Contents

2 Solutions to the One-Dimensional Schrödinger Equation 3 2.1 Separation of Variables . . . . . . . . . . . . . . . . . . . . . . 3 2.1.1 Properties of the separated solutions . . . . . . . . . . 4 2.1.2 Linear Combinations of Separated Solutions . . . . . . 10 2.2 The Infinite Square Well . . . . . . . . . . . . . . . . . . . . . 12 2.2.1 Example . . . . . . . . . . . . . . . . . . . . . . . . . . 16

List of Figures

2.1 Approximation to a square wave for 2, 4 and 8 terms. . . . . 19 2.2 Approximation to a square wave for 16, 32 and 64 terms. . . 20 2.3 Time development for the 64 term solution, t=1,2, 3 in units of^{2ma2}_{π2h̄} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.4 Time development for the 64 term solution, t=4,5, 6 in units of^{2ma2}_{π2h̄} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.5 Early time development for the 64 term solution, t=.01,.02, .03 in units of^{2ma2}_{π2h̄} . . . . . . . . . . . . . . . . . . . . . . . . 23 2.6 Early time development for the 64 term solution, t=.04,.05, .06 in units of^{2ma2}_{π2h̄} . . . . . . . . . . . . . . . . . . . . . . . . 24

Chapter 2

Solutions to the One-Dimensional Schrödinger Equation

2.1 Separation of Variables

The solution of partial differential equations is notoriously difficult. When it can be applied, the method of separation of variables is effective. With this method a partial differential equation in n variables is reduced to n ordinary differential equations, for which there is a large literature on the methods of solution. We have already referred to this for the one-dimensional Schrödinger Equation. Let us now apply it a little more systematically.

We suppose that we can represent the function of two dimensions as a product of two one-dimensional functions:

Ψ(x, t) = ψ(x)φ(t) (2.1)

By direct substitution into the Schrödinger Equation : − h̄^2 2m φ(t) d^2ψ(x) dx^2 + V (x)ψ(x)φ(t) = ih̄ψ(x) dφ(t) dt (2.2)

Except for isolated points where one of the functions vanishes, we are free to divide through this equation by the product ψ(x)φ(t), to obtain: − h̄^2 2m 1 ψ(x) d^2ψ(x) dx^2 + V (x) = ih̄ 1 φ(t) dφ(t) dt (2.3)

The lhs depends only on x and the rhs depends only on t. Since these are independent variables, I can choose one of them to be anything I want without affecting the other. The only way the above equation can be consistent with this is for the lhs and the rhs to be constant, independent of x or t. Thus: − h̄^2 2m 1 ψ(x) d^2ψ(x) dx^2 + V (x) = E (2.4) ih̄ 1 φ(t) dφ(t) dt = E (2.5)

where, by virtue of our discussion of operators, I have used E to represent the constant, since we have decided to interpret the lhs of the S.E. as the Hamiltonian, which in classical physics is the energy of a particle. Note that this separation depended on the fact that the potential was time independent.

Rewriting the equations as ordinary D.E.’s: − h̄^2 2m d^2ψ(x) dx^2 + V (x)ψ(x) = Eψ(x) (2.6) dφ(t) dt = −i E h̄ φ(t) (2.7)

The solution of the second equation is trivial: φ(t) = Ce^{−i Ēh t} (2.8) Since we must eventually normalize the entire wave-function ψ(x)φ(t), we might as well set C = 1, and throw the overall normalization constant into the solution for ψ. Thus, we have: Ψ(x, t) = ψ(x)e^{−i Ēh t} (2.9) As you might expect, solutions obtained by separation of variables are only a fraction (infinitesimal) of the totality of solutions. However, there are an infinite number of them, and it will be possible to construct an infinite variety of new solutions by linear combinations of the separated solutions.

2.1.1 Properties of the separated solutions The separation constant, E, is real

Suppose the separation constant is complex, i.e.:

E = E_0 + iΓ (2.10)

The solution for f is:

φ(t) = e^{−i Eth̄ t} = e^{Γ̄h t}e^{−i E0h̄ t} (2.11)

The probability distribution for this solution is:

P (x, t) = e^{2Γ̄h t}|ψ(x)|^2 (2.12)

The probability integrated over all space is: ∫_∞ −∞ P (x, t) dx = e^{2Γ̄h t} ∫_∞ −∞ |ψ(x)|^2 dx = Ce^{2Γ̄h t} (2.13)

If we normalize the wave-function at t = 0, C = 1, and: ∫_∞ −∞ P (x, t) dx = e^{2Γ̄h t} (2.14)

The probability is not constant in time, unless Γ = 0. Unless the total probability of finding the particle anywhere in space changes with time, the separation constant E is real.

