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0DQ\ SUREOHPV RI SK\VLFDO LQWHUHVW³IRU H[DPSOH LQ WKH TXDQWXP PHFKDQLFDO WKHRU\ RI VFDWWHULQJ³

DUHPRVW VLPSO\ H[SUHVVHG DV LQWHJUDO HTXDWLRQV�:H UHVWULFW RXU GLVFXVVLRQ WR OLQHDU LQWHJUDO HTXDWLRQV�

DOWKRXJK PDQ\ LQWHUHVWLQJ HTXDWLRQV³HVSHFLDOO\ WKRVH DULVLQJ LQ +DUWUHH�)RFN DSSUR[LPDWLRQV RI

PDQ\�ERG\ V\VWHPV� RU LQ GLVSHUVLRQ UHODWLRQV³DUH QRQOLQHDU DQG UHTXLUH PRUH SRZHUIXO PDWKHPDWL�

FDO WHFKQLTXHV�

$ OLQHDU LQWHJUDO HTXDWLRQ KDV WKH IRUP

I([) = J([) + λ ∫ G\ .([� \) I(\)
D

E

�

7KH IXQFWLRQ .([ \) LV FDOOHG WKH NHUQHO RI WKH HTXDWLRQ� 7KHUH DUH VHYHUDO HDV\ FDVHV ZKLFK ZH QRZ

H[DPLQH�

�� �
������	�
����
��

,QWHJUDO HTXDWLRQV ZKRVH XSSHU OLPLW LV [ DUH NQRZQ DV 9ROWHUUD HTXDWLRQV� 7KHUH DUH WZR SRVVLELOLWLHV�

,I WKH WKH XSSHU OLPLW LV [ DQG WKH NHUQHO GRHV QRW GHSHQG RQ [� WKH HTXDWLRQ LV HTXLYDOHQW WR DQ

RUGLQDU\ GLIIHUHQWLDO HTXDWLRQ�

I([) = J([) + λ ∫ G\ .(\) I(\)
D

[

⇒ I’([) = J’([) + λ .([) I([)

ZKLFK FDQ EH UHGXFHG WR TXDGUDWXUHV� E\ VWDQGDUG PHWKRGV�

,I WKH XSSHU OLPLW LV [ DQG WKH NHUQHO GHSHQGV RQ [ DV ZHOO DV \� LW PD\ VWLOO EH SRVVLEOH WR UHSUH�

VHQW WKH LQWHJUDO HTXDWLRQ DV DQ RUGLQDU\ GLIIHUHQWLDO HTXDWLRQ� E\ GLIIHUHQWLDWLQJ VHYHUDO WLPHV

ZLWK UHVSHFW WR [� ,Q WKLV FDVH WKH GLIIHUHQWLDO HTXDWLRQ ZLOO EH RI KLJKHU RUGHU WKDQ XQLW\� DQG

ZLOO QRW LQ JHQHUDO EH UHGXFLEOH WR TXDGUDWXUHV� 6XFK FDVHV FDQ EH VROYHG QXPHULFDOO\ XVLQJ WKH

PHWKRGV RI &KDSWHU �� $Q H[DPSOH LV

I([) = [� + λ ∫ G\ (� + [\) I(\)
�

[

IRU ZKLFK WKH FRUUHVSRQGLQJ GLIIHUHQWLDO HTXDWLRQ LV

I” = � + λ 
� + [� I + �λ [ I �

����	��� �
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�	������� � !
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��

�� 7KH SKUDVH ´UHGXFHG WR TXDGUDWXUHVµ PHDQV VLPSO\ WKDW WKH DQVZHU FDQ EH H[SUHVVHG DV D GHILQLWH LQWH�
JUDO RI D NQRZQ IXQFWLRQ� $W ZRUVW ZH HYDOXDWH WKLV LQWHJUDO QXPHULFDOO\�



,I WKH NHUQHO GHSHQGV RQ [ LQ D PDQQHU WKDW FDQQRW EH GLVVHFWHG RXW LQWR D GLIIHUHQWLDO HTXDWLRQ

DV DERYH� WKH 9ROWHUUD HTXDWLRQ FDQ QHYHUWKHOHVV EH VROYHG VWUDLJKWIRUZDUGO\� ,W WXUQV RXW WR EH

VWUDLJKWIRUZDUG WR VKRZ WKDW WKH LWHUDWLYH VROXWLRQ FRQYHUJHV IRU DQ\ YDOXH RI λ � 7R VHH WKLV�

FRQVLGHU WKH Q·WK WHUP RI WKH LWHUDWHG LQWHJUDO�

,Q = λQ ∫ Gξ� ∫ Gξ� … ∫ GξQ
D

ξ
Q−�

.([� ξ�) .(ξ�� ξ�) … .(ξQ−�� ξQ)
D

ξ
�

J(ξQ)
D

[

�

DVVXPLQJ WKH IXQFWLRQV .([� \) DQG J([) DUH ERXQGHG�

_.([� \)_ ≤
D ≤ \ ≤ [

0 � _J([)_ ≤ P �

ZH FDQ REWDLQ DQ XSSHU ERXQG RQ WKH LQWHJUDO�

_,Q_ ≤ _λ_Q 0Q P
([ − D)Q

Q�

VR WKH GLIIHUHQFH EHWZHHQ WKH VROXWLRQ I([) DQG WKH SDUWLDO VXP RI WKH LWHUDWHG VROXWLRQ LV

ERXQGHG E\







I([) − ∑

N=�

Q−�

,N([)







≤ _λ_Q 0Q P
([ − D)Q

Q�
H[S_λ_0 ([ − D) →

Q → ∞
� �

7KDW LV� WKH LWHUDWHG VROXWLRQ GHILQLWHO\ FRQYHUJHV� ,I WKH ORZHU OLPLW RI WKH LQWHJUDO LV
³VD\³QHJDWLYH LQILQLW\� RU LI WKH NHUQHO LV QRW D ERXQGHG IXQFWLRQ� WKH LWHUDWHG VROXWLRQ PD\
QHYHUWKHOHVV FRQYHUJH� LI WKH NHUQHO LV VTXDUH�LQWHJUDEOH� ,Q DQ\ HYHQW ZH VKDOO QRW EH LQWHUHVWHG
LQ 9ROWHUUD HTXDWLRQV IRU ZKLFK WKH NHUQHO LV QRW ZHOO�EHKDYHG�

#� $
����
��	%���	�	����������	&�����

,I WKH LQWHJUDO HTXDWLRQ KDV WKH IRUP

I([) = J([) + λ ∫ G\ .([ − \) I(\)
D

E

ZH VD\ LW KDV D GLIIHUHQFH NHUQHO� 7KHUH DUH RQO\ WZR FDVHV RI LQWHUHVW KHUH�

• WKH LQWHUYDO RI LQWHJUDWLRQ LV (D� E) = (−∞� ∞) RU (�� ∞) �

• WKH LQWHUYDO LV (D� E) = (�� [) �

,Q WKH ILUVW FDVH ZH FDQ )RXULHU WUDQVIRUP WR JHW

I
a
(N) = Ja(N) + λ .

a
(N) I

a
(N)

ZKLFK LV VROYHG E\ VLPSOH DOJHEUD WR REWDLQ WKH )RXULHU WUDQVIRUP RI I([) � IURP WKLV ZH FDQ UHFRQVWUXFW

WKH IXQFWLRQ E\ WDNLQJ WKH LQYHUVH )RXULHU WUDQVIRUP� L�H� E\ D TXDGUDWXUH� 7KH RQO\ WKLQJ ZH PXVW

ZDWFK RXW IRU LV ZKHQ λ .
a

(N) = � IRU YDOXHV RI N LQ WKH LQWHUYDO RI LQWHJUDWLRQ� 7KHVH FRUUHVSRQG WR

HLJHQYDOXHV RI WKH HTXDWLRQ �ZKLFK DUH FRQWLQXRXVO\ GLVWULEXWHG��

� ' $
����
��	%���	�	����������	&�����
	



7KH VHFRQG FDVH LV DOVR VWUDLJKWIRUZDUG� LI

I([) = J([) + λ ∫ G\ .([ − \) I(\)
�

[

ZH FDQ /DSODFH WUDQVIRUP ERWK VLGHV� 6LQFH WKH /DSODFH WUDQVIRUP RI D FRQYROXWLRQ LQWHJUDO OLNH WKDW

DERYH LV MXVW WKH SURGXFW RI WKH /DSODFH WUDQVIRUPV RI WKH IDFWRUV�

∫ G[ H
−S[ ∫ G\ .([ − \) I(\)

