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:H DUH LQWHUHVWHG LQ VROYLQJ HTXDWLRQV RI WKH IRUP

∑
Q=�

1

$PQ [Q = UP � P = ��… � 1 � ���

³PRUH FRPSDFWO\ ZULWWHQ $ [ = U³ ZLWK NQRZQ FRHIILFLHQW PDWUL[ $PQ DQG NQRZQ LQKRPRJHQHRXV

WHUP UP � :H ZRXOG OLNH WR NQRZ XQGHU ZKDW FRQGLWLRQV ZH FDQ ILQG XQLTXH YDOXHV RI [Q WKDW

VLPXOWDQHRXVO\ VDWLVI\ WKH 1 HTXDWLRQV�

7KH WKHRU\ RI VLPXOWDQHRXV OLQHDU HTXDWLRQV WHOOV XV WKDW LI QRW DOO WKH UP ·V DUH �� WKH QHFHVVDU\ DQG

VXIILFLHQW FRQGLWLRQ IRU VROYDELOLW\ LV WKDW WKH GHWHUPLQDQW
� RI WKH PDWUL[ $ VKRXOG QRW EH ��

&RQWUDULZLVH� LI GHW($) = �� D VROXWLRQ ZLWK [ ≠ � FDQ EH IRXQG RQO\ ZKHQ DOO WKH UP·V DUH ��

$ FRPPRQ ZD\ WR ZULWH VXFK HTXDWLRQV H[SOLFLWO\ GLVSOD\V WKH PDWUL[ DV D VTXDUH1×1 DUUD\ DQG WKH
YHFWRUV DV FROXPQV ZLWK 1 FRPSRQHQWV�
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7KH IRUPDO VROXWLRQ RI WKH OLQHDU HTXDWLRQ LV

[ = $−� U

ZKHUH$−� LV D VTXDUH PDWUL[ VXFK WKDW

$−� $ = � =
GI
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DVVXPLQJ WKDW VXFK D PDWUL[ FDQ EH FRQVWUXFWHG� :H QRZ LQYHVWLJDWH KRZ WR GR WKLV�
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�� 7KH GHWHUPLQDQW RI DQ 1·WK�RUGHU VTXDUH PDWL[ $³GHQRWHG E\ GHW�$� RU ||$||³ LV D QXPEHU FRP�
SXWHG IURP WKH HOHPHQWV $PQ E\ DSSO\LQJ UXOHV IDPLOLDU IURP OLQHDU DOJHEUD� 7KHVH UXOHV GHILQH ||$|| UH�
FXUVLYHO\ LQ WHUPV RI GHWHUPLQDQWV RI VTXDUH VXEPDWULFHV RI $�



� ������!���	��

Cramer’s rule is a constructive method for solving linear equations by computing determinants.
I t is completely impractical as a computer algorithm because it requires O(N!) steps to solve N
l inear equations, whereas pivotal elimination (that we look at below) requires O(N3) steps, a
much smaller number.  Nevertheless Cramer’s rule is of theoretical interest because it is a
closed-form  solution.

&RQVLGHU D VTXDUH1×1PDWUL[$� 3UHWHQG IRU WKHPRPHQWZH NQRZ KRZ WR FRPSXWH WKH GHWHUPLQDQW
RI DQ (1−�)×(1−�) PDWUL[� 7KH GHWHUPLQDQW RI $ LV GHILQHG WR EH

GHW($) =
GI

∑
Q=�

1−�

$PQ DQP ���

ZKHUH WKH DPQ·V DUH FDOOHG FR�IDFWRUV RI WKH PDWUL[ HOHPHQWV $PQ � DQG DUH LQ IDFW GHWHUPLQDQWV RI

DSSURSULDWHO\ VHOHFWHG (1−�)×(1−�) VXE�PDWULFHV RI $�

7KH VXE�PDWULFHV DUH FKRVHQ E\ VWULNLQJ RXW RI $ WKH Q·WK FROXPQ DQG P·WK URZ �OHDYLQJ DQ

(1−�)×(1−�) PDWUL[�� 7R LOOXVWUDWH� FRQVLGHU WKH �×� PDWUL[

$ =
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DQG SURGXFH WKH FR�IDFWRU RI $�� �ZH DWWDFK WKH IDFWRU (−�)P+Q WR WKH GHWHUPLQDQW RI WKH VXEPDWUL[

