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&KDSWHU &RQWHQWV

�� (YDOXDWLQJ IXQFWLRQV

�� 5HSUHVHQWLQJ PHDVXUHPHQWV

)DVW )RXULHU WUDQVIRUP

*UDP SRO\QRPLDOV

�� &KHE\VKHY DSSUR[LPDWLRQ

�� )XQFWLRQ PLQLPL]DWLRQ
&RQMXJDWH JUDGLHQW PHWKRG

7KH VLPSOH[ PHWKRG

6LPXODWHG DQQHDOLQJ

2QH RI WKH PRVW LPSRUWDQW DSSOLFDWLRQV RI QXPHULFDO DQDO\VLV LV WKH UHSUHVHQWDWLRQ RI QXPHULFDO GDWD

LQ IXQFWLRQDO IRUP�7KLV LQFOXGHV UHSUHVHQWDWLRQV RI VWDQGDUGPDWKHPDWLFDO IXQFWLRQV� ILWWLQJ� VPRRWK�

LQJ� ILOWHULQJ� LQWHUSRODWLQJ� HWF� 5HODWHG VXEMHFWV DUH KRZ WR HYDOXDWH YDULRXV IXQFWLRQV HIILFLHQWO\�

ILWWLQJ GDWD DV SRO\QRPLDOV RU )RXULHU VHULHV� DQG ILWWLQJ GDWD LQ VXFK D ZD\ DV WR PLQLPL]H WKH DYHUDJH

GHYLDWLRQ�

�� ������	�������	
��

$ SURJUDP PD\ UHTXLUHYDOXHV RI VRPH PDWKHPDWLFDO IXQFWLRQ³VLQθ� VD\³IRU DUELWUDU\ YDOXHV RI θ�
7KH IXQFWLRQ PD\ EH PRGHUDWHO\ RU H[WUHPHO\ WLPH�FRQVXPLQJ WR FRPSXWH GLUHFWO\� $FFRUGLQJ WR

WKH ,QWHO WLPLQJV IRU WKH ��[�� FKLS� FRPSXWLQJ VLQθ WDNHV DERXW HLJKW WLPHV ORQJHU WKDQ D IORDWLQJ
SRLQW PXOWLSO\� ,Q VRPH UHDO�WLPH DSSOLFDWLRQV WKLV PD\ EH WRR VORZ�

7KHUH DUH VHYHUDO ZD\V WR VSHHG XS WKH FRPSXWDWLRQ RI D IXQFWLRQ� 7KH\ DUH DOO EDVHG RQ FRPSDFW

UHSUHVHQWDWLRQV³HLWKHU LQ WDEXODU IRUP RU DV FRHIILFLHQWV RI IXQFWLRQV WKDW DUH IDVWHU WR HYDOXDWH� )RU

H[DPSOH� ZH PLJKW UHSUHVHQW VLQθ E\ D VLPSOH SRO\QRPLDO�

VLQθ ≈ θ (�������� − ��������θ) � ���

 

DFFXUDWH WR EHWWHU WKDQ �� RYHU WKH UDQJH − π
�

≤ θ ≤ π
�
� WKDW UHTXLUHV EXW WZR PXOWLSOLFDWLRQV DQG DQ

DGGLWLRQ WR HYDOXDWH� 7KLV ZRXOG EH ��� WLPHV IDVWHU WKDQ FDOFXODWLQJ VLQθ RQ WKH ��[�� FKLS��
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�� 7KLV FRPHV IURP WKH &KHE\VKHY SRO\QRPLDO UHSUHVHQWDWLRQ IRU VLQ�[�� 6HH� H�J�� $EUDPRZLW] DQG
6WHJXQ� +0)� ���������

�� $OWKRXJK WKH ��[�� DOUHDG\ XVHV D FRPSDFW UHSUHVHQWDWLRQ RI WKH WULJRQRPHWULF IXQFWLRQV DQG LV WKXV
IDLUO\ KDUG WR EHDW� HVSHFLDOO\ LI KLJK DFFXUDF\ LV GHPDQGHG�



7R DFKLHYH VXEVWDQWLDOO\ JUHDWHU VSHHG UHTXLUHV WDEOH ORRNXS� 7R ORFDWH GDWD LQ DQ RUGHUHG WDEOH�

SURJUDPPHUV RIWHQ HPSOR\ ELQDU\ VHDUFK� WKDW LV� ORRN DW WKH θ�YDOXH KDOIZD\ GRZQ WKH WDEOH DQG VHH
LI WKH GHVLUHG YDOXH LV JUHDWHU RU OHVV WKDQ WKDW� 2Q WKH DYHUDJH� ORJ��1� FRPSDULVRQV DUH UHTXLUHG�

ZKHUH 1 LV WKH OHQJWK RI WKH WDEOH� )RU D WDEOH ZLWK �� SUHFLVLRQ� ZH PLJKW QHHG ��� HQWULHV� L�H� XS

WR VHYHQ FRPSDULVRQV�

%LQDU\ VHDUFK FDQ EH XQDFFHSWDEO\ VORZ ³ LV WKHUH D IDVWHU PHWKRG" ,Q IDFW� DVVXPLQJ DQ RUGHUHG

WDEOH RI HTXDOO\�VSDFHG DEVFLVVDH WKH IDVWHVW ZD\ WR ORFDWH WKH GHVLUHG [�YDOXH LV KDVKLQJ� D PHWKRG IRU

FRPSXWLQJ WKH DGGUHVV UDWKHU WKDQ ILQGLQJ LW XVLQJ FRPSDULVRQV� 6XSSRVH� DV EHIRUH� ZH QHHG ��

DFFXUDF\� L�H� D ����SRLQW WDEOH ZLWK [ LQ WKH UDQJH >��π��@� 7R ORRN XS D YDOXH� ZH PXOWLSO\ [ E\ ����π
≅ ����� WUXQFDWH WR DQ LQWHJHU DQG TXDGUXSOH LW WR JHW D ���E\WH� IORDWLQJ SRLQW DGGUHVV� 7KHVH
RSHUDWLRQV WDNH DERXW ����� IS PXOWLSO\ WLPHV� KHQFH WKH VSHHGXS LV ��IROG�

7KH VSHHGXS IDFWRU GRHV QRW VHHP OLNH PXFK� HVSHFLDOO\ IRU D IXQFWLRQ VXFK DV VLQθ WKDW LV EXLOW LQ WR
PDQ\ QXPHULF FR�SURFHVVRUV� +RZHYHU� LI ZH QHHGHG D IXQFWLRQ WKDW LV FRQVLGHUDEO\ VORZHU WR HYDOXDWH

�IRU H[DPSOH RQH UHTXLULQJ HYDOXDWLRQ RI DQ LQWHJUDO� RU VROXWLRQ RI D GLIIHUHQWLDO HTXDWLRQ� KDVKHG

WDEOH ORRNXS ZLWK LQWHUSRODWLRQ FDQ EH VHYHUDO RUGHUV RI PDJQLWXGH IDVWHU WKDQ GLUHFW HYDOXDWLRQ�

2QFH ZH NQRZ WKH IXQFWLRQ YDOXHV DW DEVFLVVDV EUDFNHWLQJ WKH RQH ZH QHHG� ZH PXVW VWLOO LQWHUSRODWH

LQ WKH WDEOH� 6HYHUDO IRUPV RI LQWHUSRODWLRQ DUH FRPPRQO\ HPSOR\HG� GHSHQGLQJ RQ WKH SUHFLVLRQ

GHVLUHG� RU RQ WKH GHVLUDELOLW\ RI VRPH GHJUHH RI VPRRWKLQJ�

(YHU\RQH LV IDPLOLDU ZLWK OLQHDU LQWHUSRODWLRQ�

I([N + SK) ≈ (�−S) IN + S IN+� + 5 ���

ZKHUH WKH VSDFLQJ EHWZHHQ VXFFHVVLYH SRLQWV �LQ D XQLIRUPO\ VSDFHG WDEOH� LV

K = [N+� − [N �

WKHUHPDLQGHU LV JLYHQDSSUR[LPDWHO\E\

5 ≈ �

�
K� I(�)(ξ)

DQG ξ LV D SRLQW LQ WKH LQWHUYDO 

[N � [N+�

� 7R XQGHUVWDQG WKH RULJLQ RI WKH UHPDLQGHU ZH FRPSDUH

WKH IRUPXOD

I([) ≈ 


� − [

K




I� + [

K
I� + 5

ZLWK WKH ILUVW IHZ WHUPV RI WKH 7D\ORU·V VHULHV H[SDQVLRQ

I([) ≈ I� + [ I′([�) + �

�
[�I′′([�)

WR JHW

5 ≈ �

�
[([−K) I′′([�)

DQG QRWH WKDW

_5_ ≤ �

�
PD[

� ≤ [ ≤ K

_[([−K)_ _I′′([)_ = �

�
K� _I′′(ξ) _ �
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0RUH JHQHUDOO\ ZH PD\ UHSUHVHQW WKH IXQFWLRQ LQ WKH UHJLRQ FRQWDLQLQJ WKH SRLQWV [� �… � [Q E\ WKH

/DJUDQJH LQWHUSRODWLRQ IRUPXOD

I([) ≈ ∑
N=�

Q
πN([) IN
πN([N)