Separated solutions are stationary states

With E real, a separated solution represents a state with a stationary probability distribution, P (x, t) = ψ(x)^∗ψ(x) = P (x). For any dynamical variable constructed from coordinates and momenta: ⟨Q(x, p)⟩ = ∫ Ψ^∗Q(x, h̄ i ∂ ∂x )Ψ dx = ∫ ψ^∗Q(x, h̄ i d dx )ψ dx = ⟨Q⟩ (2.15) The expectation value is independent of time. It follows that the expectation value ⟨x⟩ for the position is constant, so ⟨p⟩ = 0. Therefore, a separated state is called a stationary state.

The stationary state has a definite energy

Since in operator form, the separated Schrödinger Equation is:

p^2 2m ψ + V ψ = Eψ It follows that: E = ⟨p^2⟩ 2m + ⟨V ⟩ (2.16) again verifying that E is the energy of the state associated with the separation constant, E.

Writing the equation for Ψ(x, t) in terms of the Hamiltonian:

HΨ = [ p^2 2m + V (x) ] Ψ = EΨ (2.17)

it is obvious that: ⟨H⟩ = ∫ Ψ^∗HΨdx = E ∫ ψ^∗ψ dx = E (2.18)

We can apply the Hamiltonian again to both sides of the S.E. to obtain:

HHΨ = H^2Ψ = EHΨ = E^2Ψ (2.19)

From this it follows that:

⟨H^2⟩ = E^2 (2.20)

so that:

σ^2_H = ⟨H^2⟩ − ⟨H⟩^2 = 0 (2.21)

A system in a stationary state has a definite energy, and a measurement of energy will always yield the value, E.

Wave function for stationary states can be chosen to be real

Our only requirement on ψ(x) beyond that it satisfies the separated S.E. is that it be normalizable. In this section we show that We can always take it to be a real function if we want to. Suppose we happen to obtain a complex solution ψ, where the real and imaginary parts are linearly independent (a complex solution Aψ(x) where ψ(x) is real but A is complex is not of interest). Writing ψ = ψ_r + iψ_i and substituting in the Schrödinger Equation , it is easy to show that ψ_r and ψ_i separately satisfy the Schrödinger Equation . This follows from the reality of the operators in the Schrödinger Equation . The complex solution really consists of two independent real solutions for the same choice of E. This proves that we can always choose the stationary wave-functions to be a real linear combination of the two independent solutions. For a real wave-function:

P (x, t) = ψ(x)^2 (2.22)

This doesn’t mean that we will always use the real form.

Parity of the stationary states for symmetric potentials

Another useful property of stationary solutions is obtained when the potential is an even function of x, i.e. V (x) = V (−x). If we change variables x to −x in the separated Schrödinger Equation : − h̄^2 2m d^2ψ(−x) dx^2 + V (−x)ψ(−x) = Eψ(−x) (2.23) Using the fact that V is even: − h̄^2 2m d^2ψ(−x) dx^2 + V (x)ψ(−x) = Eψ(−x) (2.24)

so it follows that for such potentials, if ψ(x) is a solution then so is ψ(−x). If the solution ψ(x), that we obtained has no particular symmetry around x = 0 then ψ(−x) ≠ ψ(x), i.e. by changing x to −x we obtain a second independent solution. We can now combine those linearly to obtain two new functions:

ψ_1(x) = ψ(x) + ψ(−x), ψ_2(x) = ψ(x) − ψ(−x) (2.25)

Clearly, ψ_1 is an even function and ψ_2 is an odd function of x. Thus, it follows that when V is an even function of x, the stationary solution can always be taken as even or odd. This property is called parity. Even functions have parity of 1, and odd functions have parity of -1. Classifying wave-functions in this way is frequently very useful. It is apparent that choosing your coordinate system to match the symmetry of the potential is a wise idea.