ZKHQ ZH FRPSXWH DQP ��

0 1 2

a21  =  (−1)2+1 × 0 1 0 5

1 3 2 4
2 1 1 6

�,Q WKH DERYH GHWHUPLQDQW WKH VWUXFN�RXW HOHPHQWV DUH LQGLFDWHG LQ UHG ZKLOH WKH UHWDLQHG RQHV DUH

VKRZQ LQ EROGIDFH��

$ GHWHUPLQDQW FKDQJHV VLJQ ZKHQ DQ\ WZR URZV RU DQ\ WZR FROXPQV DUH LQWHUFKDQJHG� 7KXV� D

GHWHUPLQDQW ZLWK WZR LGHQWLFDO URZV RU FROXPQV YDQLVKHV LGHQWLFDOO\� :KDW ZRXOG KDSSHQ WR (T� �

LI LQVWHDG RI SXWWLQJ$PQ LQ WKH VXP ZH SXW$NQ ZKHUH N ≠ P " %\ LQVSHFWLRQ ZH UHDOL]H WKDW WKLV LV WKH

VDPH DV HYDOXDWLQJ D GHWHUPLQDQW LQ ZKLFK WZR URZV DUH WKH VDPH� KHQFH ZH JHW ]HUR� 7KXV (T� � FDQ

EH UHZULWWHQ PRUH JHQHUDOO\

∑
Q=�

1−�

$NQ DQP = __$ __ δNP � ���

�" ������!���	��
�



7KLV IHDWXUH RI GHWHUPLQDQWV OHWV XV VROYH WKH OLQHDU HTXDWLRQ $ [ = U E\ FRQVWUXFWLRQ�

[Q = �

GHW($) ∑ DQP UP
P

1−�

� ���

:H VHH IURP (T� � WKDW (T� � VROYHV WKH HTXDWLRQ� (TXDWLRQ � DOVR PDNHV FOHDU ZK\ WKH VROXWLRQ

FDQQRW EH IRXQG LI GHW($) = ��

$ GHWHUPLQDQW DOVR YDQLVKHV ZKHQ D URZ LV D OLQHDU FRPELQDWLRQ RI DQ\ RI WKH RWKHU URZV� 6XSSRVH URZ

� FDQ EH ZULWWHQ

D�N ≡ ∑
P=�

1−�

βP DPN �

WKDW LV� WKH �·WK HTXDWLRQ FDQ EH GHULYHG IURP WKH RWKHU 1−� HTXDWLRQV� KHQFH LW FRQWDLQV QR QHZ
LQIRUPDWLRQ� :H GR QRW UHDOO\ KDYH 1 HTXDWLRQV IRU 1 XQNQRZQV� EXW DW PRVW 1−� HTXDWLRQV� 7KH
1 XQNQRZQV WKHUHIRUH FDQQRW EH FRPSOHWHO\ VSHFLILHG� DQG WKH GHWHUPLQDQW WHOOV XV WKLV E\ YDQLVKLQJ�

$V DQ H[DPSOH� ZH QRZ XVH &UDPHU·V UXOH WR HYDOXDWH WKH GHWHUPLQDQW RI

$ =
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:H ZULWH

__$ __ = $�� D�� + $�� D�� +$�� D��

D�� = 
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7KH GHWHUPLQDQW RI D �×� PDWUL[ LV MXVW WKH PDWUL[ HOHPHQW� KHQFH

D�� = �⋅� + (−�)⋅�⋅� = �

D�� = −(�� − �) = −��

D�� = (� −�) = �

DQG

__$ __ = �⋅� + �⋅(−��) + �⋅� = �� �
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�������������



+RZ PDQ\ RSHUDWLRQV GRHV LW WDNH WR HYDOXDWH D GHWHUPLQDQW" :H VHH WKDW D GHWHUPLQDQW RI RUGHU 1

UHTXLUHV1GHWHUPLQDQWV RI RUGHU1−� WR EH HYDOXDWHG� DVZHOO DV1PXOWLSOLFDWLRQV DQG1−� DGGLWLRQV�
,I WKH DGGLWLRQ WLPH SOXV WKH PXOWLSOLFDWLRQ WLPH LV τ� WKHQ

