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6R IDU ZH KDYH GLVFXVVHG WHFKQLTXHV EURDGO\ EHORQJLQJ WR WKH ILHOG RI QXPHULFDO DQDO\VLV �´QXPEHU�

FUXQFKLQJµ LQ WKH YHUQDFXODU�� IRU VROYLQJ SUREOHPV WKDW DULVH LQ SK\VLFDO FRQWH[WV� 1RZ ZH WXUQ WR

FRPSXWDWLRQDO PHWKRGV WKDW DULVH LQ WKH FRQWH[W RI H[SHULPHQWDO WHFKQLTXH� GDWD WUDQVPLVVLRQ³VSH�

FLILFDOO\� HUURU DQDO\VLV� SUHYHQWLRQ DQG FRUUHFWLRQ� GDWD FRPSUHVVLRQ� DQG GDWD HQFU\SWLRQ�

3K\VLFLVWV DQG DVWURQRPHUV RIWHQ XVH FRPSXWHUV WR FROOHFW DQG DQDO\]H GDWD IURP WKHLU PHDVXULQJ

LQVWUXPHQWV� $ PRGHUQ H[SHULPHQW LQ KLJK HQHUJ\ SK\VLFV FDQ KDYH HYHQW UDWHV DV KLJK DV

��� − ����VHF� (DFK VXFK GDWXP PD\ EH UHSUHVHQWHG E\ ���� E\WHV�SDUWLFOH �UHSUHVHQWLQJ� H�J�� WKH
SDUWLFOH·V WUDMHFWRU\ WKURXJK D ����SODQH VSDUN FKDPEHU RI ��×�� ZLUHV�SODQH�³DQG WKHUH PD\ EH
DQ DYHUDJH RI �� SDUWLFOHV VHHQ SHU HYHQW� 7KDW LV� D ��PRQWK UXQ PD\ JHQHUDWH ��� JLJDE\WHV RI GDWD�

HQRXJK WR ILOO ���� &'�520 GLVNV� IRU H[DPSOH� RU ��� KLJK�FDSDFLW\ KDUG GULYHV� $QDO\]LQJ WKHVH

GDWD PLJKW WDNH VHYHUDO \HDUV XVLQJ D GHGLFDWHG ��� 0+] FRPSXWHU�

%XW WKH YDVW PDMRULW\ RI WKH GDWD DUH XQLQWHUHVWLQJ� LQ WKH VHQVH WKDW WKH\ UHSUHVHQW SURFHVVHV WKDW

DUH ZHOO PHDVXUHG DQG ZHOO XQGHUVWRRG� 7KH\ DUH QRW WKH UHDVRQ DQ H[SHULPHQW FRVWLQJ IURP WZR WR

WHQ PLOOLRQ GROODUV ZDV FDUULHG RXW� 7KH ´LQWHUHVWLQJµ HYHQWV PLJKW RFFXU DV LQIUHTXHQWO\ DV RQFH SHU

WHQ PLOOLRQ XQLQWHUHVWLQJ HYHQWV� L�H� RQH �RU IHZHU� SHU VHFRQG� 7KH SUREOHP WKH H[SHULPHQWDOLVW

IDFHV LV KRZ WR ZLQQRZ DOO WKDW FKDII IRU WKH IHZ ZRUWKZKLOH ZKHDW�JUDLQV RI LQWHUHVWLQJ GDWD� LQ UHDO

WLPH� VR DV WR UHGXFH DW OHDVW ����IROG WKH VWRUDJH DQG GDWD�SURFHVVLQJ UHTXLUHPHQWV RI KLV PDJQXP

RSXV� 7KDW LV� KH PXVW GHVLJQ DQ DSSDUDWXV FDSDEOH RI GHFLGLQJ� LQ WKH DYDLODEOH WLPH RI ������

QDQRVHFRQGV� ZKLFK RI WKH HYHQWV DUH ZRUWK VWRULQJ� DQG ZKLFK WR LJQRUH�

�� ����������������������

����

$OWKRXJK WKH ZRUOG PD\ EH TXDQWL]HG DW KHDUW� PDQ\ RI WKH PHDVXUHPHQWV ZH PDNH DUH DQDORJ
�
LQ

FKDUDFWHU� ,Q RUGHU WR DQDO\]H VXFK GDWD E\ GLJLWDO PHWKRGV WKH\ PXVW ILUVW EH UHSUHVHQWHG LQ GLJLWDO

IRUP³WKDW LV� DV VWUHDPV RI �·V DQG �·V UDWKHU WKDQ DV FRQWLQXRXVO\ YDU\LQJ YROWDJH OHYHOV� 2IWHQ WKLV

FRQYHUVLRQ PXVW EH DFFRPSOLVKHG DW KLJK VSHHG� $ W\SLFDO H[DPSOH LV WKH WHOHPHWU\ RI YLVXDO

GDWD³LPDJHV JDWKHUHG E\ D VDWHOOLWH RU RWKHU UHPRWH SUREH� 7KH LPDJH RQ D SKRWRJUDSKLF SODWH

FRQVLVWV RI WKH GHSRVLWLRQ RI JUDLQV RI PHWDOOLF VLOYHU DW YDU\LQJ GHQVLWLHV� 7KH VSDWLDO UHVROXWLRQ LV

OLPLWHG RQO\ E\ WKH DYHUDJH VL]H RI WKHVH JUDLQV� :KHUH WKH JUDLQV DFWXDOO\ OLH RQ WKH ILOP LV RI FRXUVH

UDQGRP� 7KXV DQ LPDJH VFDQQHU PXVW PHDVXUH LQWHQVLW\ DQG VSDWLDO ORFDWLRQ� DQG GLJLWL]H WKDW� 7KH

GDWD JDWKHUHG E\ DQ HOHFWURQLF HTXLYDOHQW³DQ DUUD\ RI SKRWRFHOOV� DQ RUWKLFRQ WXEH RU D FKDQQHO

SODWH³RQ WKH RWKHU KDQG� LV DOUHDG\ GLJLWL]HG WR DQ H[WHQW� VLQFH WKH GHYLFH LV FRQILJXUHG DV D UHJXODU
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�� 7KH XVH RI WKH WHUPV ´GLJLWDOµ DQG ´DQDORJµ WR FKDUDFWHUL]H WKH UHVXOWV RI FRXQWLQJ H[SHULPHQWV �OLNH
SXEOLF RSLQLRQ VDPSOLQJ RU UDGLRDFWLYH GHFD\ UDWHV� YV� PHDVXUHPHQWV RI FRQWLQXRXVO\ YDU\LQJ TXDQWLWLHV
�OLNH YROWDJHV RU DQJXODU YHORFLWLHV� GDWHV EDFN WR WKH HDUOLHVW GD\V RI FRPSXWLQJ DQG WKH WZR W\SHV RI
FRPSXWHU WKHQ LQ XVH�



��GLPHQVLRQDO DUUD\ RI SL[HOV� 7KDW LV� WKH FRRUGLQDWHV RI WKH SL[HOV DUH LQWHJHUV� +RZHYHU� ERWK WKH

OLJKW OHYHOV DQG WKH ZDYHOHQJWK GLVWULEXWLRQV DW HDFK SL[HO DUH DQDORJ�

+RZ GR ZH JR DERXW GLJLWL]LQJ DQDORJ LQIRUPDWLRQ" 8VXDOO\ WKLV LV GRQH ZLWK HOHFWURQLF FLUFXLWV FDOOHG

FRPSDUDWRUV
�
� 7KH\ FRPH LQ VHYHUDO YDULHWLHV³D VLPSOH RQH LV WKH ´IODVKµ FRPSDUDWRU� VR FDOOHG

EHFDXVH RI LWV VSHHG� $ FLUFXLW IRU RQH LV VKRZQ WR

WKH ULJKW� 7KH WULDQJXODU REMHFWV DUH RS�DPSV FRQ�

QHFWHG DV FRPSDUDWRUV� WKH\ SURGXFH DQ RXWSXW

VLJQDO RQO\ LI WKH LQSXW YROWDJH H[FHHGV WKH UHIHU�

HQFH YROWDJH�7KXV WKH ILUVWP LQSXWV WR WKH HQFRGHU

FKLS ZLOO EH ´KLJKµ LI WKH LQSXW YROWDJH OLHV LQ WKH

UDQJH

P
9UHI

�Q
≤ 9LQ < (P + �)