���

ZKHUH

πN([) =∏
P ≠ N

([ − [P) �

:H QRWLFH WKLV IRUPXOD JRHV WKURXJK HDFK RI WKH SRLQWV [P �

+LJKHU RUGHU /DJUDQJH LQWHUSRODWLRQ LV UDUHO\ XVHG³LW LV EHWWHU WR GHFUHDVH WKH VSDFLQJ RI WKH WDEOH

�DQG WKHUHE\ LWV GHPDQG IRU VWRUDJH� LI KLJKHU SUHFLVLRQ LV UHTXLUHG�

$ ZLGHO\ HPSOR\HG WHFKQLTXH LV FXELF VSOLQH LQWHUSRODWLRQ�� 6XSSRVH ZH KDYH D WDEOH RI YDOXHV IN DW

DEVFLVVDV [N� 7KHQ LI ZH GHILQH

$N([) =
[N+� − [

[N+� − [N
=
[N+� − [

∆N

� %N([) = � −$N([) ≡
[N − [

[N − [N+�
=
[ − [N
∆N

ZH PD\ ZULWH GRZQ E\ LQVSHFWLRQ D FXELF SRO\QRPLDO�

SN([) =$N([) IN + %N([) IN+� + �

�
αN


$N

� −$N

 ∆N

� + �

�
βN


%N

� − %N

 ∆N

� �

WKDW LV XQLTXH �XS WR WZR XQGHWHUPLQHG FRQVWDQWV αN DQG βN� DQG SDVVHV WKURXJK WKH SRLQWV



[N � IN

� 

[N+� � IN+�

� 7KH XQGHWHUPLQHG SDUDPHWHUV PD\ EH XVHG WR UHTXLUH WKDW WKH GHULYDWLYHV RI

WKH ILWWLQJ SRO\QRPLDOV PDWFK DW WKH HQGSRLQWV� L�H�

S′N([N+�) = S′N+�([N+�) �S′′ N([N+�) = S′′N+�([N+�) �

)URP WKH VHFRQG RI WKHVH FRQGLWLRQV ZH VHH WKDW

βN = αN+� ≡ I′′ N+� �

WKDW LV� WKH α·V DUH WKH VHFRQG GHULYDWLYHV RI WKH IXQFWLRQ� 7KH ILUVW FRQGLWLRQ \LHOGV WKH WZR�WHUP
UHFXUVLRQ UHODWLRQ

�

�
αN ∆N + �

�
αN 

∆N + ∆N+�
+ �

�
αN+� ∆N+� =

IN+� − IN+�
∆N+�

−
IN+� − IN

∆N

�
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�� 2XU GLVFXVVLRQ KHUH ZLOO IROORZ WKDW RI :LOOLDP +� 3UHVV� 6DXO $� 7HXNROVN\ DQG :LOOLDP 7� 9HWWHUOLQJ
1XPHULFDO 5HFLSHV LQ )RUWUDQ � 7KH $UW RI 6FLHQWLILF &RPSXWLQJ �&DPEULGJH 8� 3UHVV� &DPEULGJH� ������



6LQFH N UXQV IURP � WR 1 WKH DERYH UHSUHVHQW 1²� HTXDWLRQV LQ 1 XQNQRZQV� KHQFH WZR DGGLWLRQDO

FRQGLWLRQV PXVW EH LPSRVHG LQ RUGHU WR JHW D XQLTXH ILW� 7KHVH DUH XVXDOO\ LPSVHG DW WKH HQGSRLQWV

DQG FRQVLVW HLWKHU RI VHWWLQJ α� = α1 = � �´QDWXUDOµ VSOLQH ILW� RU RI JLYLQJ WKH ILUVW GHULYDWLYHV VSHFLILF
YDOXHV DW WKH HQGSRLQWV �WKH ODWWHU LV XVXDOO\ WKH FDVH LQ &$' SURJUDPV�� 7KH OLQHDU HTXDWLRQV FDQ

WKHQ EH VROYHG �LQ 2�1� WLPH� XVLQJ D VWDQGDUG PHWKRG VXLWHG WR WULGLDJRQDO PDWULFHV� $ )2575$1

SURJUDP IRU FXELF VSOLQH ILWWLQJ LV JLYHQ EHORZ�

      SUBROUTINE SPLINE(X,Y,N,YP1,YPN,Y2)
      PARAMETER (NMAX=100)
      DIMENSION X(N),Y(N),Y2(N),U(NMAX)
      IF (YP1.GT..99E30) THEN
        Y2(1)=0.
        U(1)=0.
      ELSE
        Y2(1)=-0.5
        U(1)=(3./(X(2)-X(1)))*((Y(2)-Y(1))/(X(2)-X(1))-YP1)
      ENDIF

      DO 11 I=2,N-1
        SIG=(X(I)-X(I-1))/(X(I+1)-X(I-1))
        P=SIG*Y2(I-1)+2.
        Y2(I)=(SIG-1.)/P
        U(I)=(6.*((Y(I+1)-Y(I))/(X(I+1)-X(I))-(Y(I)-Y(I-1))
     *      /(X(I)-X(I-1)))/(X(I+1)-X(I-1))-SIG*U(I-1))/P
 11    CONTINUE
      IF (YPN.GT..99E30) THEN
        QN=0.
        UN=0.
      ELSE
        QN=0.5
        UN=(3./(X(N)-X(N-1)))*(YPN-(Y(N)-Y(N-1))/(X(N)-X(N-1)))
      ENDIF
      Y2(N)=(UN-QN*U(N-1))/(QN*Y2(N-1)+1.)
      DO 12 K=N-1,1,-1
        Y2(K)=Y2(K)*Y2(K+1)+U(K)
 12   CONTINUE
      RETURN
      END 
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:H QRZ FRQVLGHU KRZ WR UHSUHVHQW GDWD E\ PDWKHPDWLFDO IXQFWLRQV� 7KLV FDQ EH XVHIXO LQ VHYHUDO

FRQWH[WV�

• 7KH WKHRUHWLFDO IRUP RI WKH IXQFWLRQ� EXW ZLWK XQNQRZQ SDUDPHWHUV� PD\ EH NQRZQ� 2QH PLJKW
OLNH WR GHWHUPLQH WKH SDUDPHWHUV IURP WKH GDWD� )RU H[DPSOH� RQH PLJKW KDYH D ORW RI GDWD RQ SHQ�
GXOXPV� WKHLU SHULRGV� PDVVHV� GLPHQVLRQV� HWF� 7KH SHULRG RI D SHQGXOXP LV JLYHQ� WKHRUHWLFDOO\� E\

τ = 



�π/
J





� ⁄ �

I




/

U
�
PERE

PVWULQJ

�…



���

where L  is the length of the string, g the acceleration of gravity, and f is some function of ratios
of typical lengths, masses and other factors in the problem. I n order to determine g accurately,
one generally fits a function of all the measured factors, and tries to minimize its deviation from
the measured periods. T hat is, one might try 

τQ =




�π/Q
J





� ⁄ �











� + α
UQ

/Q
+ β
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Q
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for the nth set of observations, with g, α, β, … the unknown parameters to be determined.

• 6RPHWLPHV RQH NQRZV WKDW D SKHQRPHQRQ LV EDVLFDOO\ VPRRWKO\ YDU\LQJ� VR WKDW WKH ZLJJOHV DQG
GHYLDWLRQV LQ REVHUYDWLRQV DUH QRLVH RU RWKHUZLVH XQLQWHUHVWLQJ� +RZ FDQ ZH ILOWHU RXW WKH QRLVH
ZLWKRXW ORVLQJ WKH VLJQLILFDQW SDUW RI WKH GDWD" 6HYHUDO PHWKRGV KDYH EHHQ GHYHORSHG IRU WKLV SXU�
SRVH� EDVHG RQ WKH VDPH SULQFLSOH� WKH GDWD DUH UHSUHVHQWHG DV D VXP RI IXQFWLRQV IURP D FRP�
SOHWH VHW RI IXQFWLRQV� ZLWK XQNQRZQ FRHIILFLHQWV� 7KDW LV� LI ϕ

P
([) DUH WKH IXQFWLRQV� ZH VD\ �\Q

DUH WKH GDWD�

\Q =∑ FP ϕP([Q)
P=�

∞

���

Such representations are theoretically possible under general conditions. T hen to filter we keep
only a finite sum, retaining the first N  (usually simplest and smoothest) functions from the set.
An example of a complete set is monomials, ϕm(x) = x m. Another is sinusoidal (trigonometric)
functions,

VLQ(�πP[)� FRV(�πP[)� � ≤ [ ≤ ��
used in Fourier-series representation. Gram polynomials, discussed below, comprise a third
useful complete set.

7KH UHSUHVHQWDWLRQ LQ (T� � LV FDOOHG OLQHDU EHFDXVH WKH XQNQRZQ FRHIILFLHQWV FP DSSHDU WR WKHLU ILUVW

SRZHU� 7KXV� LI DOO WKH GDWD ZHUH WR GRXEOH� ZH VHH LPPHGLDWHO\ WKDW WKH FP·V ZRXOG KDYH WR EH

PXOWLSOLHG E\ WKH VDPH IDFWRU� ��

6RPHWLPHV� DV LQ WKH H[DPSOH RI WKH PHDVXUHPHQW RI J DERYH� WKH XQNQRZQ SDUDPHWHUV DSSHDU LQ

PRUH FRPSOLFDWHG IDVKLRQ� 7KH SUREOHP RI ILWWLQJ ZLWK WKHVH PRUH JHQHUDO IXQFWLRQDO IRUPV LV FDOOHG

QRQOLQHDU IRU REYLRXV UHDVRQV� 7KH VLPSOH[ DOJRULWKP LV DQ H[DPSOH RI D QRQOLQHDU ILWWLQJ SURFHGXUH�
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:H DUH QRZ JRLQJ WR GLVFXVV ILWWLQJ ERWK OLQHDU DQG QRQOLQHDU IXQFWLRQV WR GDWD� 7KH ILUVW DQG

FRQFHSWXDOO\ VLPSOHVW RI WKHVH LV WKH )RXULHU WUDQVIRUP� QDPHO\ UHSUHVHQWLQJ D IXQFWLRQ DV D VXP RI

VLQHV DQG FRVLQHV� 6XFK D UHSUHVHQWDWLRQ FDQ EH PDGH WKH EDVLV RI GLJLWDO ILOWHU URXWLQHV�

#����#
�	���������
���
:KDW LV D )RXULHU WUDQVIRUP" 6XSSRVH ZH KDYH D IXQFWLRQ WKDW LV SHULRGLF RQ WKH LQWHUYDO � ≤ [ ≤ �π�

I([ + �π) =I([) �

7KHQ XQGHU IDLUO\ JHQHUDO FRQGLWLRQV WKH IXQFWLRQ FDQ EH H[SUHVVHG LQ WKH IRUP

I([) = D� +∑ 

DQ FRV(Q[) + EQ VLQ(Q[)

Q=�

∞

���

$QRWKHU ZD\ WR ZULWH (T� � LV

I([) =∑
−∞

+∞

FQ H
LQ[� ���

,Q HLWKHU ZD\ RI ZULWLQJ� WKH FQ DUH FDOOHG )RXULHU FRHIILFLHQWV RI WKH IXQFWLRQ I�[�� /RRNLQJ DW (T� ��

ZH VHH WKDW WKH RUWKRJRQDOLW\ RI WKH VLQXVRLGDO IXQFWLRQV OHDGV WR WKH H[SUHVVLRQ

FQ = �
�π∫�

�π
I([) H−LQ[ G[ � ���

(YDOXDWLQJ (T� � QXPHULFDOO\ UHTXLUHV³IRU JLYHQ Q³DW OHDVW �Q SRLQWV�� 1DLYHO\� IRU HDFK Q � WR

1²� ZH KDYH WR GR D VXP

FQ ≈∑ IN H
−�πLQN ⁄1

N=�

�1

ZKLFK PHDQV FDUU\LQJ RXW �1� FRPSOH[ PXOWLSOLFDWLRQV�

7KH IDVW )RXULHU WUDQVIRUP �))7� ZDV GLVFRYHUHG E\ 5XQJH DQG .|QLJ� UHGLVFRYHUHG E\ 'DQLHOVRQ

DQG /DQF]RV DQG UH�UHGLVFRYHUHG E\ &RROH\ DQG7XNH\�� 7KH ))7 DOJRULWKP FDQ EH H[SUHVVHG DV WKUHH

VWHSV�

7R HYDOXDWH UDSLGO\ WKH SRO\QRPLDO

 $ ���������	��������������
�

�� WR SUHYHQW DOLDVLQJ�

�� 6HH� H�J�� '�(� .QXWK� 7KH $UW RI &RPSXWHU 3URJUDPPLQJ� Y� � �$GGLVRQ�:HVOH\ 3XEOLVKLQJ &R�� 5HDG�
LQJ� 0$� ����� S� ����



FQ = 31 (ZQ) ≡ ∑ IN
N=�

1−�

(ZQ)
N

ZH GLYLGH LW LQWR WZR SRO\QRPLDOV RI RUGHU 1��� GLYLGLQJ HDFK RI WKRVH LQ WZR� HWF� 7KLV SURFHGXUH LV

HIILFLHQW RQO\ IRU 1 = �ν � ZLWK ν DQ LQWHJHU� VR WKLV LV WKH FDVH ZH DWWDFN�

+RZ GRHV GLYLGLQJ D SRO\QRPLDO LQ WZR KHOS XV" ,I ZH VHJUHJDWH WKH RGG IURP WKH HYHQ SRZHUV� ZH

KDYH� V\PEROLFDOO\�

31(Z) = (1 ⁄ �(Z
�) +Z 21 ⁄ �(Z

�) � ����

6XSSRVH WKH WLPH WR HYDOXDWH 31�Z� LV 71� 7KHQ� FOHDUO\�

71 = λ + �71 ⁄ � ����

ZKHUH λ LV WKH WLPH WR VHJUHJDWH WKH FRHIILFLHQWV LQWR RGG DQG HYHQ� SOXV WKH WLPH IRU � PXOWLSOLFDWLRQV
DQG D GLYLVLRQ� 7KH VROXWLRQ RI (T� �� LV λ(1−�)� 7KDW LV� LW WDNHV2�1� WLPH WR HYDOXDWH D SRO\QRPLDO�

+RZHYHU� WKH GLVFUHWHQHVV RI WKH )RXULHU WUDQVIRUP KHOSV XV KHUH� 7KH UHDVRQ LV WKLV� WR HYDOXDWH WKH

WUDQVIRUP� ZH KDYH WR HYDOXDWH 31 (ZQ) IRU1 YDOXHV RIZQ � %XWZQ
� WDNHV RQ RQO\1�� YDOXHV DV Q WDNHV

RQ 1 YDOXHV� 7KXV WR HYDOXDWH WKH )RXULHU WUDQVIRUP IRU DOO 1 YDOXHV RI Q� ZH FDQ HYDOXDWH WKH WZR

SRO\QRPLDOV RI RUGHU 1�� IRU KDOI DV PDQ\ SRLQWV�

6XSSRVH ZH HYDOXDWHG WKH SRO\QRPLDOV WKH ROG�IDVKLRQHG ZD\� LW ZRXOG WDNH �(1 ⁄ �) ≡1 PXOWLSOLFD�

WLRQV WR GR ERWK� EXW ZH QHHG GR WKLV RQO\ 1�� WLPHV� DQG 1 PRUH �WR FRPELQH WKHP� VR ZH KDYH

1�

�
+1 UDWKHU WKDQ1��:H KDYH JDLQHG D IDFWRU ��2EYLRXVO\ LW SD\V WR UHSHDW WKH SURFHGXUH� GLYLGLQJ

HDFK RI WKH VXE�SRO\QRPLDOV LQ WZR DJDLQ� XQWLO RQO\ PRQRPLDOV DUH OHIW�

6\PEROLFDOO\� WKH QXPEHU RI PXOWLSOLFDWLRQV QHHGHG WR HYDOXDWH D SRO\QRPLDO IRU 1 �GLVFUHWH� YDOXHV

RI Z LV

τ1 =1λ + � τ1 ⁄ � ����

ZKRVH VROXWLRQ LV

τ1 = λ1 ORJ�(1) � ����

$OWKRXJK WKH ))7 DOJRULWKP FDQ EH SURJUDPPHG UHFXUVLYHO\� LW DOPRVW QHYHU LV� 7R VHH ZK\� LPDJLQH

KRZ WKH FRHIILFLHQWV ZRXOG EH UH�VKXIIOHG E\ (T� ��� ZH ZRUN RXW WKH FDVH IRU �� FRHIILFLHQWV�

H[KLELWLQJ WKHP LQ WKH WDEOH EHORZ� ZULWLQJ RQO\ WKH LQGLFHV�
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%LW�UHYHUVDO IRU UH�RUGHULQJ GLVFUHWH GDWD SULRU WR ))7

6WDUW 6WHS � 6WHS � 6WHS � %LQDU\� %LQDU\�

0 0 0 0 0000 0000

1 2 4 8 0001 1000
2 4 8 4 0010 0100
3 6 12 12 0011 1100
4 8 2 2 0100 0010

5 10 6 10 0101 1010
6 12 10 6 0110 0110
7 14 14 14 0111 1110
8 1 1 1 1000 0001

9 3 5 9 1001 1001
10 5 9 5 1010 0101
11 7 13 13 1011 1101
12 9 3 3 1100 0011

13 11 7 11 1101 1011
14 13 11 7 1110 0111
15 15 15 15 1111 1111

7KH FUXFLDO FROXPQV DUH ´6WDUWµ DQG ´6WHS �µ� 8QIRUWXQDWHO\� WKH\ DUH ZULWWHQ LQ GHFLPDO QRWDWLRQ�

ZKLFK FRQFHDOV D IDFW WKDW EHFRPHV JODULQJO\ REYLRXV LQ ELQDU\ QRWDWLRQ� 6RZH UH�ZULWH WKHP LQ ELQDU\

LQ WKH FROXPQV %LQDU\� DQG %LQDU\�³DQG VHH WKDW WKH ILQDO RUGHU FDQ EH REWDLQHG IURP WKH LQLWLDO

RUGHU VLPSO\ E\ UHYHUVLQJ WKH RUGHU RI WKH ELWV� IURP OHIW WR ULJKW�

1RZ� KRZ GR ZH JR DERXW HYDOXDWLQJ WKH VXE�SRO\QRPLDOV WR JHW WKH DQVZHU" )LUVW� OHW XV ZULWH WKH

SRO\QRPLDOV �IRU RXU FDVH1 ��� FRUUHVSRQGLQJ WR WDNLQJ WKH �ELW�UHYHUVHG� DGGUHVVHV RII WKH VWDFN LQ

VXFFHVVLRQ� DV VKRZQ EHORZ�

Z�(I� +Z� I��)

Z�(I� +Z� I��)










Z�(D� + Z�D�)

Z�(I� +Z� I��)
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:H VHH WKDW ZQ
� �IRU1 ��� KDV RQO\ WZR SRVVLEOH YDOXHV� ±�� 7KXV ZH PXVW HYDOXDWH QRW ��×� WHUPV

OLNH IL + Z� IL+� � EXW RQO\ �×�� 6LPLODUO\� ZH GR QRW QHHG WR HYDOXDWH ��×� WHUPV RI IRUP IL + Z�IL+� �

EXW RQO\ �×�� VLQFH WKHUH DUH RQO\ � SRVVLEOH YDOXHV RI ZQ
�� 7KXV WKH WRWDO QXPEHU RI PXOWLSOLFDWLRQV

LV

�×� + �×� + �×� + ��×� = �� ≡ �� ORJ����

DV DGYHUWLVHG� 7KLV LV IDU IHZHU WKDQ ��×�� ���� DQG WKH UDWLR LPSURYHV ZLWK 1³ IRU H[DPSOH D

���� SRLQW ))7 LV ��� WLPHV IDVWHU WKDQ D VORZ )7�

'�����
���
�	����
*UDP SRO\QRPLDOV DUH XVHIXO LQ ILWWLQJ GDWD E\ WKH OLQHDU OHDVW� VTXDUHV PHWKRG� 7KH XVXDO PHWKRG LV

EDVHG RQ WKH IROORZLQJ TXHVWLRQ� :KDW LV WKH ´EHVWµ SRO\QRPLDO�

31([) =∑
Q=�

1

γQ [
Q� ����

�RI RUGHU 1� WKDW ZH FDQ XVH WR ILW VRPH VHW RI0 SDLUV RI GDWD SRLQWV�





[N
IN




� N=�� ��… �0−�

�ZLWK0 >1� ZKHUH I([) LV PHDVXUHG DW0 GLVWLQFW YDOXHV RI WKH LQGHSHQGHQW YDULDEOH [ "