71 ≈ 1 (τ + 71−�) �

7KH VROXWLRQ WR WKLV LV�

71 = 1� τ ∑
Q=�

1

�

Q�
→

1 → ∞
1� τH �

,Q RWKHU ZRUGV� WKH WLPH UHTXLUHG WR VROYH

1 OLQHDU HTXDWLRQV E\ &UDPHU·V UXOH LQ�

FUHDVHV VR UDSLGO\ ZLWK 1 DV WR UHQGHU WKH

PHWKRG WKRURXJKO\ LPSUDFWLFDO�

# ����
����������
���

7KH DOJRULWKPV ZH VKDOO XVH IRU VROYLQJ

OLQHDU HTXDWLRQV LQYROYH FKDQJLQJ WKH IRUP

RI WKH PDWUL[ WR RQH ZKRVH VROXWLRQ LV

VLPSOHU� 6WUDLJKWIRUZDUG HOLPLQDWLRQ �DV

ZH ZHUH WDXJKW LQ KLJK VFKRRO DOJHEUD�³

WKDW LV� VROYLQJ IRU RQH YDULDEOH LQ WHUPV RI

WKH UHVW� VXEVWLWXWLQJ WKDW EDFN LQ WKH UH�

PDLQLQJ HTXDWLRQV DQG UHSHDWLQJ³LV VWLOO D

XVHIXO PHWKRG�

)RUW\�RGG \HDUV· H[SHULHQFH RI VROYLQJ OLQ�

HDU HTXDWLRQV RQ GLJLWDO FRPSXWHUV KDV WDXJKW XV WR PRGLI\ WKH EDVLF HOLPLQDWLRQ SURFHGXUH WR

PLQLPL]H WKH EXLOGXS RI URXQG�RII HUURU DQG FRQVHTXHQW ORVV RI SUHFLVLRQ�� 7KH QHFHVVDU\ DGGLWLRQDO

VWHS LQYROYHV SLYRWLQJ³VHOHFWLQJ WKH ODUJHVW HOHPHQW LQ D JLYHQ FROXPQ WR QRUPDOL]H DOO WKH RWKHU

HOHPHQWV� 7KLV ZLOO EH FOHDUHU ZLWK D FRQFUHWH LOOXVWUDWLRQ UDWKHU WKDQ IXUWKHU GHVFULSWLRQ� FRQVLGHU

WKH �×� V\VWHP RI HTXDWLRQV�

�$ ����
����������
���
�

�� 6HH 5� 6HGJHZLFN� $OJRULWKPV �$GGLVRQ�:HVOH\ 3XEOLVKLQJ &RPSDQ\� 5HDGLQJ� 0$ ������

�� $ FRPSXWHU VWRUHV D QXPEHU ZLWK ILQLWH SUHFLVLRQ³SHUKDSV �²� GHFLPDO SODFHV ZLWK ���ELW IORDWLQJ�
SRLQW QXPEHUV� 7KLV LV HQRXJK IRU PDQ\ SXUSRVHV� HVSHFLDOO\ LQ VFLHQFH DQG HQJLQHHULQJ� ZKHUH WKH GDWD
DUH UDUHO\ PHDVXUHG WR EHWWHU WKDQ �� UHODWLYH SUHFLVLRQ� 6XSSRVH� KRZHYHU� WKDW WZR QXPEHUV� DERXW
��²� LQ PDJQLWXGH� DUH PXOWLSOLHG� 7KHLU SURGXFW LV RI RUGHU ��²� DQG LV NQRZQ WR VL[ VLJQLILFDQW ILJXUHV�
1RZ DGG LW WR D WKLUG QXPEHU RI RUGHU XQLW\� 7KH UHVXOW ZLOO EH WKDW WKLUG QXPEHU ±��²�� /DWHU� D IRXUWK
QXPEHU³DOVR RI RUGHU XQLW\³LV VXEWUDFWHG IURP WKLV VXP� 7KH UHVXOW ZLOO EH D QXPEHU RI RUGHU ��²��
EXW QRZ NQRZQ RQO\ WR WZR VLJQLILFDQW ILJXUHV� 0DWUL[ DULWKPHWLF LV IXOO RI PXOWLSOLFDWLRQV DQG DGGLWLRQV�
7KH OHVVRQ LV FOHDU³WR PLQLPL]H WKH �LQHYLWDEOH� ORVV RI SUHFLVLRQ DVVRFLDWHG ZLWK URXQG�RII� ZH PXVW
WU\ WR NHHS WKH PDJQLWXGHV RI SURGXFWV DQG VXPV DV FORVH DV SRVVLEOH�
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:H FKHFN WKDW WKH GHWHUPLQDQW LV ≠ �� LQ IDFW GHW�$� ��� 7KH ILUVW VWHS LQ VROYLQJ WKHVH HTXDWLRQV
LV WR WUDQVSRVH URZV LQ $ DQG LQ U WR EULQJ WKH ODUJHVW HOHPHQW LQ WKH ILUVW FROXPQ WR WKH $�� SRVLWLRQ�

:H QRWH WKDW

• 7KH [·V DUH QRW UHODEHOHG E\ URZ WUDQVSRVLWLRQ�

• :H FKRRVH WKH URZ �Q � ³VHFRQG URZ� ZLWK WKH ODUJHVW �LQ DEVROXWH YDOXH� ILUVW HOHPHQW $Q � EH�
FDXVH ZH DUH HYHQWXDOO\ JRLQJ WR GLYLGH E\ LW� DQG ZDQW WR PLQLPL]H WKH DFFXPXODWLRQ RI URXQGRII
HUURU LQ WKH IORDWLQJ SRLQW DULWKPHWLF�

7UDQVSRVLWLRQ JLYHV
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1RZ GLYLGH URZ � E\ WKH QHZ $�� �LQ WKLV FDVH� �� WR JHW
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6XEWUDFW URZ � WLPHV $Q � IURP URZV ZLWK Q!��











�

�

�

�⁄�
−�⁄�
�⁄�

�⁄�
��⁄�
��⁄�





















[�
[�
[�










=











�⁄�
−�⁄�
�⁄�










���

6LQFH _$��_ > _$��_ ZH GR QRW ERWKHU WR VZLWFK URZV � DQG �� EXW GLYLGH URZ � E\ $�� = ²� ⁄ ��
JHWWLQJ
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:H QRZ PXOWLSO\ URZ � E\ $�� = � ⁄ � DQG VXEWUDFW LW IURP URZ �� DQG DOVR GLYLGH WKURXJK E\ $�� WR

JHW
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7KH UHVXOWLQJ WUDQVIRUPHG V\VWHP RI HTXDWLRQV QRZKDV �·V WR WKH OHIW DQGEHORZ WKH SULQFLSDO GLDJRQDO�

DQG �·V DORQJ WKH GLDJRQDO� 7KDW LV� LW KDV EHHQ UHGXFHG WR XSSHU�WULDQJXODU IRUP� 7KH VROXWLRQ LV

DOPRVW WULYLDO� DV FDQ EH VHHQ E\ DFWXDOO\ ZULWLQJ RXW WKH HTXDWLRQV�

� [� + �⁄� [� + �⁄� [� = �⁄� ������

� [� + � [� − ��⁄� [� = � ������

� [� + � [� + � [� = � ������

7KDW LV� IURP (T� ����� [� �� :H FDQ EDFN�VXEVWLWXWH WKLV LQ ����� WKHQ VROYH IRU [� WR JHW

[� = � + ��⁄� ⋅ � = �

DQG VLPLODUO\� IURP ���� ZH ILQG

[� = �⁄� − �⁄� � + �⁄� � = � �

:H WHVW WR VHH ZKHWKHU WKLV LV WKH FRUUHFW VROXWLRQ E\ GLUHFW WULDO�

�⋅� + �⋅� + �⋅� = �
�⋅� + �⋅� + �⋅� = �
�⋅� + �⋅� + �⋅� = � �

7KLV ZRUNV³ZH KDYH LQGHHG IRXQG WKH VROXWLRQ�

:H FDQ H[SUHVV WKH SLYRWDO HOLPLQDWLRQ DOJRULWKP LQ SVHXGRFRGH DV IROORZV�

set n=0
BEGIN

find pivot element among rows with m>n
SWAP rows m & n
divide row n by pivot element: A(n,m) = A(n,m) / A(n,n)
subtract: A(j,k) = A(j,k) - A(j,n)*A(n,k)
increment n

UNTIL n=N
back-substitute

DONE 

:H OHDYH IRU DQ H[HUFLVH WKH GHWDLOV RI LPSOHPHQWLQJ DQG WHVWLQJ WKLV DOJRULWKP� +RZHYHU LW LV ZRUWK

DQDO\]LQJ LWV UXQQLQJ WLPH� :H FRQFHQWUDWH RQ WKH WHUPV WKDW GRPLQDWH DV 1 → ∞� 7KH SLYRW KDV
WR EH IRXQG RQFH IRU HDFK URZ� WKLV WDNHV 1 − N FRPSDULVRQV IRU WKH N·WK URZ� 7KXV ZH PDNH

≈ 1 ⁄ � FRPSDULVRQV RI � UHDO QXPEHUV� �)RU FRPSOH[ PDWULFHV ZH FRPSDUH WKH VTXDUHG PRGXOL RI �
FRPSOH[ QXPEHUV� UHTXLULQJ WZR PXOWLSOLFDWLRQV DQG DQ DGGLWLRQ IRU HDFK PRGXOXV��

:HPXVW GLYLGH WKH N·WK �SLYRW� URZ E\ WKH SLYRW� DW D SRLQW LQ WKH FDOFXODWLRQ ZKHQ WKH URZ FRQWDLQV

1 − N HOHPHQWV WKDW KDYH QRW EHHQ UHGXFHG WR �� :H GR WKLV IRU N = �� ��… � 1−�� UHTXLULQJ
≈ 1� ⁄ � GLYLVLRQV�

$& ����
����������
���
�



7KH EDFN�VXEVWLWXWLRQ UHTXLUHV � VWHSV IRU [1−� � � PXOWLSOLFDWLRQ DQG � DGGLWLRQ IRU [1−� � � HDFK IRU

[1−� � HWF� 7KDW LV� LW UHTXLUHV

∑
N = 1−�

N = �

(1−�−N) ≈ 1 � ⁄ �

PXOWLSOLFDWLRQV DQG DGGLWLRQV�

7KH UHDOO\ WLPH�FRQVXPLQJ VWHS LV PXOWLSO\LQJ WKH N·WK URZ E\$MN � M > N � DQG VXEWUDFWLQJ LW IURP URZ

M� (DFK VXFK VWHS UHTXLUHV 1 − N PXOWLSOLFDWLRQV DQG VXEWUDFWLRQV� IRU M = N+� WR 1−�� RU
(1 − N) ⋅ (1 − N − �) PXOWLSOLFDWLRQV DQG VXEWUDFWLRQV� 7KLV KDV WR EH UHSHDWHG IRU N = � WR1−��
JLYLQJ DSSUR[LPDWHO\1� ⁄ �PXOWLSOLFDWLRQV DQG VXEWUDFWLRQV� ,Q RWKHU ZRUGV� WKH OHDGLQJ FRQWULEXWLRQ
WR WKH WLPH LV τ 1� ⁄ �� ZKLFK LV D ORW EHWWHU WKDQ τ H1� DV ZLWK &UDPHU·V UXOH�

:KHQ ZH RSWLPL]H IRU VSHHG� RQO\ WKH LQQHUPRVW ORRS³UHTXLULQJ 2
1

� ⁄ � RSHUDWLRQV QHHGV FDUHIXO
WXQLQJ� WKH RSHUDWLRQV WKDW UHTXLUH WLPH WKDW LQFUHDVHV DV 2

1
� ⁄ �³FRPSDULQJ IORDWLQJ SRLQW

QXPEHUV� GLYLGLQJ E\ WKH SLYRW� DQG EDFN�VXEVWLWXWLQJ³QHHG QRW EH RSWLPL]HG EHFDXVH IRU ODUJH 1

WKH\ DUH RYHUVKDGRZHG E\ WKH LQQHUPRVW ORRS�

%HIRUH OHDYLQJ WKH VXEMHFW RI HOLPLQDWLRQPHWKRGVZH VKRXOGQRWH WKDW LW LV SRVVLEOH DOVR WR LQWHUFKDQJH

FROXPQV DV ZHOO DV URZV³EXW WKLV HQWDLOV SHUPXWLQJ WKH ODEHOV RQ WKH [Q ·V� 6R LI HOLPLQDWLRQ ZLWK IXOO

SLYRWLQJ LV GHVLUHG� WKH H[WUD RYHUKHDG RI NHHSLQJ WUDFN RI FROXPQ VZDSV PXVW EH SHUIRUPHG�

' (��
���)�
������
���

:H QRZ FRQVLGHU PHWKRGV EDVHG RQ ZULWLQJ WKH PDWUL[ $ DV D SURGXFW RI WZR PDWULFHV� RQH WKDW LV

ORZHU�WULDQJXODU DQG RQH WKDW LV XSSHU�WULDQJXODU�

$ = / 8 �

,I WKLV FDQ EH GRQH ZLWKRXW WRR PXFK WURXEOH� WKH VROXWLRQ RI WKH OLQHDU HTXDWLRQV EHFRPHV VLPSOH�

OHWWLQJ

\ = 8[

ZH VROYH ILUVW WKH HTXDWLRQV

/\ = U

DQG WKHQ �RQFH \ LV NQRZQ�

8[ = \ �

�����
������
�����
,I WKH PDWUL[ $ LV V\PPHWULF� $PQ ≡ $QP � ZH PD\ ZULWH

$ = 6 6
a

ZKHUH 6 LV ORZHU�WULDQJXODU� DQG 6
a
LV LWV WUDQVSRVH� 7KXV ZH PD\ ZULWH
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�
��������
�������������� $�
����
���� ���������	�
����������
�������������
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DQG ILQG WKH IROORZLQJ HTXDWLRQV IRU WKH HOHPHQWV RI 6�



6��

�
= $��

6M� 6�� = $M� � M = ��… � Q



6��

�
= $�� − 


6��

�

6M� 6�� = $M� − 6M� 6�� � M = ��… � Q



6��

�
= $�� − 


6��

�
− 


6��

�

6M� 6�� = $M� − 6M� 6�� − 6M� 6�� � M = ��… � Q

HWF�

7KH WLPLQJ LV DV IROORZV� WKHUH DUH Q VTXDUH URRWV �WKH\ PLJKW EH LPDJLQDU\ VLQFH IRU D JHQHUDO

UHDO�V\PPHWULF PDWUL[ LW LV SRVVLEOH WR KDYH 

6M M

�
< � � DQG DERXW 1� ⁄ � VXEWUDFWLRQV DQG PXOWLSOL�

FDWLRQV WR EH FDOFXODWHG LQ JHWWLQJ WKH GLDJRQDO HOHPHQWV RI 6� %XW WKH RII�GLDJRQDO HOHPHQWV UHSUHVHQW

WKH WLPH�FRQVXPLQJ SDUW RI WKH DOJRULWKP VLQFH 6NP UHTXLUHV N − �VXEWUDFWLRQVDQGPXOWLSOLFDWLRQV
�DQG � GLYLVLRQ� IRU N UXQQLQJ IURPP + � WR Q� DQG RI FRXUVH� P UXQQLQJ IWRP � WR Q� 7KLV UHVXOWV LQ
DERXW 1� ⁄ � VXEWUDFWLRQV DQG PXOWLSOLFDWLRQV� DV ZLWK SLYRWDO HOLPLQDWLRQ� 7KH GLIIHUHQFH LV WKDW WKH
PDWUL[ KDV EHHQ IDFWRUHG� KHQFH WR VROYH D VHFRQG VHW RI OLQHDU HTXDWLRQV ZLWK WKH VDPH PDWUL[� EXW

D GLIIHUHQW LQKRPRJHQHRXV WHUP� UHTXLUHV PXFK OHVV WLPH� RI RUGHU 1� �

*����+�������
�����
7ULGLDJRQDO PDWULFHV DUH RQHV ZLWK QRQ�]HUR HOHPHQWV DORQJ WKH SULQFLSDO GLDJRQDO DQG DORQJ WKH VXE�

DQG VXSHUGLDJRQDOV� 7KDW LV� WKH\ ORRN OLNH

$ =
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…
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2QH UHDVRQ WKH\ GHVHUYH VSHFLDO DWWHQWLRQ LV WKDW WULDGLDJRQDO PDWULFHV DULVH QDWXUDOO\ LQ PDQ\ RWKHU