9UHI

�Q
�

7KH HQFRGHU LV VLPSO\ D GHYLFH WKDW FRQYHUWV WKH

LQWHJHUV LQ WKH UDQJH >�� �Q − �@ WR WKHLU ELQDU\
UHSUHVHQWDWLRQ� 7KXV LI ZH ZDQW WR EH DEOH WR

FRQYHUW LQSXW YROWDJHV ZLWK D VWHS�VL]H RI �⁄� RI WKH
LQSXW UDQJH� � RXWSXW ELWV DUH QHHGHG� 7KH HQWLUH

FLUFXLW LV FDOOHG DQ DQDORJ WR GLJLWDO FRQYHUWHU� RU

$'&� 0DQ\ RWKHU W\SHV RI $'& KDYH EHHQ LQ�

YHQWHG� 6HH 5HI� � IRU GHWDLOV�

7KH VSHHG RI WKH $'& LV RI VRPH LQWHUHVW ZKHQ FRQYHUWLQJ D WLPH�YDU\LQJ VLJQDO WR GLJLWDO IRUP� )RU

H[DPSOH VRXQGV LQ WKH DXGLR UDQJH³VSHHFK RUPXVLF� IRU H[DPSOH³DUH W\SLFDOO\ FRPSOH[ ZDYHIRUPV

ZLWK IUHTXHQF\ FRPSRQHQWV XS WR ��.+]�$ EDVLF FULWHULRQ �1\TXLVW� VWDWHV WKDW LQ RUGHU WR UHSUHVHQW

DGHTXDWHO\ WKH LQSXW LW PXVW EH VDPSOHG DW OHDVW

WZLFH WKDW IDVW� L�H� DW LQWHUYDOV OHVV WKDQ

�������� VHF� 7KLV LV D XVHIXO UXOH RI WKXPE WR NHHS

LQ PLQG� DV ZH VHH IURP WKH H[DPSOH WR WKH ULJKW� LI

ZH GR QRW VDPSOH RIWHQ HQRXJK� D VLJQDO RI ORZHU

IUHTXHQF\ JRHV WKURXJK WKH VDPH VHW RI SRLQWV� L�H�

LQIRUPDWLRQ KDV EHHQ ORVW�

,W LV SHUKDSV ZRUWK QRWLQJ WKDW FRQYHUVLRQ RI DQ

DQDORJ TXDQWLW\ WR GLJLWDO UHSUHVHQWDWLRQ QHHG QRW

EH OLQHDU� 7DNLQJ WKH H[DPSOH RI OLJKW² RU VRXQG

LQWHQVLW\� LW PLJKW EH PRUH VHQVLEOHWR GLJLWL]H WKH

ORJDULWKP UDWKHU WKDQ WKH TXDQWLW\ LWVHOI� )LUVW�
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�� 6HH� H�J�� 3� +RURZLW] DQG :� +LOO� 7KH $UW RI (OHFWURQLFV� �QG HG� �&DPEULGJH 8QLYHUVLW\ 3UHVV� 1HZ
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WKHVH TXDQWLWLHV KDYH D ODUJH G\QDPLF UDQJH� DQG VHFRQG� KXPDQ VHQVHV HPSLULFDOO\ REH\ D ORJDULWKPLF

UHVSRQVH UXOH�

+DYLQJ GLVFXVVHG KRZ DQDORJ VLJQDOV �WKDW LV� PRVW LQSXWV IURP PHDVXULQJ LQVWUXPHQWV� FDQ EH

GLJLWL]HG� LW LV WLPH WR GLVFXVV KRZ WKH GLJLWDO LQIRUPDWLRQ LWVHOI PXVW EH KDQGOHG�

 � #���
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7R GLVFXVV WKH LVVXHV LQYROYHG LQ GDWD FRPPXQLFDWLRQ ZH YLVXDOL]H WKH HQWLUH V\VWHP DV FRQVLVWLQJ RI