�

[

�

∞
≡ ∫ G[ H

−S[ .([)
�

∞

∫ G\ H−S\ I(\)
�

∞

ZH FDQ ILQG WKH /DSODFH WUDQVIRUP RI I([) E\ DOJHEUD DQG WDNH LWV LQYHUVH WR VROYH WKH SUREOHP� 2I

FRXUVH H[FHSW LQ FHUWDLQ HVSHFLDOO\ VLPSOH FDVHV�� WKH LQYHUVH /DSODFH WUDQVIRUP PXVW EH HYDOXDWHG E\

PHDQV RI D FRQWRXU LQWHJUDO³EXW QHYHUWKHOHVV WKH SUREOHP KDV EHHQ UHGXFHG WR QXPHULFDO TXDGUD�

WXUH³VROYDEOH LQ DW PRVW 2
1

�
 WLPH

��

!� (�����	�
����
��	
�	)����
��	����

7KH )UHGKROP LQWHJUDO HTXDWLRQ� KDV WKH IRUP

I([) = J([) + λ ∫ G\ .([� \) I(\)
D

E

ZKHUH D DQG E DUH GHILQLWH OLPLWV �WKDW LV� QRW GHSHQGHQW RQ [�� ,W LV XVHIXO WR ZULWH WKLV HTXDWLRQ PRUH

DEVWUDFWO\� DV DQ RSHUDWRU HTXDWLRQ�

I = J + λ . I �

&OHDUO\ WKH IRUPDO VROXWLRQ LV

I = (� − λ .)
−�

J

EXW WKLV LV PHDQLQJOHVV XQOHVV ZH FDQ GHILQH WKH UHVROYHQW RSHUDWRU

5(λ) = (� − λ .)
−�
�

*������	������
7KH EUDQFK RI PDWKHPDWLFV FDOOHG IXQFWLRQDO DQDO\VLV GHDOV ZLWK YDULRXV PHWKRGV IRU GHILQLQJ WKH

UHVROYHQW³ZKHQ LW LV SRVVLEOH� 7KH ILUVW PHWKRG WKDW FRPHV WRPLQG LV WR LWHUDWH WKH RULJLQDO HTXDWLRQ�

����	��� �
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���	����
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�	������� � �
�������	" ��������	�
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��

�� 7KDW LV� FDVHV ZKHUH WKH /DSODFH WUDQVIRUP FDQ EH IRXQG LQ D VWDQGDUG WDEOH�

�� ,I ZH ZDQW WR NQRZ I�[� RQ D PHVK RI 1 SRLQWV ZH PXVW HYDOXDWH WKH LQWHJUDO 1 WLPHV� EXW HDFK HYDOX�
DWLRQ PD\ UHTXLUH D WLPH SURSRUWLRQDO WR 1� KHQFH WKH WRWDO JURZV DV 1�� ,Q FHUWDLQ FDVHV ZH FDQ DS�
SUR[LPDWH WKH LQYHUVH /DSODFH WUDQVIRUP E\ WKH )DVW )RXULHU DOJRULWKP� LQ ZKLFK FDVH WKH WLPH LV RI RU�
GHU 1ORJ1�

�� 6HH� H�J�� )� 6PLWKLHV� ,QWHJUDO (TXDWLRQV �&DPEULGJH 8QLYHUVLW\ 3UHVV� &DPEULGJH� ������



I�([) = J([)