DOJRULWKPV³IRU H[DPSOH VROYLQJ SDUWLDO GLIIHUHQWLDO HTXDWLRQV� RU HYDOXDWLQJ WKH FRHIILFLHQWV RI FXELF

VSOLQH DSSUR[LPDWLRQV WR FXUYHV� $ VHFRQG UHDVRQ LV WKDW VXFK PDWULFHV UHTXLUH IDU OHVV VWRUDJH WKDQ

JHQHUDO 1×1 PDWULFHV³�1 UDWKHU WKDQ 1� PHPRU\ ORFDWLRQV� )LQDOO\� WR IDFWRUL]H D WULGLDJRQDO
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PDWUL[ LQWR ORZHU� DQG XSSHU�WULDQJXODU IDFWRUV UHTXLUHV WLPH WKDW JURZV SURSRUWLRQDO WR1 UDWKHU WKDQ

1��

)DFWRUL]LQJ D WULGLDJRQDO PDWUL[ LQWR D SURGXFW /8 LV IDFLOLWDWHG E\ WKH IDFW WKDW WKH GLDJRQDO HOHPHQWV

RI 8 PD\ EH WDNHQ WR EH DOO �·V� WKDW 8 PD\ EH ZULWWHQ DV D ´EL�GLDJRQDOµ PDWUL[
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DQG WKDW / FDQ DOVR EH WDNHQ EL�GLDJRQDO� RI WKH IRUP
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ZKHUH WKH ORZHU VXE�GLDJRQDO FDQ EH WDNHQ WR EH WKH �DOUHDG\�NQRZQ� YHFWRU DN � N = ��… � Q �

7KH UHPDLQLQJ HTXDWLRQV WR EH VROYHG DUH

λ� = E�
XN = FN ⁄ λN �

λN = EN − DN XN−� �

N = ��… � Q−�
N = ��… � Q

7KH ODVW SDLU RI HTXDWLRQV DUH WR EH LWHUDWHG LQ RUGHU� DV LQ WKH )RUWK VXEURXWLQH }factor VKRZQ
EHORZ RQ WKH IROORZLQJ SDJH� 7KH WLPLQJ RI WKLV DOJRULWKP LV REYLRXVO\ 2(1)³WKH WLPH UHTXLUHG LV
SURSRUWLRQDO WR WKH QXPEHU RI HTXDWLRQV WR EH VROYHG³VLQFH WKHUH DUH QR QHVWHG ORRSV DQG HDFK ORRS

LV WUDYHUVHG RQO\ RQFH�
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\ Linear equations with tridiagonal matrices by LU method 
\   reference: Press, et al., "Numerical Recipes" (Cambridge 
               U. Press, 1986)
\ --------------------------------------------------- 
\     (c) Copyright 1999  Julian V. Noble.          \ 
\       Permission is granted by the author to      \ 
\       use this software for any application pro-  \ 
\       vided this copyright notice is preserved.   \ 
\ ---------------------------------------------------
\ This is an ANS Forth program requiring the 
\   FLOAT, FLOAT EXT, FILE and TOOLS EXT wordsets. 
\ \ Environmental dependences: 
\       Assumes independent floating point stack
FALSE [IF] Algorithm:
    Ax = r, A is tridiagonal
    b(k), k=1,...,n are the diagonal elements
    a(k), k=2,...,n are the lower subdiagonal elements
    c(k), k=1,...,n-1 are the upper sudiagonal elements

    Write A = LU where L is lower-triangular and U upper triangular
    If A were a general matrix this would be possible also but the
    decomposition would require O(n^3) steps. For the tridiagonal
    case, however, the decomposition requires only O(n) steps.
    Can assume L and U are bi-diagonal. In the case of L the lower
    subdiagonal is just a(k). In the case of U we can choose the
    diagonal elements to be 1 (unity). Thus we need to determine
    the diagonal elements of L and the upper subdiagonal of U.
    Call them L(k) and U(k) respectively. Then
        L(1) = b(1)
        U(k) = c(k)/L(k), k=1,...,n-1
        L(k) = b(k) - a(k)*U(k-1), k=2,...,n
    Finally let Ux = y and solve first
        Ly = r
    via
        y(1) = r(1)/L(1)
        y(2) = [r(2) - a(2)*y(1)] / L(2) etc.
    then
        x(n) = y(n)
        x(n-1) = y(n-1) - x(n)*U(n-1)  etc.
Usage:
    Say  a{ b{ c{ n }factor  r{ x{ n }backsolve
[THEN]

MARKER -tridiag
BL PARSE undefined DUP PAD C! PAD CHAR+ SWAP CHARS MOVE PAD FIND NIP 0= 
[IF]  : undefined    BL WORD  FIND  NIP  0=  ;   [THEN]

include arrays.f
include ftran111.f

20 VALUE Nmax
Nmax long 1 FLOATS 1array a{    \ input array in vector form 
Nmax long 1 FLOATS 1array b{ 
Nmax long 1 FLOATS 1array c{
0 VALUE aa{     0 VALUE bb{     0 VALUE cc{     0 VALUE NN

$, (��
���)�
������
���
�



Nmax long 1 FLOATS 1array r{    \ inhomogeneous term
Nmax long 1 FLOATS 1array L{    \ diagonal of lower-triangular matrix 
Nmax long 1 FLOATS 1array U{    \ subdiagonal of upper-triangular matrix