LQSXW� HQFRGLQJ� WUDQVPLVVLRQ� GHFRGLQJ� DQG RXWSXW� DV VKRZQ VFKHPDWLFDOO\ EHORZ�

:H VKDOO QRW FRQFHUQ RXUVHOYHV KHUH ZLWK HLWKHU WKH VRXUFH RU WKH UHFHLYHU RI WKH GDWD� EXW UDWKHU

ZLWK WKH HQFRGHU� WKH FRPPXQLFDWLRQV FKDQQHO� DQG WKH GHFRGHU� 7KH NH\ WR XQGHUVWDQGLQJ GDWD

WUDQVPLVVLRQ LV WKH LQIRUPDWLRQ FRQWHQW RI WKH GDWD� $FFRUGLQJ WR &ODXGH 6KDQQRQ� WKH IDWKHU RI

LQIRUPDWLRQ WKHRU\� D PHVVDJH FRQVLVWLQJ RI D VWULQJ RI V\PEROV FRQWDLQV LQIRUPDWLRQ

+ = − ∑
N

SN ORJ� 

SN
� ���

ZKHUH SN LV WKH IUHTXHQF\ �SUREDELOLW\ RI RFFXUUHQFH� RI WKH N·WK V\PERO� :K\ GRHV WKH ORJDULWKP WR

WKH EDVH � DSSHDU KHUH" 6KDQQRQ QRWHV WKDW ZH FDQ H[SUHVV WKH GDWD LQ ELQDU\ QXPEHUV� +HQFH ZH

PD\ GHILQH WKH LQIRUPDWLRQ FRQWHQW DV WKH DEVROXWHPLQLPXPQXPEHU RI ELWV WKDW H[SUHVV WKHPHVVDJH�

)RU H[DPSOH� VXSSRVH ZH IOLS D FRLQ WKULFH³DVVXPLQJ WKH SUREDELOLWLHV RI KHDGV DQG WDLOV DUH HTXDO�

���� WKHUH DUH HLJKW SRVVLEOH� HTXDOO\ OLNHO\� RXWRPHV� RU SRVVLEOH ´PHVVDJHVµ� (DFK KDV SUREDELOLW\ �⁄� �
6LQFH SN = �⁄� IRU HDFK N� ZH KDYH

+ = − ∑
N=�

�

�⁄� ORJ� (�⁄�) ≡ � × �⁄� × � = � �

,Q RWKHU ZRUGV� � ELWV LV WKH PLQLPXP UHTXLUHG WR VHQG WKH PHVVDJH UHYHDOLQJ ZKLFK RI WKH RXWFRPHV

WRRN SODFH� 7KLV LV QRW H[DFWO\ D VXUSULVH� VLQFH ZH FRXOG DVVLJQ D � WR D KHDG DQG D � WR D WDLO DQG VHH

GLUHFWO\ WKDW � ELWV FDQ GHVFULEH DQ\ ��WRVV VHTXHQFH� 6KDQQRQ·V IRUPXOD� (T� � �VRPHWLPHV FDOOHG WKH

´HQWURS\µ RI D PHVVDJH³JXHVV ZK\"� LV PRUH XVHIXO IRU DQDO\]LQJ PRUH FRPSOH[ FDVHV�
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7KH LQIRUPDWLRQ FRQWHQW + HVWLPDWHV WKH PLQLPXP QXPEHU RI ELWV UHTXLUHG WR H[SUHVV D JLYHQ