IQ([) = J([) + λ ∫ G\ .([� \) IQ−�(\)
D

E

� Q=�� �� …

7KLV LV HTXLYDOHQW WR H[SDQGLQJ WKH UHVROYHQW LQ IRUPDO JHRPHWULF VHULHV�

5(λ) = (� − λ .)
−�

= � + λ . + λ� .� + λ� .� + …

ZKHUH E\ .� ZH PHDQ WKH FRQYROXWLRQ

.�([� \) = ∫ Gξ .([� ξ) .(ξ� \)
D

E

�

7KLV1HXPDQQ H[SDQVLRQ RQO\ ZRUNV LI WKHUH LV D ERXQGLQJ FULWHULRQ RQ WKH NHUQHO . VXFK WKDW

__.__ ≤ 0 < ∞ �

LQ WKDW FDVH WKH VHULHV FRQYHUJHV ZLWKLQ WKH FLUFOH �LQ WKH FRPSOH[ λ²SODQH�

_λ_ < �

0
�

.HUQHOV WKDW VDWLVI\ WKH DERYH FULWHULRQ DUH FDOOHG� QDWXUDOO\ HQRXJK� ERXQGHG� 2I FRXUVH QRW DOO OLQHDU

RSHUDWRUV RQ D YHFWRU VSDFH DUH ERXQGHG³WKH �SRVLWLYH� RSHUDWRU −∇ � LV XQERXQGHG DERYH�

2QH FULWHULRQ IRU ERXQGHGQHVV LV WKDW WKH LQWHJUDO

__.__6FKPLGW
� = ∫ ∫ G\ _.([� \)_ _.(\� [)_

D

E

D

E

EH ILQLWH� 7KLV LV VRPHWLPHV FDOOHG WKH 6FKPLGW QRUP RI WKH NHUQHO� $ VRPHZKDW PRUH XVHIXO RQH LV

WKDW

__.__ ≤ 


VXS
[

�

σ([) ∫ G\ _.([� \)_ σ(\)
D

E





�⁄�



VXS
\

�

σ(\) ∫ G[ _.([� \)_ σ([)
D

E





�⁄�

ZKHUH σ([) LV DQ\ SRVLWLYH IXQFWLRQ��

,I ZH DSSO\ WKLV WR WKH NHUQHO .([� \) = _[ − \_
−�⁄� RQ WKH LQWHUYDO >�� �@ �IRU ZKLFK WKH 6FKPLGW QRUP

LV FOHDUO\ LQILQLWH�� ZLWK WKH FKRLFH σ = � �FHUWDLQO\ D SRVLWLYH IXQFWLRQ�� ZH REWDLQ

__.__ ≤ PD[
[ ∈ >� � �@

∫ G\

√_[ − \_�

�

= �√� < ∞ �

� + (�����	�
����
��	
�	)����
��	����
	

�� )RU H[DPSOH� σ FRXOG FRQWDLQ SDUDPHWHUV ZH FRXOG YDU\ WR UHGXFH WKH XSSHU ERXQG�



$
����
��	%���	�
�����	&������
.HUQHOV ZLWK D ILQLWH 6FKPLGW QRUP EHORQJ WR D ZLGHU FODVV NQRZQ DV FRPSDFW NHUQHOV� 7KH

PDWKHPDWLFDO GHILQLWLRQ RI FRPSDFWQHVV LV VOLJKWO\ VXEWOH� EXW RQH XVHIXO FULWHULRQ IRU FRPSDFWQHVV LV

WKDW D NHUQHO LV FRPSDFW LI DQ\ SRZHU RI LW LV FRPSDFW�

,QWHJUDO HTXDWLRQV ZLWK FRPSDFW NHUQHOV DUH IXQGDPHQWDO LQ TXDQWXP PHFKDQLFDO FROOLVLRQ WKHRU\³

WKH JUHDW SURJUHVV RI WKH SDVW VHYHUDO GHFDGHV LQ WUHDWLQJ WKH TXDQWXPPHFKDQLFDO WKUHH ERG\ SUREOHP�

IRU H[DPSOH� GHULYHV IURP QHZ PHWKRGV RI VROYLQJ VXFK HTXDWLRQV QXPHULFDOO\�

+HUH ZH SUHVHQW WKUHH WHFKQLTXHV IRU VROYLQJ LQWHJUDO HTXDWLRQV ZLWK FRPSDFW NHUQHOV� 7KH ILUVW LV

WKH WUDGLWLRQDO )UHGKROP PHWKRG� ZKLFK LV UDUHO\ XVHG LQ SUDFWLFH EHFDXVH LW LQYROYHV FRPSOLFDWHG

PXOWL�GLPHQVLRQDO QXPHULFDO TXDGUDWXUH� 7KH VROXWLRQ WR WKH HTXDWLRQ

I([) = J([) + λ ∫ G\ .([� \) I(\)
D

E

FDQ EH ZULWWHQ

I([) = J([) + λ ∫ G\
1([� \� λ)
'(λ)