Orthogonality of the Stationary State Solutions

There is another important property of the stationary solutions. Consider the equations for two different energies: − h̄^2 2m d^2ψ_i dx^2 + V (x)ψ_i = E_iψ_i (2.26)

− h̄^2 2m d^2ψ^∗_j dx^2 + V (x)ψ^∗_j = E_j ψ^∗_j (2.27)

Multiplying the first by ψ^∗_j and the second by ψ_i and subtracting the two equations, we get: − h̄^2 2m [ ψ^∗_j d^2ψ_i dx^2 − ψ_i d^2ψ^∗_j dx^2 ] = (E_i − E_j)ψ^∗_j ψ_i (2.28)

We can rewrite the lhs as: − h̄^2 2m d dx [ ψ^∗_j dψ_i dx − ψ_i dψ^∗_j dx ] = (E_i − E_j)ψ^∗_j ψ_i (2.29)

Integrating over all space: − h̄^2 2m [ ψ^∗_j dψ_i dx − ψ_i dψ^∗_j dx ]_∞ −∞ = (E_i − E_j) ∫_∞ −∞ ψ^∗_j ψ_i dx (2.30)

Since we assume that our wave-functions are normalizable they must vanish at infinity, so the lhs vanishes:

0 = (E_i − E_j) ∫_∞ −∞ ψ^∗_j ψ_i dx (2.31)

If E_i and E_j are different energies, it follows that: ∫_∞ −∞ ψ^∗_j (x)ψ_i(x) dx = 0 (2.32)

Functions satisfying this condition are orthogonal. We can combine this result with the normalization requirement to write: ∫_∞ −∞ ψ^∗_j (x)ψ_i(x) dx = δ_{ij} (2.33)

where δ_{ij} is the Kronecker delta symbol.

For a given E the second order differential equation for ψ(x) has two independent solutions. With more degrees of freedom (e.g. a particle in three dimensions, multiple particles, particles with spin) there can be even more wave-functions with the same energy. In quantum mechanics independent solutions with the same energy are said to be degenerate. The above argument tells us nothing about the orthogonality of degenerate solutions.

In one dimension, if V is an even function, we can take the solutions to be even and odd, which are necessarily orthogonal. This procedure won’t help us when V (x) has no special symmetry. The following argument is more complicated than necessary for the one dimensional problem, but it has the advantage that it is easily generalized to more complicated situations. Suppose ψ_a(x) and ψ_b(x) are two independent normalizable but non-orthogonal solutions for the same energy. If one of the solutions is not normalizable, we would have to discard it as unphysical and this would remove the degeneracy for the energy, E. If neither solution is normalizable, then E is not a physically possible value of the energy. Now let us assume that both solutions are physical and normalized. Since linear combinations of the two solutions are also solutions, we are free to let ψ_1 = ψ_a be taken as one solution. We can construct a second orthogonal solution as follows:

ψ_2 = A(cψ_a + ψ_b) (2.34)

where A and c are constants. We shall see that c can be chosen to orthogonalize ψ_1 and ψ_2 and A can be chosen to normalize ψ_2. For orthogonality, we require that: 0 = ∫ ψ^∗_1 ψ_2 dx = A ( c ∫ ψ^∗_aψ_a dx + ∫ ψ^∗_aψ_b dx ) = A ( c + ∫ ψ^∗_aψ_b dx ) (2.35) The orthogonality condition is satisfied by choosing: c = − ∫ ψ^∗_aψ_b dx (2.36)

If we choose the stationary state wave-functions to be real, then c is real. To normalize ψ_2: ∫ ψ^∗_2ψ_2 dx = |A|^2 ∫ [c^∗ψ^∗_a + ψ^∗_b ][cψ_a + ψ_b] dx

= |A|^2 [ |c|^2 + 1 + c^∗ ∫ ψ^∗_aψ_b dx + c ∫ ψ^∗_b ψ_a dx ]

= |A|^2 [ |c|^2 + 1 − 2|c|^2 ] = |A|^2(1 − |c|^2) (2.37)

Since ∫ |ψ_2|^2 dx ≥ 0, |c| ≤ 1. Moreover, |c| ≠ 1. Proof: Suppose |c| = 1, Then ∫ |ψ_2|^2 dx = 0. Since |ψ_2|^2 ≥ 0, the integral can vanish only if ψ_2 ≡ 0. In that case cψ_a + ψ_b = 0 so that ψ_a and ψ_b would not be linearly independent, contrary to our original assumption.