Nmax long 1 FLOATS 1array x{    \ solution vector

: }factor    ( a{ b{ c{ n --)
    TO NN   TO cc{  TO bb{  TO aa{
    f" bb{ 0 }"   FDUP  F0=  ABORT" Reduce # of equations by 1"
    L{ 0 }  F!
    f" U{ 0 } = cc{ 0 } / L{ 0 }"
    NN 1-  0  DO    f" U{ I } = cc{ I } / L{ I }"
                    f" L{I_1+} = bb{I_1+} - aa{I_1+} * U{I}"
    LOOP ;

: }backsolve    ( r{ x{ n --)
    TO NN   TO aa{  TO bb{
    f" bb{0} = bb{0} / L{0}"
    NN 1 DO     f" bb{ I } = (bb{ I } - a{I}*bb{I_1-}) / L{I}"
    LOOP
    f" aa{ NN_1- } = bb{ NN_1- }"
    0 NN 2 -  DO    f" aa{I} = bb{I} - U{I}*aa{I_1+}"
    LOOP ;
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We have seen that it is relatively straightforward to express a tridiagonal matrix as a product of
a lower- with an upper-triangular matrix. We now see how this decomposition can be applied to
a general matrix4. Suppose a given matrix A could be rewritten

$ =










D��
D��
…

D��
D��
…

…
…
…










= /8 =











λ��

λ��
…
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WKHQ WKH VROXWLRQ RI

/ 8 [ ≡ / (8 [ ) = U

FDQ EH IRXQG LQ WZR VWHSV� DV LQ WKH WULGLDJRQDO FDVH� ILUVW VROYH

/ \ = U

IRU \ = 8 [ �

λ�� \� = U�
λ�� \� + λ�� \� = U�

λ�� \� + λ�� \� + λ�� \� = U�
… HWF� …

³WKLV FDQ EH VROYHG VXFFHVVLYHO\ E\ IRUZDUG VXEVWLWXWLRQ� 1H[W VROYH IRU [ E\ EDFN�VXEVWLWXWLRQ�

µ
1−�1−� [1−� = \

1−�

µ
1−� 1−� [1−� + µ

1−�1−� [1−� = \
1−�

… HWF� …

,Q VROYLQJ IRU \� WKH Q·WK WHUP UHTXLUHV Q PXOWLSOLFDWLRQV DQG Q DGGLWLRQV� 6LQFH ZH PXVW VXP Q IURP

� WR1−��ZHUHTXLUH1(1−�) ⁄ � ≈ 1
�⁄ �PXOWLSOLFDWLRQV DQGDGGLWLRQV� 6ROYLQJ IRU [ VLPLODUO\ UHTXLUHV

DERXW1
�⁄ � DGGLWLRQV DQGPXOWLSOLFDWLRQV� 7KXV WKHEDFN�VROYLQJ SURFHVV UHTXLUHV DERXW1� RSHUDWLRQV

LQ DOO� KHQFH WKH GRPLQDQW WLPH LQ VROYLQJ WKH HTXDWLRQV LV WKH WLPH WR /8²GHFRPSRVH WKH PDWUL[�

ZKLFK WXUQV RXW WR EH 2
1

� ⁄ � �

7KH HTXDWLRQV WR EH VROYHG DUH

∑
N=�

1−�

λPN µNQ = $PQ �

FRQVWLWXWLQJ1� HTXDWLRQV IRU1� + 1XQNQRZQV� 7KXVZHPD\ DUELWUDULO\ LPSRVH1 H[WUD FRQGLWLRQV�

ZKLFK ZH FKRRVH WR EH

λNN = � � N = ��… �1−� �

$" (��
���)�
������
���
�

�� 6HH� H�J�� :�+� 3UHVV� %�3� )ODQQHU\� 6�$� 7HXNROVN\ DQG :�7� 9HWWHUOLQJ� 1XPHULFDO 5HFLSHV �&DP�
EULGJH 8QLYHUVLW\ 3UHVV� &DPEULGJH� ������ S� ��II�



7KHVH HTXDWLRQV DUH HDV\ WR VROYH LI ZH SURFHHG LQ D VHQVLEOH RUGHU� &OHDUO\�

λPN = � � P > N

µNQ = � � N < Q

VR ZH FDQ GLYLGH XS WKH ZRUN DV IROORZV� IRU HDFK Q� ZULWH

µPQ = $PQ − ∑
N=�

P−�

λPN µNQ � P = �� ��… � Q

λPQ = �

µQQ







$PQ − ∑

N=�

Q−�

λPN µNQ







� P = Q+�� Q+��… � 1−�

,W LV FOHDU E\ LQVSHFWLRQ� WKDW WKH WHUPV RQ WKH ULJKW VLGHV RI WKHVH HTXDWLRQV DUH FRPSXWHG EHIRUH WKH\

DUH QHHGHG�:H FDQ VWRUH WKH FRPSXWHG HOHPHQWV λPNDQG µNQ LQ SODFH RI WKH FRUUHVSRQGLQJ HOHPHQWV
RI WKH RULJLQDO PDWUL[ �RQ WKH GLDJRQDO ZH VWRUH µQQ � VLQFH λNN = � LV NQRZQ��

7R OLPLW URXQGRII HUURU ZH DJDLQ SLYRW� ZKLFK DPRXQWV WR SHUPXWLQJ VR WKH URZ ZLWK WKH ODUJHVW

GLDJRQDO HOHPHQW LV WKH RQH ZH DUH ZRUNLQJ RQ�

, .�+�����	�����/����

Many physical systems can be represented by systems of linear equations. Masses on  springs,
pendula, electrical circuits, structures5, and molecules are examples. Such systems often can
oscillate sinusoidally. I f the amplitude of oscillation remains bounded, such motions are called
stable. Conversely, sometimes the motions of physical systems are unbounded —the amplitude
of any small disturbance will increase exponentially with time. An example is a pencil balanced
on its point. Exponentially growing motions are called—for obvious reasons—unstable. 

