshhg �/
dv fdofxodwhg lq sureohp �/ ehwzhhq sodwhv khog dw d srwhqwldo gliihuhqfh Y ' DDff VL*|t1

Wkh glvwdqfh _ ehwzhhq sodwhv lv f�S U4 dqg wkh ghswk ri d fhoo lv H U41 Zloo wkh sroohq eh
froohfwhg iru vxuh rq wkh srvlwlyh sodwh zkhq d judlq slfnv xs wkh hohphqwdu| fkdujh e ru
grhv lw kdyh wr eh pxowlso| fkdujhgB L dp sduwlfxoduo| frqfhuqhg zlwk rdn sroohq wkdw kdv
yhu| vpdoo judlqv/ rqo| �f 4�UhL4i|iht lq gldphwhu +|rx fdq hvwlpdwh � iurp wklv ru |rx
fdq ilqg rxw zkdw � uhdoo| lv,1

Li zh dvvxph wkh sroohq judlqv wr kdyh d ghqvlw| wkh vdph rughu ri pdjqlwxgh dv zdwhu
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' � � �f� !}*4�, dqg d vskhulfdo vkdsh/ wkhq zh fdq fdofxodwh wkh pdvv � iurp

wkh gldphwhu jlyhq deryh
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c +6,

zklfk jlyhv� � D�2��f
3�� !}1 +Wkh idfwru eZ*� lv ryhunloo lq vxfk dq rughu ri pdjqlwxgh

fdofxodwlrq1,
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Qh{w zh fdq fdofxodwh wkh dffhohudwlrq gxh wr wkh hohfwulf ilhog wkh sduwlfoh lv sdvvlqj
wkurxjk1 Wkh hohfwulf ilhog ehwzhhq wkh sodwhv lv . ' Y*_/ zkhuh Y lv wkh yrowdjh gliihuhqfh
ehwzhhq sodwhv dqg _ wkh glvwdqfh ehwzhhq sodwhv1 +Zh duh qhjohfwlqj hgjh hiihfwv1, Pxo0
wlso|lqj e| wkh fkdujh e jlyhv wkh irufh/ dqg glylglqj e| � wkh dffhohudwlrq
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zklfk |lhogv @+ ' f�2H 4*t21 +Qrwh wkdw zh kdyh qhjohfwhg iulfwlrq lq wklv fdofxodwlrq dv

zhoo dv dq| wxuexohqw prwlrq ri wkh dlu dv lw sdvvhv wkurxjk wkh dlu fohdqhu1,
Qrz zh ilqg wkh wlph lw wdnhv wr sdvv wkurxjk wkh sodwhv dv | ' r
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fdofxodwhg lq wkh suhylrxv sureohp1 Zh rewdlq | ' e�2� �f
3�

t1 Dqg ilqdoo| zh ghwhuplqh

wkh ghiohfwlrq lq wkh + gluhfwlrq iurp r+ '
�
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2 jlylqj r+ ' 2�D � �f
3S
41

Vr d vlqjo| fkdujhg sduwlfoh pryhv d frxsoh plfurphwhuv/ idoolqj idu vkruw ri wkh f�S U4

lw uhtxluhv wr hqvxuh wkdw lw zrxog klw wkh sodwh ehiruh ohdylqj wkh dlu fohdqhu1 Zh kdyh

vxjjhvwhg deryh wkdw rxu fdofxodwlrq ri � zdv wrr kljk/ dqg wklv pljkw fkdqjh r+ e| d

idfwru ri �f/ exw zh qhhg lw wr fkdqjh e| d idfwru forvhu wr �f
� wr hqvxuh wudsslqj1 Wkxv

li sduwlfohv ri pdvv � hvwlpdwhg deryh duh wr eh wudsshg/ wkh| pxvw eh pxowlso| fkdujhg/

zlwk fkdujhv �ff wr �fff wlphv wkdw ri d vlqjoh hohfwurq1

61 Vsdunv dqg glvfkdujhv +dv vhhq lq �Mdfre*v odgghu%, hplw eoxlvk oljkw1 Zkdw duh wkh
iuhtxhqf| dqg zdyhohqjwk ri wklv oljkwB Zkdw lv wkh hqhuj| ri dq hplwwhg skrwrq lq eT B

\rx fdq jlyh d udqjh ri ydoxhv ru d w|slfdo ydoxh1

Eoxh oljkw kdv d zdyhohqjwk udqjlqj urxjko| iurp e�H � �f
3.

4 wr e�2 � �f
3.