We are free to choose A to be real, obtaining: A = 1 √ 1 − |c|^2 (2.38)

We have demonstrated that all normalizable stationary state solutions can be chosen to be orthogonal and normalized.

2.1.2 Linear Combinations of Separated Solutions Since the time dependent Schrödinger Equation is homogeneous, arbitrary linear combinations of the stationary state solutions (with their time dependent factor included) are also solutions. Suppose we label the stationary state solutions with a counting index n, writing the solution as ψ_n(x)e^{−iEnt}. Then the linear combination: Ψ(x, t) = ∑ n c_nψ_n(x)e^{−i En̄h t} (2.39) where c_n can be any complex number, is also a solution. It can be shown that the stationary state solutions of the Schrödinger Equation form a complete set of functions, which means that any solution can be expressed as a linear sum of the stationary state solutions.

Normalization of the Linear Combination The constants used in constructing a wave-function as a linear sum of stationary state solutions are subject to the normalization requirement: ∫_∞ −∞ |Ψ(x, t)|^2 dx = 1 (2.40) The normalization condition can be carried out at t = 0, giving us: 1 = ∑ i ∑ j ∫_∞ −∞ c^∗_i c_j ψ^∗_i (x)ψ_j (x) dx = ∑ i ∑ j c^∗_i c_j ∫_∞ −∞ ψ^∗_i (x)ψ_j (x) dx (2.41)

This doubly infinite sum looks pretty messy, but if we remember that the states are orthogonal, the normalization condition has the simple form: 1 = ∑ i ∑ j c^∗_i c_j δ_{ij} = ∑ i |c_i|^2 (2.42)

Example:

Suppose we make a combination that is 60% state 1, 30% state 2 and 10% state 3:

Ψ(x, t) = c(.6ψ_1e^{−i E1h̄ t} + 0.3ψ_2e^{−i E2h̄ t} + 0.1ψ_3e^{−i E3h̄ t}) Here, c_1 = c, c_2 = 0.5c, c_3 = 0.1c. The normalization condition is: 1 = |c|^2(.36 + .09 + 0.01) = 0.46|c|^2 |c|^2 = 1 0.46

= 0.2.174, c = 1.474 Ψ(x, t) = .885ψ_1e^{−i E1h̄ t} + 0.442ψ_2e^{−i E2h̄ t} + 0.147ψ_3e^{−i E3h̄ t})

Expectation values for a linear combination

Write the linear combination as: Ψ(x, t) = ∑ n c_nψ_n(x)e^{−i En̄h t} = ∑ n α_n(t)ψ_n(x) (2.43)

where the quantity: α_n ≡ c_ne^{−i En̄h t} does not depend on x. The expectation value of any physical operator O(x, p) is: ⟨O⟩ = ∫ (∑ i α^∗_i ψ_i ) O ∑ j α_j ψ dx = ∑ ij α^∗_i α_j ∫ ψ^∗_i Oψ_j dx (2.44)

Suppose we replace O with the energy operator, E = p^2/2m + V . From the separated Schrödinger Equation itself: ( p^2/2m + V ) ψ_i = E_iψ_i

so by substitution into Eq. 2.44 ⟨E⟩ = ∑ ij α^∗_i α_j ∫ ψ^∗_i E_j ψ_j dx ∑ ij α^∗_i α_j E_j ∫ ψ^∗_i ψ_j dx = ∑ ij α^∗_i α_j Eδ_{ij} = ∑ i |α_i|^2E_i

⟨E⟩ = ∑ i |c_i|^2E_i (2.45)

You are asked in one of the problems to explain why a measurement of the energy of system described as a mixture of stationary states must yield one of the stationary state energies. Since this is true, we write: ⟨E⟩ = ∑ i P_iE_i where P_i = |c_i|^2 is evidently the probability of measuring the energy E_i. The probabilities add to 1, ∑ i P_i = 1. Using the previous example for a linear combination, the probabilities for measuring E_1, E_2 and E_3 are .783, 0.195 and 0.022. Although 10% of the wave function is made of the the third state, there is only a 2% chance of measuring the energy associated with the third state.