PHVVDJH� KHQFH LW PHDVXUHV KRZ PXFK ZH FDQ FRPSUHVV D PHVVDJH E\ VRPH HQFRGLQJ WHFKQLTXH� 2I

FRXUVH FRPSUHVVLRQ LV ULVN\� DV ZH VKDOO VHH� LW UHGXFHV PHVVDJH VL]H� EXW QHFHVVDULO\ DOVR UHGXFHV WKH

PHVVDJH·V LPPXQLW\ WR WUDQVPLVVLRQ HUURUV�

&RQVLGHU D PHVVDJH LQ VLQJOH�FDVH (QJOLVK� LJQRULQJ SXQFWXDWLRQ �ODZ\HUV ZLOO ORYH WKLV��� (QJOLVK KDV

�� OHWWHUV SOXV D VSDFH WR VHSDUDWH ZRUGV� KHQFH ZH QHHG DQ DOSKDEHW RI �� FKDUDFWHUV� %DVHG RQ WKH

DFWXDO IUHTXHQFLHV RI OHWWHUV DQG OHWWHU SDLUV �7+ LV FRPPRQ� 4= KDV SUREDELOLW\ �� LQ DFWXDO (QJOLVK

VSHOOLQJ� LW LV IRXQG WKDW (QJOLVK FDQ EH FRPSUHVVHG �IRU H[DPSOH XVLQJ WKH 6RXQGH[ DOJRULWKP� WR

DERXW � ELW SHU OHWWHU� +RZHYHU D PHVVDJH FRQVLVWLQJ RI SXUHO\ UDQGRP VWULQJV RI WKH �� FKDUDFWHUV�

ZKHUH HDFK FKDUDFWHU DSSHDUHG ZLWK HTXDO IUHTXHQF\� ZRXOG KDYH

+ = ∑
N=�

��

SN ORJ� (� ⁄ SN) = �� × �⁄�� × ORJ��� = ���� �

%HFDXVH LW UHTXLUHV VR IHZ ELWV WR WUDQVPLW (QJOLVK XVLQJ DQ HIILFLHQW FRPSUHVVLRQ VFKHPH� FRPSDUHG

ZLWK UDQGRP VHTXHQFHV IURP WKH VDPH DOSKDEHW� ZH FRQFOXGH WKHUH LV DFWXDOO\ PXFK OHVV LQIRUPDWLRQ

FRQWHQW LQ D W\SLFDO (QJOLVK PHVVDJH WKDQ WKH PD[LPXP LQIRUPDWLRQ FDUU\LQJ FDSDFLW\ RI D ���OHWWHU

DOSKDEHW� 2U LQ RWKHU ZRUGV� WKH UHGXQGHQF\ RI (QJOLVK LV DOPRVW ����:H FDQ VHH WKLV E\ H[DPLQLQJ

D PHVVDJH ZLWKRXW YRZHOV�

=CD @@< 8F <DD< DB2< > B4>7 D8C =CC7

�=?CD @5?@<5 81F5 <9DD<5 DB?E2<5 9> B5149>7 D89C =5CC175�

*LYHQ WKLV IDFW� ZK\ LV (QJOLVK³QRW WR PHQWLRQ RWKHU KXPDQ ODQJXDJHV³VR KLJKO\ UHGXQGDQW" 7KH

DQVZHU PXVW VXUHO\ EH WKDW WKH UHGXQGHQF\ KDV HYROYHG LQWR RXU XVH RI ODQJXDJH WR UHGXFH HUURUV LQ

WUDQVPLVVLRQ� HUURUV ZKLFK DW FULWLFDO PRPHQWV FDQ EH IDWDO�

5HGXQGDQF\ LV RXU GHIHQVH DJDLQVW QRLVH �ZKLFK ZH FDQ GHILQH DV UDQGRP IOLSSLQJ RI ELWV�� 7KXV LW ZLOO

QRW GR WR FRPSUHVV DPHVVDJHPD[LPDOO\� VLQFH WKH ORVV RI HYHQ RQH ELWPLJKW UHQGHU LW XQGHFLSKHUDEOH�

&RQVLGHU KRZ ZH PLJKW FRPSUHVV D PHVVDJH XVLQJ D K\SRWKHWLFDO ��OHWWHU DOSKDEHW $&7*� ZLWK

S($) = �⁄� S(&) = �⁄� S(7) = S(*) = �⁄� �
1RZ WKH REYLRXV HQFRGLQJ� VKRZQ LQ WKH VHFRQG FROXPQ RI WKH IROORZLQJ WDEOH�

&KDUDFWHU 2EYLRXV (QFRGLQJ $OWHUQDWH (QFRGLQJ

A 00 0
C 01 10
T 10 110
G 11 111

XVHV � ELWV SHU FKDUDFWHU� %XW DQ DOWHUQDWH HQFRGLQJ� VKRZQ LQ WKH WKLUG FROXPQ� XVHV� RQ WKH DYHUDJH�

�⁄� × � + �⁄� × � + �⁄� × � + �⁄� × � = ����

ELWV SHU FKDUDFWHU� 1RZ� LQWHUHVWLQJO\� WKH 6KDQQRQ LQIRUPDWLRQ FRQWHQW� (T� �� JLYHV