J(\)
D

E

ZKHUH ERWK 1([� \� λ) DQG '(λ) PD\ EH UHSUHVHQWHG DV SRZHU VHULHV LQ λ� ZLWK LQILQLWH UDGLL RI

FRQYHUJHQFH� 7KXV WKH )UHGKROP WKHRU\ UHSUHVHQWV DQ H[LVWHQFH SURRI RI WKH VROXWLRQ�

$Q LPSRUWDQW IDFW DERXW WKH VROXWLRQV RI VXFK LQWHJUDO HTXDWLRQV LV WKDW HLWKHU WKH LQKRPRJHQHRXV

HTXDWLRQ KDV D VROXWLRQ� RU HOVH� WKH KRPRJHQHRXV HTXDWLRQ KDV D VROXWLRQ� EXW QRW ERWK DW WKH VDPH

WLPH� H[FHSW LQ WKH XQOLNHO\ LQVWDQFH WKDW DW DQ HLJHQYDOXH�

∫ G\ 1([� \� λ) J(\)
D

E

= � �

,Q RUGHU IRU WKH KRPRJHQHRXV HTXDWLRQ WR KDYH D VROXWLRQ� WKH IXQFWLRQ '(λ)³FDOOHG WKH )UHGKROP

GHWHUPLQDQW³PXVW YDQLVK� 7KDW LV� WKH HLJHQYDOXHV DUH WKH ]HURV RI WKH )UHGKROP GHWHUPLQDQW� MXVW

DV IRU D ILQLWH V\VWHP RI OLQHDU HTXDWLRQV WKH HLJHQYDOXHV DUH ]HURV RI WKH VHFXODU HTXDWLRQ� 0RVW ERRNV

RQ PDWKHPDWLFDO PHWKRGV RI SK\VLFV³IRU H[DPSOH 5LOH\� HW DO��0DWKHPDWLFDO 0HWKRGV IRU 3K\VLFV DQG

(QJLQHHULQJ �&DPEULGJH 8� 3UHVV� �����³GHVFULEH KRZ WR FRQVWUXFW WKH WHUPV RI WKH VHULHV H[SDQVLRQ

IRU WKH )UHGKROP UHVROYHQW�

5([� \� λ) = λ 1([� \� λ)
'(λ)

VR ZH VKDOO GLVFXVV LW QR IXUWKHU KHUH�
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��

�� )RU D SDUWLFXODU YDOXH �RU YDOXHV� RI λ³WKDW LV� WKH HLJHQYDOXHV RI WKH NHUQHO .�



$ VHFRQG VROXWLRQ DOJRULWKP³JRRG LQ SUDFWLFH DV ZHOO DV IRU DQ H[LVWHQFH SURRI³LV WKH 6FKPLGW

PHWKRG� :H XVH WKH IDFW WKDW D FRPSDFW NHUQHO FDQ EH DSSUR[LPDWHG DUELWUDULO\ FORVHO\ LQ QRUP E\ D

NHUQHO RI ILQLWH UDQN� 7KDW LV�

.([� \) ≈ .1([� \) =
GI

∑
N=�

1

ϕN([) ψ N
∗ (\) � OLP

1 → ∞
__. − .1__ = � �

,Q V\PEROLF WHUPV� WKHQ� UHSUHVHQWLQJ

. = .1 + ∆.