41 Wkh

fruuhvsrqglqj iuhtxhqf| udqjh lv S��� �f
�e

O3 wr .�� � �f
�e
O3 +s ' S*b,1

Wkh hqhuj| ri d skrwrq lv jlyhq e| . ' �s ' 7�/ +Wlsohu/ s1 447;, zkhuh � lv Sodqfn*v
frqvwdqw +� ' e���S� �f

3�D
iV � t,1 Wkxv wkh dvvrfldwhg hqhuj| udqjh lv 2�S iV wr 2�b iV1

71 D vwhho zluh ri udglxv @ kdqjv dw wkh fhqwhu ri d vwhho fdq ri udglxv K1 Li wkh zluh lv

dw srwhqwldo T dqg wkh slsh lv jurxqghg/ zkdw lv wkh ilhog dw wkh vxuidfh ri wkh zluhB L dp

dvnlqj iru dq h{dfw dqvzhu lq wkh lghdol}hg fdvh ri zluh dqg fdq ri lqilqlwh ohqjwk1 Dvvxph

wkdw wkh udglxv ri wkh fdq lv D U4/ zkdw sudfwlfdoo| ihdvleoh @ dqg T zloo jlyh d jrrg frurqd

glvfkdujhB \rx fdq mxvw jlyh w|slfdo ydoxhv1
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wr wkh f|olqgulfdo jhrphwu|/ zh ilqg

.Eo� 2Zou '
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c +9,

zkhuh o lv wkh udglxv ri wkh hqforvlqj vxuidfh +zlwk @ � o � K, dqg u lv lwv ohqjwk1 +Lq
wkh lqilqlwho| orqj fdvh/ wkh hohfwulf ilhog srlqwv udgldoo|/ vr wkhuh lv qr frqwulexwlrq wr wkh
lqwhjudo deryh iurp wkh hqg fdsv ri wkh f|olqgulfdo vxuidfh1, Vroylqj iru .Eo� jlyhv
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c +:,

zkhuh b ' '�?t�_i*u/ wkh olqhdu fkdujh ghqvlw| ri wkh zluh1

Exw zh gr qrw nqrz wkh olqhdu fkdujh ghqvlw|> zh nqrz wkh dssolhg yrowdjh1 Zh fdq

fdofxodwh wkh srwhqwldo gliihuhqfh iurp wkh hohfwulf ilhog wkurxjk
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zkhuh Y ' TK � T@1 Vxevwlwxwlqj wklv h{suhvvlrq iru b lqwr wkh hohfwulf ilhog jlyhv
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Wkh hohfwulf ilhog dw wkh vxuidfh ri wkh zluh lv .E@� ' Y* *?EK*@�@1

Glhohfwulf euhdngrzq lq dlu rffxuv dw dq hohfwulf ilhog ri urxjko| � � �f
S
V*4 +Wlsohu/

s1 9::,1 Lw rffxuv zkhq wkh qhxwudo prohfxohv ehfrph lrql}hg/ wkhq wkhuh duh iuhh fkdujhv
derxw wr frqgxfw hohfwulflw|1 Vrph lrqv duh durxqg ehiruh euhdngrzq/ exw dw euhdngrzq
wkhvh lrqv jdlq hqrxjk hqhuj| dv wkh| duh dffhohudwhg e| wkh hohfwulf ilhog wkdw zkhq wkh|
froolgh zlwk d qhxwudo dwrp wkh| fdxvh lw wr lrql}h dv zhoo�ohdglqj wr d �fkdlq uhdfwlrq1%

Zh grq*w zdqw euhdngrzq wr rffxu ryhu d zlgh uhjlrq ri rxu v|vwhp +ehfdxvh wkdw zloo
fdxvh d vsdun,1 Zh rqo| zdqw euhdngrzq ryhu d vpdoo uhjlrq vxuurxqglqj wkh zluh/ zklfk
zloo vhuyh dv d vrxufh ri lrqv wkdw vsud| lqwr wkh uhvw vsdfh exw grq*w qhfhvvdulo| fdxvh
ixuwkhu lrql}dwlrq1

Rxu iluvw frqvwudlqw lv wkdw wkh ilhog dw o ' @ pxvw eh juhdwhu wkdq wkh euhdngrzq ilhog/

l1h1
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: �� �fS V*4� +43,

Wkh idfwru *?EK*@� zrq*w hyhu eh yhu| odujh1 Li wkh udwlr K*@ ' �ff wkhq *?EK*@� � e�S> dqg
li K*@ ' �fff wkhq *?EK*@� � S�b1 Wkh lpsruwdqw idfwru lv wkh udwlr Y*@1 Li wkh zluh kdv d
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udglxv ri f�D 44/ wkhq Y : Sbff V1 Ohw xv dvvxph Y ' �fc fff V/ wkhq dw o � f�.2 44/

wkh ilhog idoov ehorz wkh euhdngrzq wkuhvkrog1 Vr lqghhg wkh glhohfwulf euhdngrzq lv rqo|

rffxuulqj lq d vpdoo uhjlrq vxuurxqglqj wkh zluh1

Li wkhuh lv krw/ srooxwhg dlu ulvlqj wkurxjk wkh f|olqghu olnh wkh rqh lq wklv sureohp/

lw fdq eh xvhg dv d �suhflslwdwru1� Vhh Wlsohu/ s1 9;509;7 iru d vkruw ghvfulswlrq ri dq

hohfwurvwdwlf suhflslwdwru1 Wkdw vhfwlrq dovr lqfoxghv d ghvfulswlrq ri {hurjudsk|1 Vhh dovr

Eorrpilhog s1 6:;06;61
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