+ = �⁄� × ORJ�(�) + �⁄� × ORJ�(�) + �⁄� × ORJ�(�) + �⁄� × ORJ�(�) = ���� �

LOOXVWUDWLQJ WKH SULQFLSOH WKDW + LV WKH PLQLPXP QXPEHU RI ELWV SHU FKDUDFWHU�

 � ��������	

�����



7KLV LV WKH HVVHQFH RI +XIIPDQQ HQFRGLQJ� DV DSSOLHG WR RXU K\SRWKHWLFDO DOSKDEHW� $Q DOWHUQDWLYH

PHWKRG LV WR FRXQW �·V DQG �·V� 7KDW LV� VXSSRVH ZH KDG� IRU VRPH UHDVRQ� WKH VWULQJ

111111110000

:H FRXOG ZULWH LW DV ��� �WKDW LV� � �·V IROORZHG E\ � �·V�� ,Q ELQDU\ WKLV ZRXOG EH �������� DOPRVW D

��IROG GHFUHDVH LQ WKH QXPEHU RI ELWV� 7KLV PHWKRG LV FDOOHG ´UXQ�OHQJWKµ HQFRGLQJ� ,W LV PRVW XVHIXO

ZKHQ ZH PLJKW H[SHFW ORQJ VHTXHQFHV RI �·V DQG �·V� %XW WKLV LV H[DFWO\ WKH QDWXUH RI ELW�PDSSHG

JUDSKLFV ILOHV�

7KH FRPSUHVVLRQ DOJRULWKPV FXUUHQWO\ PRVW IDYRUHG� ZKHQ WKH GDWD FKDQQHO KDV KLJK UHOLDELOLW\ �VXFK

DV D GLVN GULYH�� DUH EDVHG RQ WKH /HPSHO�=LY DOJRULWKPV� 7KH\ XVH+XIIPDQQ HQFRGLQJ �RU VRPHWKLQJ

FORVHO\ UHODWHG WR LW� IRU WKH VKRUW FKRSS\ VHTXHQFHV� DQG VZLWFK WR UXQ�OHQJWK HQFRGLQJ IRU ORQJ

VHTXHQFHV RI �·V DQG �·V�

+HUH LV DQ LPSRUWDQW IDFW� DQ\ FRPSUHVVLRQ PHWKRG PXVW PDNH VRPH ILOHV ORQJHU� ,I WKLV ZHUH QRW VR�

WKHQ ZH FRXOG FRPSUHVV DUELWUDU\ VHTXHQFHV WR ]HUR OHQJWK� +RZ GR ZH VHH WKLV" 6D\ 7(I) LV WKH
WUDQVIRUPHG ILOH IURP LQSXW ILOH I� /HW /(I) EH WKH OHQJWK RI WKH ILOH I� &OHDUO\� LI

/( 7(I) ) < /(I)

IRU DQ\ LQSXW ILOH� WKHQ E\ DSSO\LQJ WKH WUDQVIRUPDWLRQ DJDLQ ZH ZRXOG KDYH

/( 7( 7(I) ) ) < /( 7(I) ) �

0DQLIHVWO\� WKH ORZHU ERXQG RI WKLV VHTXHQFH LV ��

%� &

�
���


���������
�

:H FDQ GHILQH WKH FDSDFLW\ RI D FRPPXQLFDWLRQV FKDQQHO DV WKH QXPEHU RI ELWV SHU XQLW WLPH LW FDQ

FDUU\� FDOO LW &� 7KH UDWH DW ZKLFK LQIRUPDWLRQ LV DFWXDOO\ FDUULHG LV
G+

GW
� $ PDMRU WKHRUHP RI

LQIRUPDWLRQ WKHRU\ VWDWHV WKDW VWDWHV WKDW LI

G+

GW
< &

WKHUH H[LVWV DQ HQFRGLQJ VFKHPH �RI OHQJWK 1� WKDW PDNHV WKH SUREDELOLW\ RI D WUDQVPLVVLRQ HUURU

VPDOOHU WKDQ ε � 7KDW LV� IRU D JLYHQ ε > �� ∃ D FRGH RI OHQJWK 1(ε) IRU ZKLFK SHUURU < ε �

2Q WKH RWKHU KDQG� LI

G+

GW
> &

LW LV LPSRVVLEOH WR ILQG VXFK D FRGH�

+HUH LV DQ H[DPSOH RI DQ HUURU�FRUUHFWLQJ FRGH� EDVHG RQ SDULW\ FKHFNLQJ� &RQVLGHU GDWDW WKDW FDQ

EH H[SUHVVHG DV D JURXS RI � ELWV (E� � E� � E� � E�)³WKDW LV� �� SRVVLEOH PHVVDJHV� /HW XV DGG � PRUH
ELWV (E� � E� � E�) WR WKH JURXS�
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E� = 4(E� E� E�) =
GI