ZH KDYH

� − λ ∆. I = J + λ ∑
N=�

1

ϕN 

ψN � I

RU

I = � − λ ∆.
−�

J + λ ∑
N=�

1

� − λ ∆.
−�

ϕN 

ψN � I

�

6LQFH IRU ODUJH HQRXJK 1 ZH PD\ EH VXUH WKDW __λ ∆.__ < � � WKH RSHUDWRU � − λ ∆.
−�

FDQ EH

FRQVWUXFWHG E\ 1HXPDQQ VHULHV H[SDQVLRQ� 7KH SUHFHGLQJ HTXDWLRQ FDQ WKHQ EH UHSODFHG E\ D ILQLWH

V\VWHP RI OLQHDU DOJHEUDLF HTXDWLRQV LQ WKH XQNQRZQV IN = 

ψN � I

�

IM = 
ψ M � � − λ ∆.

−�

J
+ λ ∑

N=�

1


ψ M � � − λ ∆.

−�

ϕN

IN �

WR VROYH WKHP ZH PXVW LQYHUW WKH 1 × 1PDWUL[

0M�N = δM N − λ 
ψ M � � − λ ∆.

−�

ϕN

�

7KLV LV SHUIHFWO\ IHDVLEOH LQ JHQHUDO� PRUHRYHU� LQ PDQ\ FDVHV RI SK\VLFDO LQWHUHVW RQO\ D IHZ WHUPV RI

WKH ILQLWH�UDQN DSSUR[LPDWLRQ DUH QHFHVVDU\ WR DFKLHYH JRRG DFFXUDF\ LQ WKH VROXWLRQ�

7KH ILQDO PHWKRG ZH VKDOO GLVFXVV LV WKH GLUHFW QXPHULFDO VROXWLRQ RI WKH HTXDWLRQ� 7KDW LV� ZH UHSODFH

WKH LQWHJUDWLRQ E\ D ILQLWH QXPHULFDO TXDGUDWXUH IRUPXOD�

I([) ≈ J([) + λ ∑
N=�

1

ZN .([� ξN) I(ξN)