As another useful exercise, you can try calculating the general form for the expectation values, ⟨x⟩ and ⟨p⟩.

2.2 The Infinite Square Well

Perhaps the simplest approximation (or model) to a binding potential is the infinite square well. In this potential the particle is bounded between two hard walls, and is otherwise free inside. A particle near the bottom of a deep physically real potential will not behave very differently from one in an infinitely deep well. The potential is given by:

V (x) = { 0 if −^a_2 ≤ x ≤^a_2 ; ∞ otherwise.

(2.46)

Classically, a particle would bounce back and forth, reflecting elastically off the walls. For the S.E. we require that the wave function be 0 in the region of infinite potential. We require that the wave function be everywhere continuous. If the function were not continuous it would not be possible to assign a unique probability distribution to the point of discontinuity. The continuity requirement means that the solutions must vanish at the walls of the potential (x = ±a/2). The infinite potential well is therefore a problem of a free particle subject to a boundary condition. The boundary condition has a profound effect on the solution.

Solutions that satisfy boundary conditions

Inside the well: − h̄^2 2m d^2ψ dx^2 = Eψ (2.47)

Defining k^2 =^{2mE}_{h̄2} : d^2ψ dx^2 + k^2ψ = 0 (2.48)

We must distinguish the solutions for k = 0 from those for k^2 > 0. For both cases, the equation has two independent solutions: ψ = { c_1 cos(kx) + c_2 sin(kx) if k^2 > 0; c_1 + c_2x if k = 0.

(2.49)

The condition that the wave function vanish at x = ±a/2 rules out k = 0, since the corresponding solution is a straight line. For k ≠ 0, the boundary conditions are satisfied by: 0 = { c_1 cos(ka/2) − c_2 sin(ka/2) ; c_1 cos(ka/2) + c_2 sin(ka/2) .

(2.50)

Solving for c_1 and c_2:

c_1 cos(ka/2) = 0 c_2 sin(ka/2) = 0 (2.51)

Either the coefficients are 0 or the trig functions are 0. To obtain non-zero coefficients only special discrete values of k are possible. If: ka/2 = π/2, 3π/2, · · · (2.52) then c_1 can be anything while c_2 = 0. If: ka/2 = π, 2π, 3π, · · · (2.53) then c_2 can be anything and c_1 = 0. For any other choice of k there is no solution.

Thus the solutions are: ψ = { c_1 cos(nπx/a), for n = 1, 3, 5, · · ·; c_2 sin(nπx/a), for n = 2, 4, 6, · · ·. (2.54)

For both sets, k = nπ/a. As advertised, we were able to express the separated solutions as real functions.

Normalization of the solutions

The stationary state wave functions are easily normalized.

For odd n: ∫_∞ −∞ ψ^∗_nψ_n dx = ∫_{a/2} −a/2 cos^2(nπx/a) dx = 1 2 ∫_{a/2} −a/2 (1 + cos(2nπx/a)) dx = a 2 (2.55) For even n: ∫_{a/2} −a/2 sin^2(nπx/a) dx = 1 2 ∫_{a/2} −a/2 (1 − sin(2nπx/a)) dx = a 2 (2.56)

so that the sine and cosine solutions have the same normalization constant, namely √ 2/a. The normalized stationary state wave functions are:

ψ = √_2 a cos(nπx/a), for n = 1, 3, 5, · · ·; √_2 a sin(nπx/a), for n = 2, 4, 6, · · ·. (2.57)

Explicit Demonstration of Orthogonality

Consider the functions sin(nπx/a) and cos(mπx/a), for which n is even and m is odd: ∫_{a/2} −a/2 sin(nπx/a) cos(mπx/a) dx = 1 2 ∫_{a/2} −a/2 [sin ((n + m)πx/a) + sin ((n − m)πx/a)] dx

= − 1 2 [ cos ((n + m)πx/a) (n + m)π/a + cos ((n − m)πx/a) (n − m)π/a ]_{a/2} −a/2 = 0 Next consider two different even functions, sin(nπx/a) and sin(mπx/a), n ≠ m. For this case n − m and n + m are even integers. Then: ∫_{a/2} −a/2 sin(nπx/a) sin(mπx/a) dx = 1 2 ∫_{a/2} −a/2 [cos ((n − m)πx/a) − cos ((n + m)πx/a)] dx

= 1 2 [ sin ((n − m)πx/a) (n − m)π/a − sin ((n + m)πx/a) (n + m)π/a ]_{a/2} −a/2 = 1 2 [ 2 sin ((n − m)π/2) (n − m)π/a − 2 sin ((n + m)π/2) (n + m)π/a ]

Since both n − m and n + m are even non-zero integers, this is zero. The same method can be used to show that the cosine functions are orthogonal to each other.