(E� ⊕ E�) ⊕ E�
E� = 4(E� E� E�)
E� = 4(E� E� E�) �

7KHVH � ELWV DUH FDOOHG SDULW\ ELWV� 7KH RSHUDWLRQ ⊕ PHDQV ;25 RU ´H[FOXVLYH�RUµ� ZKRVH WUXWK WDEOH
LV

,QSXWV 2XWSXW

$ % $⊕ %

1 1 0
1 0 1
0 1 1
0 0 0

6XSSRVH WKH RULJLQDO PHVVDJH LV ���� EXW LV UHFHLYHG DV ����� 7KH SDULW\ ELWV FRPSXWHG IURP WKH

RULJLQDO PHVVDJH DUH ���� EXW WKH SDULW\ ELWV FRPSXWHG IURP WKH UHFHLYHG PHVVDJH DUH ���� 6LQFH DOO

WKUHH RI WKH �FRPSXWHG� ELWV GLVDJUHH ZLWK ZKDW ZDV UHFHLYHG �DVVXPLQJ WKH SDULW\ ELWV ZHUH QRW

FRUUXSWHG��� ZH UHDOL]H WKDW WKH E� ZDV LQFRUUHFWO\ WUDQVPLWWHG�

&RQVLGHU WKH FDVH LI ���� ZHUH UHFHLYHG DV ���� �WKDW LV� WKH VHFRQG ELW ZDV PLV�WUDQVPLWWHG�� WKHQ

WKH FRPSXWHG SDULW\ ELWV DIWHU UHFHSWLRQ ZRXOG EH ���� DQG VLQFH WKH ILUVW WZR ELWV GLVDJUHH� WKH HUURU

ZDV LQ E� RI WKH PHVVDJH� $JDLQ� LI WKH PHVVDJH ZHUH UHFHLYHG DV ���� WKH FRPSXWHG SDULW\ ELWV ZRXOG

EH ���� WKH GLVDJUHHPHQW LV LQ WKH ILUVW DQG WKLUG SDULW\ ELWV VR WKH HUURU ZDV LQ E�� )LQDOO\ LI ���� ZHUH

UHFHLYHG� WKH FRPSXWHG SDULW\ ZRXOG EH ���� GLVDJUHHLQJ LQ WKH VHFRQG DQG WKLUG SODFHV� VR WKH HUURU

LQ WKH PHVDJH ZRXOG EH LQ E��

,Q RWKHU ZRUGV �DQG WKLV LV ZRUWK FKHFNLQJ�� ZH ILQG WKH IROORZLQJ HUURU WDEOH�

HUURU FKHFN

b0 QRQH DJUHH
b1 RQO\ E� DJUHHV

b2 RQO\ E� DJUHHV

b3 RQO\ E� DJUHHV

7KUHH FKHFN ELWV RQO\ \LHOG D SDUWLDO FKHFN�FRUUHFWLRQ LQ FDVHV ZKHUH WZR RI WKH PHVVDJH ELWV DUH

ZURQJ� 7KHUH DUH � VXFK FDVHV� DQG ZH FDQ VHH HDVLO\ WKDW WKHUH DUH QRW � XQLTXH SDWWHUQV RI DJUHHLQJ

SDLUV RI SDULW\ ELWV� XQGHU WKH DERYH UXOH� 7KDW LV� ZH GR QRW GDUH LQVWUXFW WKH UHFHLYHU WR VLPSO\ FRUUHFW

WKH SUHVXPHG ZURQJ ELW EHFDXVH WKHUH PLJKW KDYH EHHQ WZR ZURQJ ELWV� )RU H[DPSOH� VXSSRVH WKH

PHVVDJH ���� ZHUH UHFHLYHG DV ����� 7KH FKHFN ELWV ZRXOG GLVDJUHH DW E�� VXJJHVWLQJ ZH IOLS E�� 7KLV

ZRXOG JLYH WKH �ZURQJ�PHVVDJH ����� ZKRVH FKHFN ELWV ��� DJUHH ZLWK WKH WUDQVPLWWHG RQHV� ,Q RWKHU

ZRUGV� RXU RQO\ UHFRXUVH LV WR QRWH WKH HUURU DQG UHTXHVW UHWUDQVPLVVLRQ RI WKH GDWD�

6XSSRVH ZH DUH LQWHUHVWHG LQ GDWD WKDW LW PLJKW EH GLIILFXOW RU LPSRVVLEOH WR UHWUDQVPLW� ,Q WKLV FDVH

ZH QHHG D VWURQJHU HQFRGLQJ VFKHPH WKDW� ZLWK KLJK SUREDELOLW\� SHUPLWV WKH FRUUHFWLRQ RI WKH HUURU�V��
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7KH (�Q� Q)5HHG�0XOOHU FRGH���PDSV WKH�
Q

LQWHJHUV LQ WKH UDQJH>�� �
Q − �@RQWR WKH URZVRI D VTXDUH�

Q × �
Q

PDWUL[ FRQVWUXFWHG

DV IROORZV� /HW XV GHILQH D � × � PDWUL[

+� = 



�

�

�

−�




DQG GHILQH WKH GLUHFW SURGXFW RI PDWULFHV +Q DQG +� �

+Q+� = +Q ⊗ +�

WR EH WKH PDWUL[ REWDLQHG E\ UHSODFLQJ DOO WKH HOHPHQWV RI +Q ZLWK WKH PDWUL[ +� � 7KHQ HYHU\ SODFH

LQ WKH PDWULFHV +Q VR REWDLQHG ZH UHSODFH � E\ � DQG ²� E\ �� 7KH � × � PDWUL[ VR REWDLQHG IURP
+� LV VKRZQ EHORZ� ZKHUH WKH FHOOV FRQWDLQLQJ �·V DUH OHIW ZKLWH DQG WKRVH FRQWDLQLQJ �·V FRORUHG