ZKLFK DJDLQ \LHOGV D ILQLWH V\VWHP RI OLQHDU DOJHEUDLF HTXDWLRQV�

I(ξM) = J(ξM) + λ ∑
N=�

1

ZN .(ξM � ξN) I(ξN) �

� , (�����	�
����
��	
�	)����
��	����
	



,Q WKLV GLUHFW PHWKRG ZH KDYH QR FRQWURO RYHU WKH SUHFLVLRQ H[FHSW WR LQFUHDVH WKH QXPEHU RI SRLQWV

1 DQG VHH ZKHWKHU WKH VROXWLRQ VHHPV WR EH FRQYHUJLQJ �DV LW PXVW�� 7R LQWHUSRODWH EHWZHHQ WKH

VROXWLRQ SRLQWV I(ξN) ZH XVH WKH IRUPXOD JLYHQ DERYH�

,W LV ZRUWK PDNLQJ VRPH FRQFOXGLQJ UHPDUNV DERXW WKH QXPHULFDO VROXWLRQ RI )UHGKROP HTXDWLRQV�

)LUVW� LI WKH NHUQHO LV DW DOO VLQJXODU LQ WKH UDQJH RI LQWHJUDWLRQ LW LV ZRUWK LWHUDWLQJ LW HQRXJK WLPHV WKDW

WKH UHVXOW LV QRQ�VLQJXODU� 7KDW LV� IRUPDOO\� ZH FDQ ZULWH

I = 
� + λ . + λ� .� + … λQ−� .Q−�

 J + λQ .Q J

DQG LQYHUW WKH �ILQLWH� PDWUL[ UHSUHVHQWLQJ � − λQ .Q UDWKHU WKDQ WKDW IRU � − λ . �

6HFRQG� WR ILQG WKH HLJHQYDOXHV RI WKH SUREOHP LW LV XVXDOO\ PRVW HIILFLHQW WR HYDOXDWH WKH GHWHUPLQDQW

RI WKH PDWUL[ QXPHULFDOO\ UDWKHU WKDQ V\PEROLFDOO\ RU DV D )UHGKROP VHULHV�� ,Q WKH OLPLW DV WKH UDQN

RI .1 EHFRPHV ODUJH� RU HTXLYDOHQWO\� DV WKH QXPEHU RI SRLQWV LQ WKH QXPHULFDO TXDGUDWXUH IRUPXOD

EHFRPHV ODUJH� WKH GHWHUPLQDQW RI WKH PDWUL[ DSSUR[LPDWHV WKH )UHGKROP GHWHUPLQDQW�

)LQDOO\� *DXVVLDQ TXDGUDWXUH UXOHV DUH ZLGHO\ XVHG LQ VROYLQJ LQWHJUDO HTXDWLRQV� VLQFH� IRU D JLYHQ

SUHFLVLRQ� WKH\ UHTXLUH PDQ\ IHZHU SRLQWV DQG KHQFH PXFK VPDOOHU PDWULFHV PXVW EH LQYHUWHG� 6LQFH

WKH VWDQGDUG LQYHUVLRQ DOJRULWKPV UHTXLUH WLPH RI RUGHU 1�� XVLQJ KDOI WKH QXPEHU RI SRLQWV PHDQV

DQ HLJKWIROG VDYLQJ LQ FRPSXWDWLRQDO HIIRUW�

'� *
�������	��������	�
����
��

7KHUH LV OLWWOH WR VD\ DERXW WKH QXPHULFDO VROXWLRQ RI QRQOLQHDU HTXDWLRQV IRU WKH VLPSOH UHDVRQ WKDW

WKH RQO\ XVHIXO PDWKHPDWLFDO WKHRU\ �DQG H[LVWHQFH SURRI� RI WKHLU VROXWLRQ SHUWDLQV WR D OLPLWHG FODVV

WKDW UHSUHVHQW FRPSDFW PDSSLQJV� 7KDW LV� D QRQOLQHDU PDSSLQJ RI D IXQFWLRQ LV D NHUQHO .(I) IRU
ZKLFK .(α I) ≠ α .(I) � LI LW LV FRPSDFW� WKHQ IURP HYHU\ LQILQLWH VHTXHQFH RI IXQFWLRQV 



IN




ZH FDQ

VHOHFW D VXEVHTXHQFH 


IN

U



 VXFK WKDW χU =

GI

.

IN

U



FRQYHUJHV WR D OLPLW� 8QGHU WKHVH FLUFXPVWDQFHV� WKH

QRQOLQHDU HTXDWLRQ

I = J + λ .(I)

FDQ EH VROYHG E\ LWHUDWLRQ� DV ORQJ DV λ LV VXIILFLHQWO\ VPDOO LQ PDJQLWXGH� 7KH SURRI LV EDVHG RQ WKH

IL[HG²SRLQW WKHRUHP� ZKLFK VWDWHV WKDW D FRPSDFW PDSSLQJ DOZD\V SRVVHVVHV D IL[HG SRLQW� L�H� D SRLQW

WKDW LV PDSSHG LQWR LWVHOI� 7KH VWDQGDUG LQVWDQFH RI WKH IL[HG�SRLQW WKHRUP LV VWLUULQJ D WHDFXS� WKH

VXUIDFH RI WKH IOXLG LV GLVDUUDQJHG IURP LWV LQLWLDO VWDWH� ZLWK YDULRXV SRLQWV EHLQJ WUDQVIRUPHG

�QRQOLQHDUO\� LQ JHQHUDO�� LQWR RWKHU SRLQWV RI WKH VXUIDFH� %XW RQH SRLQW LV DOZD\V WUDQVIRUPHG LQWR

LWVHOI� )RU IXUWKHU GHWDLOV� VHH� H�J� .UDVQRVHO·VNLL��
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�� ,Q IDFW� DOO OLQHDU HTXDWLRQ VROYHUV UHWXUQ WKH GHWHUPLQDQW DV D PDWWHU RI FRXUVH�

�� 0� $� .UDVQRVHO·VNLL� 7RSRORJLFDO PHWKRGV LQ WKH WKHRU\ RI QRQOLQHDU LQWHJUDO HTXDWLRQV �3HUJDPRQ 3UHVV� 2[�
IRUG� ������ 1RWH WKDW D UHFHQW VHDUFK GLYXOJHG WHQV WR KXQGUHGV RI WLWOHV UHODWHG WR WKLV WRSLF� VR WKLV
UHIHUHQFH LV KDUGO\ WKH ODVW ZRUG�
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