Gravitation and Cosmology
Lecture 21: The Schwarzschild solution

The Schwarzschild solution

The field of a point mass
We now seek solutions of the Einstein equations

R™ - %g”" = -8pGT™ (21.1)

where the source is an isolated point mass, M. By locating the mass at the origin of coordinates, we
may be certain the solution will be rotationally invariant. This symmetry will reduce considerably the
labor of finding the solution.

The most general rotationally invariant quantities in 3-space are

2 242
r:§1+ + z°0
y 17}

Sxdk = xdx + ydy + zdz (21.2)

2 2 2
doxdk = ()" + (dy)” + (d2)
so we may write the most general proper time interval (with no explicit time-dependence)

@)’ = F @)’ - 26 dtG&xdy - DI &)’ - co) (dxd) .  @L3)

Working in spherical polar coordinates

X = rcosj sing
y = rsinj sing
Z = rcosq

we can rewrite this as

@) = F() (d)° - 2rE@) dtdr - PD() ()’ -

. 2 2 2 .
- C(r) dn + (g +rsin‘q(d) B (21.4)

By suitable changes of coordinate and suitable redefinitions (see Weinberg, €.9.), we can rewrite the
proper time in the form

@)’ = Bm @)’ - AP @) - P’ - Psinkg )’ (21.5)

That is, the metric becomes
gtt = B(r) gqq = _rZ

. (21.6)
Oy = -A(N) g =-r'sin’g
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Clearly, since the metric is diagonal,
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The determinant of g, is
g=- detéa,mg = A(r) B(r) r*sin’q.

We shall need all the terms of the Christoffel symbol
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to compute the Ricci tensor R™. Now we enumerate the terms:
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:iqrqg = %grr €0q,q ~ Ygq. = Krr) [18]
Eqrjg:%grre@rq»i *Oiq Uy W0 [19]
:ij rjg:lg”gn‘ IR IR TN -r;zl)zq [20]
:itqtg quq Dat,t + gt = Y, = O [21]
EREEN
irqu - igqq Dar,r + Orq,r = rr,gd = 0 [25]
%rqqg = 206 o + Gga.r - Gar.l % [26]
ir?g ) iqqqg ) quJI g =0 [27:291
;JO: g = %gqqggm i T9% a0 " Y ,qH = -sing cosq] [30]
Ht"):%gjj SRS TN gtt,jgzo [31]
itjr['J - %tqu - Eitjj g =0 32-34]
HFUZIQJJQJFr+ng',r' Or,j4=0 [35]
%rqu:%g”ggjqurgqj r g, j4=0 [36]
%rjjg:%gjj%u MR IINT [37]
%qjjgz%gjj@ml *9j.q" Yy Y= cod [38]
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There are 40 distinct Christoffel symbols, as expected. Next we have 10 combinations to work out

for the Ricci tensor

jla o1la_ isuila

Rm = ﬂ”},mlg L },mng * }mlg}s ng T

Only the 4 diagonal terms are non-vanishing:
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