EODFN� �7KLV VHTXHQFH GHILQHV WKH +DGDPDUG PDWULFHV��

P?Q � � � � � � � �

�

�

�

�

�

�

�

�

6XSSRVHZHKDYHGDWD WKDW OLH LQ WKH UDQJH���� 7KHVH LQWHJHUVZRXOGQRUPDOO\ UHTXLUH � ELWV WR HQFRGH�

+RZHYHU� LI ZH HQFRGH WKHP E\ PDSSLQJ N LQWR WKH NWK URZ RI WKH PDWUL[� HDFK LQWHJHU ZLOO UHTXLUH

� ELWV� +RZHYHU� E\ GRLQJ WKDW ZH JUHDWO\ LQFUHDVH LWV SUREDELOLW\ RI EHLQJ FRUUHFWO\ UHFHLYHG� 7KH

FUXFLDO SRLQW LV WKDW� FRQVLGHUHG DV VWULQJV RI ELWV� HDFK URZ LQ WKH PDWUL[ GLIIHUV IURP HYHU\ RWKHU URZ

LQ �Q−� SRVLWLRQV� RU LQ WKH DERYH FDVH� � SRVLWLRQV� 7KLV LV FDOOHG WKH ´+DPPLQJ GLVWDQFHµ EHWZHHQ

WZR URZV� 6XSSRVH DQ HUURU LV PDGH LQ WUDQVPLVVLRQ� ,I LW LV D ��ELW HUURU� WKHQ WKH ��ELW VWULQJ ZLOO GLIIHU

IURP DOO WKH RWKHUV LQ WKH HQFRGLQJ VFKHPH� %XW LW ZLOO EH FORVHVW WR � RI WKHP� DQG FDQ EH LGHQWLILHG

ZLWK WKDW RQH� :KDW LI � ELWV ZHUH FRUUXSWHG� 7KHQ WKH UHFHLYHG VWULQJ ZLOO EH HTXLGLVWDQW IURP WZR

RI WKH URZV� DQG ZH FDQQRW WHOO ZKLFK RQH LW ZDV VXSSRVHG WR EH� 7KDW LV� LI WKH QXPEHU RI FRUUXSWHG

ELWV H[FHHGV ¬(�Q − �) ⁄ �¼� ZKHUH ¬ ¼PHDQV ´WKH ODUJHVW LQWHJHU ≤ WKH FRQWHQWVµ� ZH FDQQRW FRUUHFW
WKH HUURU� 7KH HQFRGLQJ RI WKH 0DULQHU VSDFH SUREH·V YLGHR WHOHPHWU\ XVHG Q �� HDFK RI WKH �� URZV

RI+� GLIIHUV IURP WKH RWKHUV LQ �� SODFHV� VR WKH +DPPLQJ GLVWDQFH LV ��� DQG WKH PD[LPXP QXPEHU

RI ELWV WKDW FDQ JR DZU\ ZLWKRXW ORVLQJ LQIRUPDWLRQ LV �� ,I WKH QRLVH HYHQW WKDW FRUUXSWV RQH ELW LV
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�� 5LFKDUG :� +DPPLQJ� &RGLQJ DQG ,QIRUPDWLRQ 7KHRU\ �3UHQWLFH�+DOO� (QJOHZRRG &OLIIV� 1-� ������

�� $ JRRG H[SRVLWLRQ LV JLYHQ LQ $�.� 'HZGQH\� 7KH 7XULQJ 2PQLEXV �&RPSXWHU 6FLHQFH 3UHVV� 5RFNYLOOH�
0'� ������ &K� ���



LQGHSHQGHQW RI WKDW FRUUXSWLQJ DQ\ RWKHU� DQG LI WKH SUREDELOLW\ RI HDFK VXFK HYHQW LV ε << �� WKHQ
WKH SUREDELOLW\ RI � JRLQJ EDG LQ D VHTXHQFH RI �� ELWV LV

S� = ���

�� ���
ε� (� − ε)�� ≈ (��ε)�

��
H−��ε

7R VHH ZKDW WKLV PHDQV LQ SUDFWLFH� WKH IROORZLQJ WDEOH JLYHV WKH SUREDELOLW\ RI � RU PRUH ELWV EHLQJ

FRUUXSWHG LQ D ���ELW VHTXHQFH� IRU VHYHUDO YDOXHV RI ε �

ELW�IOLS SUREDELOLW\ FXPXODWLYH SUREDELOLW\

ε
∑
N=�

��

SN(ε)

0.1 0.0117
0.05 0.00014
0.01 8.5×10−10

7KDW LV� XVLQJ WKLV HUURU FRUUHFWLRQ WHFKQLTXH� RQO\ DERXW � LQ �� GDWD ZLOO EH FRUUXSWHG EH\RQG UHSDLU

HYHQ DW WKH QRLVLHVW OHYHO� 7KH FRVW LV WKDW LQVWHDG RI WKH � ELWV QHFHVVDU\ WR VHQG DQ LQWHJHU LQ WKH

UDQJH �²��� ZH PXVW VHQG �� ELWV� D UDWLR RI D OLWWOH PRUH WKDQ � WR ��
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