7KH XVXDO DQVZHU� IRXQG E\ *DXVV� LV WR PLQLPL]H WKH VTXDUHV RI WKH GHYLDWLRQV �DW WKH SRLQWV [N � RI

WKH ILWWLQJ IXQFWLRQ 31 ([) IURP WKH GDWD ³SRVVLEO\ ZHLJKWHG E\ WKH XQFHUWDLQWLHV RI WKH GDWD� 7KDW
LV� ZH ZDQW WR PLQLPL]H WKH VWDWLVWLF

χ� = ∑
N=�

0−� 





IN −∑

Q=�

1

γQ ([N)
Q
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σN
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ZLWK UHSHFW WR WKH 1�� SDUDPHWHUV γQ �

)URP WKH GLIIHUHQWLDO FDOFXOXV ZH NQRZ WKDW D IXQFWLRQ·V ILUVW GHULYDWLYH YDQLVKHV DW DPLQLPXP� KHQFH

ZH GLIIHUHQWLDWH χ�ZLWK UHVSHFW WR HDFK γQ LQGHSHQGHQWO\� DQG VHW WKH UHVXOWV HTXDO WR ]HUR� 7KLV \LHOGV
1�� OLQHDU HTXDWLRQV LQ 1�� XQNQRZQV�

∑
P

$QP γP =
GI

βQ � Q=�� ��… � 1 ����

ZKHUH WKH V\PERO =
GI

PHDQV ´LV GHILQHG E\µ�
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:H VKDOO GHYHORS PHWKRGV IRU VROYLQJ OLQHDU HTXDWLRQV� 8QIRUWXQDWHO\� WKH\ FDQQRW EH DSSOLHG WR

(T� �� IRU 1 >
a

� EHFDXVH WKH PDWUL[ $QP DSSUR[LPDWHV D +LOEHUW PDWUL[�

+QP = FRQVW�

Q+P+�
�

D SDUWLFXODUO\ YLUXOHQW H[DPSOH RI DQ H[SRQHQWLDOO\ LOO�FRQGLWLRQHGPDWUL[� 7KDW LV� WKH URXQGRII HUURU

LQ VROYLQJ (T� �� JURZV H[SRQHQWLDOO\ ZLWK 1� DQG LV JHQHUDOO\ XQDFFHSWDEOH�

:H FDQ DYRLG URXQGRII SUREOHPV E\ H[SDQGLQJ LQ SRO\QRPLDOV UDWKHU WKDQ PRQRPLDOV�

χ� = ∑
N=�

0−�



IN −∑

Q=�

1

γQ SQ([N) 
� �

σN
�
� ����

7KH PDWUL[ ZH PXVW LQYHUW WKHQ EHFRPHV

$QP = ∑
N=�

0−�

SQ([N) SP([N)
�

σN
�

���D�

 
DQG WKH LQKRPRJHQHRXV WHUP LV QRZ

βQ = ∑
N=�

0−�

SQ([N) IN
�

σN
�

���E�

 
,V WKHUH DQ\ FKRLFH RI WKH SRO\QRPLDOV SQ([) WKDW ZLOO HOLPLQDWH WKH LOO�FRQGLWLRQLQJ SUREOHP �L�H�
URXQGRII HUURU�" 7KH EHVW NLQGV RI OLQHDU HTXDWLRQV DUH WKRVH ZLWK QHDUO\ GLDJRQDO PDWULFHV� :H QRWH

WKH VXP LQ (T� ��D LV QHDUO\ DQ LQWHJUDO� LI 0 LV ODUJH� ,I ZH FKRRVH WKH SRO\QRPLDOV VR WKH\ DUH

RUWKRJRQDO ZLWK UHVSHFW WR WKH ZHLJKW IXQFWLRQ

Z([) = �
σN
�
θ([N − [) θ([ − [N−�) �

ZKHUH

θ([) = 



�� [ < �
�� [ ≥ �

WKHQ $QP ZLOO EH QHDUO\ GLDJRQDO� DQG ZHOO�FRQGLWLRQHG�

2UWKRJRQDO SRO\QRPLDOV SOD\ DQ LPSRUWDQW UROH LQ QXPHULFDO DQDO\VLV DQG DSSOLHG PDWKHPDWLFV� 7KH\

VDWLVI\ RUWKRJRQDOLW\ UHODWLRQV� RI WKH IRUP

") ���������	��������������
�

�� 3RO\QRPLDOV FDQ EH WKRXJKW RI DV YHFWRUV LQ D VSDFH RI LQILQLWHO\ PDQ\ GLPHQVLRQV �´+LOEHUWµ VSDFH��
&HUWDLQ SRO\QRPLDOV DUH OLNH WKH YHFWRUV WKDW SRLQW LQ WKH �PXWXDOO\ RUWKRJRQDO� GLUHFWLRQV LQ RUGLQDU\
��GLPHQVLRQDO VSDFH� DQG VR DUH FDOOHG RUWKRJRQDO E\ DQDORJ\�



∫ G[ Z([)SQ([) SP([)
$

%

= δQP ≡ 



�� P=Q
�� P≠Q ����

ZKHUH WKH ZHLJKW IXQFWLRQ Z�[� LV SRVLWLYH�

)RU D JLYHQ Z�[� DQG LQWHUYDO >$�%@� ZH FDQ FRQVWUXFW RUWKRJRQDO SRO\QRPLDOV XVLQJ WKH *UDP�

6FKPLGW RUWKRJRQDOL]DWLRQ SURFHVV�

'HQRWH WKH LQWHJUDO LQ (T� �� E\ (SQ � SP ) WR VDYH KDYLQJ WR ZULWH LW PDQ\ WLPHV� :H VWDUW ZLWK

S−� = � �

S�([) = ( ∫ G[ Z([)
$

%

)
−� ⁄ �

= FRQVW� �

 
DQG DVVXPH WKH SRO\QRPLDOV VDWLVI\ WKH ��WHUP XSZDUG UHFXUVLRQ UHODWLRQ

SQ+�([) = 

DQ + [EQ 

SQ([) + FQ SQ−�([) ����

1RZ DSSO\ (T� ��� DVVXPH ZH KDYH FDOFXODWHG SQ DQG SQ−� DQG ZDQW WR FDOFXODWH SQ+�� &OHDUO\� WKH

RUWKRJRQDOLW\ SURSHUW\ JLYHV

(SQ+� � SQ ) = (SQ+� � SQ−� ) = (SQ � SQ−� ) = � �

DQG WKH DVVXPHG QRUPDOL]DWLRQ JLYHV

(SQ � SQ ) = � �

7KHVH UHODWLRQV \LHOGV WZR HTXDWLRQV IRU WKH WKUHH XQNQRZQV� DQ� EQ DQG FQ�

DQ + EQ (SQ � [SQ) = �

FQ + EQ (SQ � [ SQ−�) = �

:H H[SUHVV DQ DQG FQ LQ WHUPV RI EQ WR JHW

SQ+�([) = EQ  (
[ − (SQ � [ SQ )) SQ([) − (SQ � [ SQ−� ) SQ−�([)

����

 

:H GHWHUPLQH WKH UHPDLQLQJ SDUDPHWHU EQ E\ DJDLQ XVLQJ WKH QRUPDOL]DWLRQ FRQGLWLRQ�

(SQ+� � SQ+� ) = ��

,Q SUDFWLFH� ZH SUHWHQG EQ = � DQG HYDOXDWH (T� ��� WKHQ ZH FDOFXODWH

EQ = (S
_
Q+� � S

_
Q+� )−� ⁄ �� ����

 
PXOWLSO\ WKH �XQ�QRUPDOL]HG� S

_
Q+� E\ EQ � DQG FRQWLQXH�
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7KH SURFHVV RI VXFFHVVLYH RUWKRJRQDOL]DWLRQ JXDUDQWHHV WKDW SQ LV RUWKRJRQDO WR DOO SRO\QRPLDOV RI

OHVVHU GHJUHH LQ WKH VHW� :K\ LV WKLV VR" %\ FRQVWUXFWLRQ� SQ�� ⊥ SQ DQG SQ�� � ,V LW ⊥ SQ ²� " :H QHHG

WR DVN ZKHWKHU



SQ � ([ − αQ) SQ−� 


= � �

%XW ZH NQRZ WKDW DQ\ SRO\QRPLDO RI GHJUHH 1�� FDQ EH H[SUHVVHG DV D OLQHDU FRPELQDWLRQ RI

LQGHSHQGHQW SRO\QRPLDOV RI GHJUHHV �� ��… � 1��� 7KXV

([ −αQ) SQ−� ≡ ∑ µN SN([)
N=�

Q−�

����

DQG �E\ K\SRWKHVLV� SQ ⊥ HYHU\ WHUP RI WKH UKV RI (T� ��� KHQFH LW IROORZV �E\ PDWKHPDWLFDO LQGXFWLRQ�
WKDW

SQ+� ⊥ 


SQ−� � SQ−� �…




�

/HW XV LOOXVWUDWH WKH SURFHVV IRU /HJHQGUH SRO\QRPLDOV� GHILQHG E\ ZHLJKW Z�[� �� LQWHUYDO >����@�

S� = 
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[ �

S� = 
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7KHVH DUH LQ IDFW WKH ILUVW WKUHH �QRUPDOL]HG� /HJHQGUH SRO\QRPLDOV� DV DQ\ VWDQGDUG UHIHUHQFH ZLOO