Allowed energies

Although there are an infinite number of solutions, the possible values of k are limited to discrete values:

k = k_n = nπ a , n = 1, 2, · · · (2.58)

Since k is defined in terms of the energy, it follows that only discrete values of energy are possible:

E = E_n = h̄^2k^2_n 2m = h̄^2π^2 2ma^2 n^2, n = 1, 2, · · · (2.59)

In the above derivation we noted that k = 0 is not allowed. The particle cannot exist inside the infinite well with 0 energy.

Note that the wave function for the lowest energy state, or ground-state, n = 1, has no zeros (not counting the boundary points). The n = 2 state has one zero, at the center of the well, the n = 3 state has two zeros, and so on. This is characteristic of quantum states. The smoother the wave function the lower the energy. We can understand this by recalling that the kinetic energy is p^2/2m, and that p is the derivative operator. The more wiggles in the wave function, the larger the value of ⟨p^2⟩.

By choosing the coordinate system to take advantage of the symmetry of the potential, the solutions automatically have well-defined parity. Solutions corresponding to E_n with n odd have even parity, and solutions with n even have odd parity. Finally, there is only one solution for each possible energy. The stationary states are not degenerate.

General solution as a linear sum of stationary states

A completely general solution can be formed from the linear combination: Ψ(x, t) = ∞∑ n=1 a_n sin(2nπx/a)e^{−i(En /h̄)t} + ∞∑ m=1 b_m cos((2m+1)πx/a)e^{−i(Em /h̄)t} (2.60) At any given time this is the Fourier expansion of a function in the interval −a/2 ≤ x ≤ a/2. In the theory of Fourier analysis, it is proved that all wellbehaved functions, with a period of a can be represented by such a series. Since every term in the series vanishes at x = ±a/2, the class of functions that can be represented in this way is limited to functions which satisfy the infinite well B.C. If the wave-function is known to have even parity, the infinite series will contain only the cosine terms. If the wave-function is known to be odd, the series will contain only the sine terms.

Effect of shifting the origin of x

Griffiths solves the problem by shifting the origin so that the walls are at x = 0 and x = a. This simplifies the algebra to some extent. This shift corresponds to defining a new coordinate, x^′ = x + a/2, or x = x^′ − a/2. We could express the preceding solutions in terms of x^′, and obtain Griffith’s results. We can simply note, however, that the solutions are still sines and cosines. Since cos(0) = 1, and sin(0) = 0 only sine functions are allowed. The stationary states are now expressed more compactly as:

ψ_n = √ 2 a sin(nπx/a), n = 1, 2, 3 · · · (2.61) and the allowed energies are still the same:

E_n = h̄^2π^2 2ma^2 n^2, n = 1, 2, · · · (2.62)

Relative to x = a/2, the parity of the functions alternate in n. A general solution is given by: Ψ(x, t) = ∞∑ n=1 c_nψ_n(x)e^{−i En̄h t} (2.63) Provided we know Ψ at t = 0, the coefficients c_n are easily obtained, using what Griffiths calls Fourier’s trick. Multiply both sides by one of the states, ψ_j and integrate over x, obtaining: ∫_a 0 Ψ(x, 0)ψ_j (x) dx = ∑ n c_n ∫_a 0 ψ_j(x)ψ_n(x) dx = ∑ n c_nδ_{nj} = c_j (2.64)

c_j = √ 2 a ∫_a 0 Ψ(x, 0) sin(jπx/a) dx (2.65)

The proof that any function satisfying the boundary conditions can be represented by such a series is carried out in the theory of Fourier analysis. The property is called completeness of the set of functions. If the state Ψ(x, t) is normalized then the coefficients will satisfy the condition: ∞∑ n=1 |c_n|^2 = 1 (2.66)

2.2.1 Example Here is an example that doesn’t quite satisfy the B.C. Suppose we start with an initial wave function that gives a uniform probability:

Ψ(x, 0) = 1 √ a (2.67)

so that: P (x, 0) = 1 a , ∫_a 0 P (x, 0) dx = 1 A major defect in the function is that because of the singularities at the end points the expectation values of momentum and energy are undefined.