FRQILUP�

1RZ ZH FDQ GLVFXVV *UDP SRO\QRPLDOV� :KLOH RUWKRJRQDO SRO\QRPLDOV DUH XVXDOO\ GHILQHG ZLWK

UHVSHFW WR DQ LQWHJUDO DV LQ (T� ��� ZH PLJKW DOVR GHILQH RUWKRJRQDOLW\ LQ WHUPV RI D VXP� DV LQ (T� ��D�

7KDW LV� VXSSRVH ZH GHILQH WKH SRO\QRPLDOV VXFK WKDW

∑
N=�

0−�

SQ([N) SP([N)
�

σN
�
≡ δQP = 
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7KHQ ZH FDQ FRQVWUXFW WKH *UDP SRO\QRPLDOV� FDOFXODWLQJ WKH FRHIILFLHQWV E\ WKH DOJHEUDLF VWHSV RI

WKH *UDP�6FKPLGW SURFHVV� H[FHSW QRZ ZH HYDOXDWH VXPV UDWKHU WKDQ LQWHJUDOV� 6LQFH SQ([ ) VDWLVILHV
(T� �� E\ FRQVWUXFWLRQ� WKH FRHIILFLHQWV γQ LQ RXU ILWWLQJ SRO\QRPLDO DUH VLPSO\

γQ =∑
N=�

0−�

SQ([N) IN
�

σN
�
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WKH\ FDQ EH HYDOXDWHG ZLWKRXW VROYLQJ DQ\ FRXSOHG OLQHDU HTXDWLRQV� LOO�FRQGLWLRQHG RU RWKHUZLVH�

5RXQGRII HUURU WKXV EHFRPHV LUUHOHYDQW�

,Q SUDFWLFH� ZH ZRXOG QHYHU ZLVK WR ILW D SRO\QRPLDO RI RUGHU FRPSDUDEOH WR WKH QXPEHU RI GDWD� VLQFH

WKLV ZRXOG LQFOXGH WKH QRLVH DV ZHOO DV WKH VLJQLILFDQW LQIRUPDWLRQ�

:H WKHUHIRUH FDOFXODWH D VWDWLVWLF FDOOHG χ���GHJUHH RI IUHHGRP���:LWK0 GDWD SRLQWV DQG DQ1·WK RUGHU
SRO\QRPLDO� WKHUH DUH0�1�� GHJUHHV RI IUHHGRP� 7KDW LV� ZH HYDOXDWH (T� �� IRU IL[HG 1� DQG GLYLGH

E\0�1��� :H WKHQ LQFUHDVH 1 E\ � DQG GR LW DJDLQ� 7KH YDOXH RI 1 WR VWRS DW LV WKH RQH ZKHUH

σ0�1
� =

χ0�1
�

0−1−�

VWRSV GHFUHDVLQJ �ZLWK 1� DQG EHJLQV WR LQFUHDVH�

7KH EHVW WKLQJ DERXW WKH χ0�1
� VWDWLVWLF LV ZH FDQ LQFUHDVH 1 ZLWKRXW KDYLQJ WR GR DQ\ H[WUD ZRUN�

χ0�1
� = ∑

N=�

0−�
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Q

γQ SQ([N)
�
ZN ≡ ∑

N=�
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1
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�� 7KDW LV� ´FKL�VTXDUHG SHU GHJUHH RI IUHHGRPµ�
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7KH &KHE\VKHY SRO\QRPLDO RI GHJUHH Q LV JLYHQ E\

7Q([) =
GI

FRVQ FRV
−� [ ����

DQG VDWLVILHV WKH UHFXUUHQFH UHODWLRQ

7Q+�([) = �[7Q([) − 7Q−�([) � Q ≥ � �

0DQLIHVWO\�

7� = �
7� = [
7� = �[� − �
…

)URP (T� �� LW LV REYLRXV WKDW 

7Q([)

≤ � �

7KH SRO\QRPLDO 71([) KDV 1 ]HURV LQ WKH LQWHUYDO (−�� +�) � ORFDWHG DW

[N
(1) = FRV





π (N − �

�
)

1




� N = �� ��… � Q �

6LQFH WKH &KHE\VKHY SRO\QRPLDOV VDWLVI\ WKH GLVFUHWH RUWKRJRQDOLW\ UHODWLRQ

∑
N=�

1

7P([N) 7Q([N) =







� �
1 ⁄ � �
1 �

P ≠ Q

P = Q ≠ �
P = Q = �

����

�KHUH P � Q ≤ 1 �� WKH &KHE\VKHY SRO\QRPLDOV DUH LQ IDFW WKH *UDP SRO\QRPLDOV RI WKH SUHFHGLQJ

6HFWLRQ� IRU WKH FDVH RI HTXDOO\ VSDFHG DEVFLVVDV [N DQG HTXDO ZHLJKWV � ⁄ σN
� �

$Q DUELWUDU\ IXQFWLRQ I([) PD\ EH H[SDQGHG LQ WKH IRUP

I([) ≈ �

�
D� + ∑

N=�

1−�

DN 7N([) ����

ZKHUH

DQ = �
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N=�

1−�
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1
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:LWK WKH DERYH GHILQLWLRQV� WKH DSSUR[LPDWLRQ LV H[DFW DW WKH ]HURV

[N = FRV




π(N + �
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)

1
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1RZ IRU PDQ\ IXQFWLRQV WKH DQ·V GHFUHDVH UDSLGO\ ZLWK Q� 7KXV LI ZH WUXQFDWH WKH VXP LQ (T� �� DW

VRPH P <1−�� WKH HUURU ZLOO EH GRPLQDWHG E\ WKH FRHIILFLHQW DP+� RI WKH ILUVW QHJOHFWHG WHUP� 7KLV

LV QRW WKH DYHUDJH HUURU �LQ WKH VHQVH RI ILWWLQJ WR PLQLPL]H χ�� EXW UDWKHU WKH PD[LPXP HUURU VLQFH 

7P+�([)

≤ �

7KH YLUWXH RI ILWWLQJ ZLWK &KHE\VKHY SRO\QRPLDOV LV WKDW WKH HUURU FDQ EH GLVWULEXWHG RYHU WKH HQWLUH

LQWHUYDO UDWKHU WKDQ EHLQJ FRQFHQWUDWHG DW RQH RU DQRWKHU HQG³DVZRXOG EH WKH FDVHZLWK D WUXQFDWHG

VHULHV H[SDQVLRQ��

$V DQ H[DPSOH� FRQVLGHU� ILWWLQJ FRV [ RQ WKH LQWHUYDO




−π
�
�

π
�




� :H QRWH WKDW WKH SRZHU VHULHV

H[SDQVLRQ LV

FRV [ = � − [�

��
+ [�

��
− [�

��
+ … −…

7KH JUDSK EHORZ SORWV WKH FRVLQH IXQFWLRQ� WKH ILUVW IRXU WHUPV RI WKH VHULHV H[SDQVLRQ� WKH ILUVW

QHJOHFWHG WHUP � [� ⁄ �� ³PXOWLSOLHG E\ ��� WR ILW LW RQ WKH VDPH VFDOH�� DQG WKH HUURU IXQFWLRQ RI D
��WHUP &KHE\VKHY ILW �VHH GLVFXVVLRQ EHORZ�� RQ WKH LQWHUYDO >�� π⁄ �@ �

:H QRWH WKDW DOO WKH HUURU �UHSUHVHQWHG E\ WKH ILUVW QHJOHFWHG WHUP� [� ⁄ �� � DSSHDUV DW WKH HQG RI WKH
LQWHUYDO DQG LV ERXQGHG E\ ���×��−�� 7KDW LV� ZH PXVW HYDOXDWH D FXELF SRO\QRPLDO �LQ [�� WR JHW D
SUHFLVLRQ RI DERXW RQH SDUW LQ �����

7KHUH DUH WZR ZD\V ZH PLJKW DSSO\ WKH &KHE\VKHY DSSUR[LPDWLRQ� ,I WKH ODERU RI HYDOXDWLQJ D FXELF

SRO\QRPLDO LV DFFHSWDEOH� ZH FDQ ILQG D EHWWHU FXELF ZLWK PXFK VPDOOHU HUURU E\ DSSUR[LPDWLQJ

[� ⁄ �� DV D VXP RI &KHE\VKHY SRO\QRPLDOV
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∑
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FQ 7�Q
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WKHQ QHJOHFWLQJ WKH 7� WHUP� 6LQFH WKH ODWWHU·V FRHIILFLHQW LV
�

���× ��




π
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�

= ������� ×��−�� WKH

LPSURYHG FXELF KDV HUURU WZR RUGHUV RI PDJQLWXGH WDKQ WKH WUXQFDWHG SRZHU VHULHV�

$OWHUQDWLYHO\ RQH PLJKW UHSUHVHQW WKH WHUP [� ⁄ �� E\ &KHE\VKHY SRO\QRPLDOV� GLVFDUGLQJ WKH 7� WHUP

DQG DFKLHYLQJ WKHUHE\ WKH IRXUWK�RUGHU UHSUHVHQWDWLRQ

FRV [ ≈ ������� − �������[� + ������� [� ����

ZLWK SUHFLVLRQ URXJKO\ ��−� DV EHIRUH³EXW VRPHZKDW IDVWHU WR FDOFXODWH�
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�� 6HH� H�J�� &� +DVWLQJV� -U�� $SSUR[LPDWLRQV IRU 'LJLWDO &RPSXWHUV �3ULQFHWRQ 8� 3UHVV� 3ULQFHWRQ� ������

�� VHH� H�J�� $EUDPRZLW] 	 6WHJXQ� RS� FLW�� S� ���



7R LOOXVWUDWH ZKDW KDV EHHQ DFKLHYHG� WKH GRW�GDVKHG OLQH LQ WKH SUHFHGLQJ ILJXUH UHSUHVHQWV WKH HUURU

(([) =
GI


 FRV [ − 

������� − �������[� + ������� [�



�PXOWLSOLHG E\ ���� WR GLVSOD\ LW RQ WKH VDPH VFDOH�� 7KLV PLJKW DSSHDU DW ILUVW EOXVK OLNH PDJLF³ZH

KDYH IRXQG DQ DSSUR[LPDWLRQ WKDW LV QR OHVV SUHFLVH XVLQJ D ORZHU RUGHU SRO\QRPLDO� %XW RI FRXUVH�

GHVSLWH DSSHDUDQFHV� ZH KDYH QRW DFWXDOO\ JRWWHQ VRPHWKLQJ IRU QRWKLQJ³WKH HUURU LV QRZ GLVWULEXWHG

XQLIRUPO\ RYHU WKH LQWHUYDO� ZKHUHDV SUHYLRXVO\ LW ZDV FRQFHQWUDWHG DW RQH HQG�

"� #���	
���	�	�	,��	
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6RPHWLPHV ZH PXVW ILW GDWD E\ D IXQFWLRQ WKDW GHSHQGV QRQOLQHDUO\ RQ LWV SDUDPHWHUV� &RQVLGHU

IN ≈ ) 
� + H α ([

N
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$OWKRXJK WKH GHSHQGHQFH RQ WKH SDUDPHWHU ) LV OLQHDU� WKDW RQ WKH SDUDPHWHUV α DQG ; LV GHFLGHGO\
QRQOLQHDU� 6HYHUDO VWUDWHJLHV FDQ EH XVHG LQ VXFK FDVHV�2QHZD\ WR KDQGOH D SUREOHP OLNH ILWWLQJ (T� ��

PLJKW EH WR WUDQVIRUP WKH GDWD� WR PDNH WKH GHSHQGHQFH RQ WKH SDUDPHWHUV OLQHDU� 7KDW LV� ZH

UH�H[SUHVV (T� �� LQ WKH IRUP

ORJ
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,Q VRPH FDVHV �IRU H[DPSOH LI WKH YDOXH RI ) ZHUH NQRZQ LQ DGYDQFH UDWKHU WKDQ KDYLQJ WR EH

GHWHUPLQHG IURP WKH GDWD WKHPVHOYHV� WKLV PLJKW EH SRVVLEOH� EXW LQ (T� �� QR WUDQVIRUPDWLRQ ZLOO

UHQGHU OLQHDU WKH GHSHQGHQFH RQ DOO WKUHH SDUDPHWHUV DW RQFH� 1HYHUWKHOHVV SXWWLQJ WKH SUREOHP LQ

WKH IRUP (T� �� PLJKW VLPSOLI\ WKH ODERU RI GHWHUPLQLQJ WKH WKUHH SDUDPHWHUV� VR WKLV DYHQXH RXJKW

WR EH H[SORUHG�

7KXV ZH DUH IUHTXHQWO\ FRQIURQWHG ZLWK KDYLQJ WR PLQLPL]H QXPHULFDOO\ D FRPSOLFDWHG IXQFWLRQ RI

VHYHUDO SDUDPHWHUV� /HW XV GHQRWH WKHVH E\ θ� � θ� � … � θ1−� � DQG GHQRWH WKHLU SRVVLEOH UDQJH RI

YDULDWLRQ E\ R� 7KHQ ZH ZDQW WR ILQG WKRVH YDOXHV RI ^ θ`⊂ R WKDW PLQLPL]H D SRVLWLYH IXQFWLRQ�

χ� 

θ
__
� �… � θ

__
1−� 


= PLQ
^ θ`⊂ R

χ� 

θ� �… θ1−� 


� ����

2QH ZD\ WR DFFRPSOLVK WKH PLQLPL]DWLRQ XVHV FDOFXOXV� YLD WKH PHWKRG RI VWHHSHVW GHVFHQWV� 7KH LGHD

LV WR GLIIHUHQWLDWH WKH IXQFWLRQ χ� ZLWK UHVSHFW WR HDFK θN� DQG WR VHW WKH UHVXOWLQJ 1 HTXDWLRQV HTXDO
WR ]HUR� VROYLQJ IRU WKH1θ

__
·V� 7KLV LV JHQHUDOO\ D SUHWW\ WDOO RUGHU� KHQFH YDULRXV DSSUR[LPDWH� LWHUDWLYH

WHFKQLTXHV KDYH EHHQ GHYHORSHG� 7KH VLPSOHVW MXVW VWHSV DORQJ LQ θ�VSDFH� DORQJ WKH GLUHFWLRQ RI WKH
ORFDO GRZQKLOO JUDGLHQW −∇ χ�� XQWLO D PLQLPXP LV IRXQG� 7KHQ D QHZ JUDGLHQW LV FRPSXWHG� DQG D
QHZ PLQLPXP VRXJKW���

$VLGH IURP WKH ODERU RI FRPSXWLQJ −∇ χ�� VWHHSHVW GHVFHQWV KDV WZR PDLQ GUDZEDFNV� ILUVW� LW RQO\
JXDUDQWHHV WR ILQG DPLQLPXP� QRW QHFHVVDULO\ WKH DEVROXWH PLQLPXP³LI D IXQFWLRQ KDV VHYHUDO ORFDO

PLQLPD� VWHHSHVW GHVFHQWV ZLOO QRW QHFHVVDULO\ ILQG WKH ORZHVW� :RUVH� FRQVLGHU D IXQFWLRQ WKDW KDV D

PLQLPXP LQ WKH IRUP RI D VWHHS�VLGHG JXOOH\ WKDW ZLQGV VORZO\ GRZQKLOO WR D GHFOLYLW\³VRPHZKDW

OLNH WKH FKDQQHO RI D PHDQGHULQJ ULYHU� $ QDLYH VWHHSHVW GHVFHQWV URXWLQH ZLOO WKHQ VSHQG DOO LWV WLPH

ERXQFLQJ XS DQG GRZQ WKH EDQNV RI WKH JXOOH\� UDWKHU WKDQ SURFHHGLQJ DORQJ LWV ERWWRP� VLQFH WKH

VWHHSHVW JUDGLHQW LV DOZD\V QHDUO\ SHUSHQGLFXODU WR WKH OLQH RI WKH FKDQQHO�

6RPHWLPHV WKH IXQFWLRQ χ� LV VR FRPSOH[ WKDW LWV JUDGLHQW LV WRR H[SHQVLYH WR FRPSXWH� &DQ ZH ILQG
D PLQLPXP ZLWKRXW HYDOXDWLQJ SDUWLDO GHULYDWLYHV" 6HYHUDO DOJRULWKPV WKDW GR WKLV KDYH EHHQ GHYLVHG�

+HUH ZH H[SORUH WZR RI WKHP� WKH VLPSOH[ PHWKRG DQG VLPXODWHG DQQHDOLQJ�
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7KH LGHD EHKLQG WKH VLPSOH[ PHWKRG LV WR FRQVWUXFW D VLPSOH[³D VHW RI 1�� GLVWLQFW DQG

QRQ�GHJHQHUDWH�� YHUWLFHV LQ WKH1�GLPHQVLRQDO θ�VSDFH� :H HYDOXDWH WKH IXQFWLRQ WR EH PLQLPL]HG
DW HDFK RI WKH YHUWLFHV� DQG VRUW WKH WDEOH RI YHUWLFHV E\ WKH VL]H RI χ� DW HDFK YHUWH[� WKH EHVW �VPDOOHVW
χ� � RQ WRS� WKH ZRUVW DW WKH ERWWRP� 7KH VLPSOH[ DOJRULWKP WKHQ FKRRVHV D QHZ SRLQW LQ θ�VSDFH
XVLQJ D VWUDWHJ\ WKDW LQ DFWLRQ VRPHZKDW UHVHPEOHV WKH EHKDYLRU RI DQ DPRHED VHHNLQJ LWV IRRG�

$ VWDQGDUG )2575$1 VXEURXWLQH IRU WKH VLPSOH[ PHWKRG KDV WKH GLVDGYDQWDJHV RI EHLQJ PRUH WKDQ

D SDJH ORQJ DQG FRQWDLQLQJ GHHSO\ QHVWHG FRQWURO VWUXFWXUHV� ,W LV WKXV KDUG WR GHFLSKHU³WKH

FRUUHVSRQGLQJ IORZ FKDUW �VHH EHORZ� WRRN VRPH WLPH WR FRQVWUXFW�

      SUBROUTINE AMOEBA(P,Y,MP,NP,NDIM,FTOL,FUNK,ITER)
    C from Press, et al., "Numerical Recipes", p. 292.
      PARAMETER (NMAX=20,ALPHA=1.0,BETA=0.5,GAMMA=2.0,ITMAX=500)
      DIMENSION P(MP,NP),Y(MP),PR(NMAX),PRR(NMAX),PBAR(NMAX)
      MPTS=NDIM+1
      ITER=0
 1    ILO=1
      IF(Y(1).GT.Y(2))THEN
        IHI=1
        INHI=2
      ELSE
        IHI=2
        INHI=1
      ENDIF
      DO 11 I=1,MPTS
        IF(Y(I).LT.Y(ILO)) ILO=I
        IF(Y(I).GT.Y(IHI))THEN
          INHI=IHI
          IHI=I
        ELSE IF(Y(I).GT.Y(INHI))THEN
          IF(I.NE.IHI) INHI=I
        ENDIF
 11    CONTINUE
      RTOL=2.*ABS(Y(IHI)-Y(ILO))/(ABS(Y(IHI))+ABS(Y(ILO)))
      IF(RTOL.LT.FTOL)RETURN
      IF(ITER.EQ.ITMAX) PAUSE ’Amoeba exceeding maximum iterations.’
      ITER=ITER+1
      DO 12 J=1,NDIM
        PBAR(J)=0.
 12    CONTINUE
      DO 14 I=1,MPTS
        IF(I.NE.IHI)THEN
          DO 13 J=1,NDIM
            PBAR(J)=PBAR(J)+P(I,J)
 13        CONTINUE
        ENDIF
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��� ´1RQ�GHJHQHUDWHµ PHDQV WKH JHRPHWULFDO REMHFW� IRUPHG E\ FRQQHFWLQJ WKH 1�� YHUWLFHV ZLWK VWUDLJKW
OLQHV� KDV QRQ�]HUR 1�GLPHQVLRQDO YROXPH� IRU H[DPSOH� LI 1 �� WKH VLPSOH[ LV D WULDQJOH�



 14    CONTINUE
      DO 15 J=1,NDIM
        PBAR(J)=PBAR(J)/NDIM
        PR(J)=(1.+ALPHA)*PBAR(J)-ALPHA*P(IHI,J)
 15    CONTINUE
      YPR=FUNK(PR)
      IF(YPR.LE.Y(ILO))THEN
        DO 16 J=1,NDIM
          PRR(J)=GAMMA*PR(J)+(1.-GAMMA)*PBAR(J)
 16      CONTINUE
        YPRR=FUNK(PRR)
        IF(YPRR.LT.Y(ILO))THEN
          DO 17 J=1,NDIM
            P(IHI,J)=PRR(J)
 17        CONTINUE
          Y(IHI)=YPRR
        ELSE
          DO 18 J=1,NDIM
            P(IHI,J)=PR(J)
 18        CONTINUE
          Y(IHI)=YPR
        ENDIF
      ELSE IF(YPR.GE.Y(INHI))THEN
        IF(YPR.LT.Y(IHI))THEN
          DO 19 J=1,NDIM
            P(IHI,J)=PR(J)
 19        CONTINUE
          Y(IHI)=YPR
        ENDIF
        DO 21 J=1,NDIM
          PRR(J)=BETA*P(IHI,J)+(1.-BETA)*PBAR(J)
 21      CONTINUE
        YPRR=FUNK(PRR)
        IF(YPRR.LT.Y(IHI))THEN
          DO 22 J=1,NDIM
            P(IHI,J)=PRR(J)
 22        CONTINUE
          Y(IHI)=YPRR
        ELSE
          DO 24 I=1,MPTS
            IF(I.NE.ILO)THEN
              DO 23 J=1,NDIM
                PR(J)=0.5*(P(I,J)+P(ILO,J))
                P(I,J)=PR(J)
 23            CONTINUE
              Y(I)=FUNK(PR)
            ENDIF
 24        CONTINUE
        ENDIF
      ELSE
        DO 25 J=1,NDIM
          P(IHI,J)=PR(J)
 25      CONTINUE
        Y(IHI)=YPR
      ENDIF
      GO TO 1
      END 
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,I WKH )2575$1 LV WUDQVODWHG GLUHFWO\ WR D PRUH VWUXFWXUHG IRUP LQ� VD\� )RUWK �ZLWK WKH YDULRXV

RSHUDWLRQV RQ WKH VLPSOH[ IDFWRUHG RXW LQWR VXEURXWLQHV� WKH LQGHILQLWH RXWHU ORRS �VLPXODWHG LQ WKH

)2575$1 URXWLQH E\ WKH SHQXOWLPDWH *272 � VWDWHPHQW� DSSHDUV DV D %(*,1…:+,/(…5(�

3($7 ORRS WKDW LV QRW QHDUO\ VR ORQJ� 1HYHUWKHOHVV� WKH WULSO\ QHVWHG ,)… (/6(…7+(1V PDNH WKH
FRQWURO ORJLF KDUG WR IROORZ�
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: )MINIMIZE INITIALIZE
BEGIN   not_done?  N max_iter <  AND
WHILE REFLECT ( worst point thru geocenter of the rest to get x’)

x’ Best_point   better?
IF DOUBLE  ( find a point x’’ twice as far from geocenter)

x’’ Best_point   better?
IF store x’’ ELSE store x’  ENDIF

ELSE
x’  2nd_Worst_point   better?
IF store x’
ELSE x’ Worst_point   better?

IF  store x’  ENDIF
HALVE  ( find x’’ 0.5 as far from geocenter as REFLECTed pt)
x’’ Worst_point   better?
IF store x’’
ELSE SHRINK  ( uniformly shrink all points toward Best_point)
ENDIF

ENDIF
ENDIF

REPEAT ;

7KH VLPSOH[ DOJRULWKP DWWHPSWV WR ILQG D SRLQW FORVHU WR WKHPLQLPXP WKDQ DQ\ RI WKH FXUUHQW YHUWLFHV

RI WKH VLPSOH[ E\ PRYLQJ DZD\ IURP WKH ZRUVW YHUWH[ �WKDW ZLWK WKH KLJKHVW YDOXH RI WKH IXQFWLRQ��

)LUVW D QHZ WULDO SRLQW LV IRXQG E\ UHIOHFWLQJ WKH ZRUVW YHUWH[ WKURXJK WKH JHRPHWULFDO FHQWHU RI WKH

RWKHU YHUWLFHV �REFLECT�� ,I WKDW SRLQW LV EHWWHU WKDQ WKH EHVW YHUWH[ VR IDU� WKHQ WKH DOJRULWKP ORRNV
WZLFH DV IDU LQ WKH VDPH GLUHFWLRQ �DOUBLE�� WKH EHWWHU RI WKH WZR WULDO SRLQWV UHSODFLQJ WKH IRUPHU
ZRUVW YHUWH[� 2Q WKH RWKHU KDQG� LI WKH WULDO SRLQW IRXQG DIWHU REFLECTLRQ LV QRW EHWWHU WKDQ WKH
EHVW� WKH DOJRULWKP LQTXLUHV ZKHWKHU LW LV JRRG HQRXJK WR NHHS³WKDW LV� LV LW ORZHU WKDQ WKH

VHFRQG�KLJKHVW YHUWH[� ,I VR LW UHSODFHV WKH ZRUVW YHUWH[�:KDW LI LW LV QRW EHWWHU WKDQ WKH VHFRQG�ZRUVW

YHUWH[" 7KHQ WKH URXWLQH WHVWV ZKHWKHU LW LV EHWWHU WKDQ WKH ZRUVW� ,I VR LW UHSODFHV WKH ZRUVW� EXW

EHIRUH HQGLQJ WKH RXWHU ORRS� D QHZ RSHUDWLRQ LV SHUIRUPHG� D WULDO SRLQW LV IRXQG KDOIZD\ EHWZHHQ

WKH ROG WULDO SRLQW DQG WKH JHRFHQWHU RI WKH RWKHUV �HALVE�� ,I WKLV QHZ SRLQW LV DQ LPSURYHPHQW
RYHU WKH ZRUVW SRLQW� LW LV VWRUHG� RWKHUZLVH D ODVW� GHVSHUDWH DWWHPSW WR LPSURYH WKLQJV LV PDGH� WKH

ORZHVW YHUWH[ LV KHOG IL[HG DQG WKH UHVW RI WKH VLPSOH[ LV VKUXQN XQLIRUPO\ WRZDUG LW E\ VRPH VFDOH

IDFWRU�

$ FRPSOH[ VHTXHQFH RI RSHUDWLRQV UHTXLULQJPXOWLSOH GHFLVLRQV RIWHQPD\ EHPRUH FOHDUO\ UHSUHVHQWHG

E\ D ILQLWH VWDWH PDFKLQH WKDQ E\ D PXOWLSO\ EUDQFKLQJ ELQDU\ ORJLF WUHH� $ VWDWH PDFKLQH LV WKH VRIWZDUH

DQDORJ RI FHUWDLQ HOHFWURPHFKDQLFDO GHYLFHV�� �VXFK DV WKH GHYLFH WKDW DFFHSWV FRLQV LQ D YHQGLQJ

PDFKLQH� GLVSHQVLQJ JRRGV� PDNLQJ FKDQJH� DQG UHMHFWLQJ VOXJV DV QHFHVVDU\�� 6WDWH PDFKLQHV DUH

RIWHQ UHSUHVHQWHG E\ JUDSKV� EXW IRU SURJUDPPLQJ SXUSRVHV D WDEXODU UHSUHVHQWDWLRQ LV FOHDUHU�

7KH VLPSOH[ DOJRULWKP UHTXLUHV XV WR GHWHUPLQH ZKHWKHU WKH WULDO YHUWH[ LV EHWWHU WKDQ WKH EHVW�

EHWZHHQ WKH EHVW DQG WKH VHFRQG�ZRUVW� EHWZHHQ WKH VHFRQG�ZRUVW DQG WKH ZRUVW� RU ZRUVH WKDQ WKH
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ZRUVW" 7KDW LV� WKHUH DUH IRXU SRVVLELOLWLHV WKDW GHWHUPLQH IRXU FRXUVHV RI DFWLRQ� 7KHVH FDQ EH

UHSUHVHQWHG DV LQ WKH WDEOH EHORZ�

VWDWH ? LQSXW 5 � EHVW" EHVW�5��ZRUVW" �ZRUVW�5�ZRUVW" ZRUVW�5"

reflected store x’
DOUBLE
→ × �

store x’
→ exit

VWRUH [· +$/9(
→ �⁄�

HALVE
→ �⁄�

× 2 store x’’
→ exit

noop
→ exit

QRRS → exit QRRS → exit

1⁄2 noop→ exit noop→ exit store x’
→ exit

SHRINK
→ exit

exit

(DFK FHOO FRQWDLQV DQ DFWLRQ �RU VHW RI DFWLRQV� DQG D VWDWH WUDQVLWLRQ WR EH PDGH DIWHU WKH DFWLRQ LV

WDNHQ� 7KH FROXPQ ODEHOV DUH LQSXWV WKDW PXVW H[KDXVW DOO SRVVLELOLWLHV� DQG WKH URZ ODEHOV UHSUHVHQW

WKH VWDWH WKH PDFKLQH LV LQ ZKHQ SUHVHQWHG ZLWK WKH LQSXW UHSUHVHQWHG E\ WKH FROXPQ ODEHO� 7KH VWDWH

ODEHOOHG ´H[LWµ LV D WHUPLQDO VWDWH� KHQFH LWV FHOOV FRQWDLQ QHLWKHU DFWLRQV QRU WUDQVLWLRQV� 7KH noop
�´GR QRWKLQJµ� DFWLRQ FRXOG� LI RQH ZLVKHG� EH UHSODFHG E\ DQ HUURU KDQGOHU WKDW ZRXOG LQIRUP XV

LI³VD\ E\ KDUGZDUH IDLOXUH³WKH �VRIWZDUH� ILQLWH VWDWH PDFKLQH KDV ODQGHG LQ D FHOO WKDW VKRXOG EH

LPSRVVLEOH WR UHDFK �WKHVH FHOOV DUH LQGLFDWHG E\ EHLQJ WLQWHG��

7KH FKLHI YLUWXH RI WKH VWDWHPDFKLQH UHSUHVHQWDWLRQ RI FRPSOH[ ORJLF LV WKH LPSRVVLELOLW\ RI SURGXFLQJ

´GHDGµ FRGH WKDW LV LPSRVVLEOH WR UHDFK� 0RUHRYHU WKH VWDWH WUDQVLWLRQ WDEOH VKRZV H[SOLFLWO\ ZKLFK

LQSXW OHDGV WR ZKLFK DFWLRQ� :LWK VXFK D VWDWH PDFKLQH �FDOOHG slither EHORZ�� WKH )MINIMIZE
VXEURXWLQH EHFRPHV

: )MINIMIZE INITIALIZE
BEGIN   not_done?  N max_iter <  AND
WHILE REFLECT ( worst point thru geocenter of the rest to get x’)

reflected  >state slither ( initialize FSM)
BEGIN test_x’ ( result is a column number, 0-3)

slither ( operate FSM)
state: slither ( get current state)
exit = ( test for exit state)

UNTIL
REPEAT  ;

ZKLFK� ZKHQ DFFRPSDQLHG E\ WKH FRGH IRU slither LQ WDEXODU IRUPDW� LV PXFK HDVLHU WR IROORZ WKDQ
WKH SUHYLRXV YHUVLRQ� 3UHFLVHO\ KRZ WKH VWDWH PDFKLQH LV LPSOHPHQWHG LV XS WR WKH SURJUDPPHU� )RU

H[DPSOH� D CASE… ENDCASE FRQWURO VWUXFWXUH ZRXOG VXLW WKH ELOO� )RUWK LV VR YHUVDWLOH LW KDV EHHQ
SRVVLEOH WR GHYLVH D PHWKRG RI FRPSLOLQJ WKH WDEXODU UHSUHVHQWDWLRQ DERYH LQWR D VXEURXWLQH��� 7KLV

ODWWHU PHWKRG LV HVVHQWLDOO\ VHOI�GRFXPHQWLQJ�
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7KLV PHWKRG KDV EHFRPH LPSRUWDQW LQ ´VROYLQJµ FHUWDLQ 13�FRPSOHWH SURJUDPPLQJ WDVNV �WKLV WHUP

PHDQV WKDW WKH SUREOHP·V UXQQLQJ WLPH VFDOHV OLNH Hλ1ZLWK WKH VL]H RI WKH SUREOHP�� $OWKRXJK LW PLJKW

UHTXLUH D YHU\ ORQJ WLPH WR JHW DQ H[DFW VROXWLRQ³IRU H[DPSOH WKH DEVROXWH PLQLPXP GLVWDQFH D

WUDYHOOLQJ VDOHVPDQ PXVW JR� WR YLVLW 1 FLWLHV LQ D URXQG WULS� RU WKH DEVROXWH PLQLPXP DPRXQW RI

ZLULQJ WR FRQQHFW XS FLUFXLW HOHPHQWV RQ D SULQWHG FLUFXLW ERDUG³LW LV SRVVLEOH WR FRPH FORVH WR WKH

WUXH PLQLPXP LQ D PXFK VKRUWHU WLPH� 7KXV LI RQH FDQ EH VDWLVILHG ZLWK DQ DQVZHU WKDW LV

ZLWKLQ³VD\³�� RI RSWLPXP� WKH FRPSXWLQJ WLPH FDQ EH TXLWH EULHI�

6LPXODWHG DQQHDOLQJ WDNHV LWV QDPH IURP WKHUPRG\QDPLFV�$ FKXQN RI JODVVPLJKW KDYHPDQ\ LQWHUQDO

FUDFNV DQG GLVORFDWLRQV� DQG WKXV EH LQ D VWDWH RI JUHDWHU HQHUJ\ WKDQ D VLPLODU FKXQN WKDW KDV QR

FUDFNV� 7\SLFDOO\ ZH KHDW WKH JODVV DQG VORZO\ FRRO LW WR UHPRYH WKH FUDFNV DQG LQWHUQDO VWUDLQV�

)URP D WKHUPRG\QDPLF SRLQW RI YLHZ� WKH SUREDELOLW\ IRU WKH V\VWHP WR EH LQ D VWDWH RI HQHUJ\ ( DW

WHPSHUDWXUH Θ= N7DEVROXWH LV

3 aH−( ⁄ Θ �

7KH LQLWLDO �FUDFNHG� VWDWH RI WKH JODVV LV D ORFDO PLQLPXP� DOWKRXJK QRW WKH DEVROXWH PLQLPXP� RI

WKH HQHUJ\� 7R JHW LQWR DQRWKHU VWDWH³SHUKDSV RI ORZHU HQHUJ\³WKH V\VWHP PXVW SDVV WKURXJK D

´EDUULHUµ RU LQWHUPHGLDWH VWDH RI KLJKHU HQHUJ\� 7KLV LV YHU\ XQOLNHO\ ZKHQ WKH WHPSHUDWXUH LV ORZ�

+RZHYHU� DW KLJKHU WHPSHUDWXUHV WKH JODVV FDQ ZLWK UHDVRQDEOH SUREDELOLW\ SDVV WKURXJK PDQ\

LQWHUPHGLDWH VWDWHV RI KLJKHU HQHUJ\� ,WV PRVW OLNHO\ VWDWH LV� RI FRXUVH� WKH ORZHVW�HQHUJ\ RQH� 7KXV

LI WKH WHPSHUDWXUH LV ILUVW UDLVHG �DQG WKH V\VWHP DOORZHG WR HTXLOLEUDWH� WKHQ VORZO\ ORZHUHG DJDLQ�

WKHUH LV D JRRG FKDQFH WKH V\VHP ZLOO EH WUDSSHG LQ D VWDWH RI ORZHU HQHUJ\� RQH LQ ZKLFK WKH FUDFNV

DQG LQWHUQDO VWUDLQV DUH YLUWXDOO\ QRQH[LVWHQW�

,Q RWKHU ZRUGV� WR PLQLPL]H D IXQFWLRQ I 

α� �… � αQ

ZH FRPSXWH �UDQGRPO\� D WULDO YDOXH RI WKH

YHFWRU α→= (α� �… � αQ) DQG FRPSDUH I(α
→
QHZ ) ZLWK I(α→ROG ) � ,I WKH QHZ YDOXH LV VPDOOHU� WKHQ LW

UHSODFHV WKH ROG RQH� ,I LW LV ODUJHU� WKHQ D UDQGRP QXPEHU O\LQJ LQ WKH LQWHUYDO >���@ LV FRPSXWHG� ,I

LW LV OHVV WKDQ RU HTXDO WR WKH WUDQVLWLRQ SUREDELOLW\

3 = H[S 

−(IQHZ − IROG) ⁄ Θ


WKH QHZ VWDWH LV DFFHSWHG� RWKHUZLVH LW LV UHMHFWHG�

7KLV SURFHGXUH LV UHSHDWHGPDQ\ WLPHV� DQGDW WKH VDPH WLPH WKH ´WHPSHUDWXUHµΘ LV JUDGXDOO\ UHGXFHG�
$W VRPH SRLQW YHU\ IHZ WUDQVLWLRQV DUH WDNLQJ SODFH� DW ZKLFK SRLQW ZH GHFLGH WKH SURFHVV KDV

FRQYHUJHG� 7R VRPH H[WHQW LW LV XVHIXO WR SURYLGH WKH IHHGEDFN DQG LQWHUDFWLRQ RI D KXPDQ

SURJUDPPHU� VLQFH WKH EHVW VFKHGXOH IRU YDU\LQJ WKH ´WHPSHUDWXUHµ LV E\ QR PHDQV REYLRXV DQG LW LV

RIWHQ D JRRG LGHD WR H[SHULPHQW� 2QH VKRXOG QRW IHHO D JUHDW GHDO RI FRQILGHQFH LQ WKH UHVXOW RI D
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VLQJOH UXQ� ,W LV XVXDOO\ YDOXDEOH WR UXQ WKH SURJUDP VHYHUDO WLPHV ZLWK GLIIHUHQW LQLWLDO FRQGLWLRQV WR

VHH ZKHWKHU LW UHDOO\ ILQGV PLQLPD FORVH WR WKH RSWLPXP�

6LPXODWHG DQQHDOLQJ� EHFDXVH RI LWV HPSOR\PHQW RI UDQGRP SURFHVVHV� EHORQJV WR WKH FODVV RI

QXPHULFDO WHFKQLTXHV FDOOHG 0RQWH &DUOR PHWKRGV �DIWHU WKH IDPRXV JDPEOLQJ FDVLQRV RI WKH

3ULQFLSDOLW\ RI 0RQDFR�� :H GLVFXVV RWKHU 0RQWH &DUOR PHWKRGV LQ &KDSWHU ��
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