Nevertheless, we can forge ahead and use Eq. 2.65 to calculate the Fourier coefficients: c_n = 1 √ a √ 2 a ∫_a 0 sin(nπx/a) dx (2.68) c_n = √ 2 a ∫_a 0 sin(nπx/a) dx = − √ 2 a a nπ [cos(nπx/a)]^a_0 (2.69)

c_n = √ 2 nπ [1 − cos(nπ)] = √ 2 nπ [1 − (−1)^n] (2.70)

The coefficients vanish for even values of n. We expect this since the wavefunction has even parity around x = a/2. For odd values,

c_n = 2 √ 2 πn (2.71)

(a side remark: the relation, ∑ |c_n|^2 = 1, tells us that

∑_1

n^2 = π^2

8 ) The coefficients decrease very slowly, c_{n+1}/c_n = n/(n + 1), so it takes many terms to get a decent representation of this wave function. Moreover, the series can never get things quite right at x = 0 and x = a. These are singular points, and excluded from the Fourier statement of completeness. The wave function can be written as: Ψ(x, t) = 2 √ 2 π √ 2 a ∑ n odd 1 n sin( nπx a )e^{− Ent̄h} = 4 πa ∑ n odd 1 n sin( nπx a )e^{− Ent̄h} (2.72) Using the general result of Eq. 2.45 the expectation value of the energy is: ⟨E⟩ = ∑ |c_n|^2E_n Using our results for c_n and the energies of the square well:

|c_n|^2E_n = 8 π^2n^2 h̄^2π^2n^2 2ma^2 = 4h̄^2 ma^2 ⟨E⟩ = 4Nh̄^2 ma^2 (2.73)

where N is the number of terms in the sum. The more terms we include the higher the expectation value of the energy. We must cut off the infinite sum to avoid having an infinite energy. For an electron in a space of atomic dimensions, a = 10^{−10} m, for 64 terms E ≈ 2000 eV. For comparison, the binding energy of the hydrogen atom is only 13 eV and the electron’s kinetic energy is comparable to the binding energy.

Plots of the probability distributions for summations over 2, 4, 8, 16, 32, and 64 terms are shown in Figures 2.1 and 2.2. The horizontal scale is in units of u=x/a and the vertical scale shows P (u) = |ψ(u)|^2 = aP (x). If we choose the expansion with 64 terms as the exact initial state wave function, the time development of the probability distribution is illustrated in Figures 2.3 and 2.4. In these figures the unit of time is:

Δt = 2ma^2 π^2h̄

(2.74)

For an electron in a well of atomic size, a = 10^{−10} m, Δt ≈ 1.6 × 10^{−17} s.

From these figures one might infer that after the initial time the electron tends to avoid the edge regions. One can see the onset of this tendency by looking at even earlier times, as shown in Figures 2.5 and 2.6 A physically acceptable approximation to the square function might be: Ψ(x, 0) = N(1 − e^{−αx})(1 − e^{α(x−a)}) in the limit αa >> 1. Oddly enough, this function can be normalized, and expectation values of x, p and p^2 can be calculated, in terms of elementary integrals. Moreover, the coefficients of the Fourier expansion can also be obtained in terms of elementary integrals. The integrals are elementary, but numerous.

Figure 2.1: Approximation to a square wave for 2, 4 and 8 terms.

Figure 2.2: Approximation to a square wave for 16, 32 and 64 terms.

Figure 2.3: Time development for the 64 term solution, t=1,2, 3 in units of 2ma^2 π^2h̄

Figure 2.4: Time development for the 64 term solution, t=4,5, 6 in units of 2ma^2 π^2h̄

Figure 2.5: Early time development for the 64 term solution, t=.01,.02, .03 in units of^{2ma2}_{π2h̄}

Figure 2.6: Early time development for the 64 term solution, t=.04,.05, .06 in units of^{2ma2}_{π2h̄}