&OHDUO\ LW FDQ EH YLWDO WR NQRZ ZKHWKHU D V\VWHP LV VWDEOH RU XQVWDEOH� ,I VWDEOH� ZH ZDQW WR NQRZ LWV

SRVVLEOH IUHTXHQFLHV RI IUHH RVFLOODWLRQ� ZKHUHDV IRU XQVWDEOH V\VWHPV ZH ZDQW WR NQRZ KRZ UDSLGO\

GLVWXUEDQFHV LQFUHDVH LQ PDJQLWXGH� %RWK WKHVH SUREOHPV FDQ EH H[SUHVVHG DV WKH TXHVWLRQ� GR OLQHDU

HTXDWLRQV RI WKH IRUP

$ [ = λ ρ [

KDYH VROXWLRQV" +HUH λ LV JHQHUDOO\ D FRPSOH[ QXPEHU� FDOOHG WKH HLJHQYDOXH �RU FKDUDFWHULVWLF YDOXH�
RI WKH SUHFHGLQJ HTXDWLRQ� DQG ρPQ LV RIWHQ FDOOHG WKH PDVV PDWUL[� )UHTXHQWO\ ρ LV WKH XQLW PDWUL[
δPQ �

δPQ = 



�� P = Q

�� P ≠ Q
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�� EXLOGLQJV� FDUV� DLUSODQHV� EULGJHV…



EXW LQ DQ\ FDVH� ρPQ PXVW EH SRVLWLYH�GHILQLWH �ZH GHILQH WKLV EHORZ�� $ QRQ�WULYLDO VROXWLRQ� �WKDW
LV� ZLWK [ ≠ ��� RI WKH HTXDWLRQ

($ − λ ρ) [ = �

H[LVWV LI DQG RQO\ LI GHW($ − λ ρ) = �� 7KLV IDFW LV XVHIXO LQ VROYLQJ HLJHQYDOXH SUREOHPV� VLQFH

WKH VHFXODU HTXDWLRQ �RU GHWHUPLQDQWDO HTXDWLRQ�

GHW($) = �

LV D SRO\QRPLDO RI GHJUHH 1 LQ λ� KHQFH KDV 1 URRWV �HLWKHU UHDO RU FRPSOH[��� :KHQ ρPQ = δPQ �
WKHVH URRWV DUH FDOOHG WKH HLJHQYDOXHV RI WKH PDWUL[ $�

(LJHQYDOXH SUREOHPV DULVLQJ LQ SK\VLFDO FRQWH[WV XVXDOO\ LQYROYH D UHVWULFWHG FODVV RI PDWULFHV� FDOOHG

UHDO�V\PPHWULF� RU +HUPLWLDQ PDWULFHV�� IRU ZKLFK $PQ
∗ = $QP � �7KH VXSHUVFULSW

� GHQRWHV FRPSOH[

FRQMXJDWLRQ�� $OO WKH HLJHQYDOXHV RI +HUPLWLDQ PDWULFHV DUH UHDO QXPEHUV� +RZ GR ZH NQRZ" :H

VLPSO\ FRQVLGHU WKH HLJHQYDODXH HTXDWLRQ DQG LWV FRPSOH[ FRQMXJDWH�

∑
Q

$PQ [Q = λ∑
Q

ρPQ [Q

∑
Q

[Q
∗ $QP

∗ = λ∗ ∑
Q

[Q
∗ ρQP

∗

7KH VHFRQG RI WKHVH FDQ EH UHZULWWHQ �XVLQJ WKH IDFW WKDW $ DQG ρ DUH +HUPLWLDQ�

∑
P

[P
∗ $PQ = λ∗ ∑

Q

[P
∗ ρPQ

0XOWLSO\LQJ E\ [P
∗ DQG E\ [P � UHVSHFWLYHO\� VXPPLQJ ERWK RYHU P DQG VXEWUDFWLQJ JLYHV

� = 
λ

∗ − λ
 ∑
Q�P

[P
∗ ρPQ [Q �

+RZHYHU� DV QRWHG DERYH� ρ LV SRVLWLYH�GHILQLWH� L�H�

[� ⋅ ρ ⋅ [ ≡ ∑ [P
∗ ρPQ [Q

Q�P

> �

IRU DQ\ QRQ�]HUR YHFWRU� [ � 7KXV� λ∗ = λ� WKDW LV� λ LV UHDO�

$$ .�+�����	�����/����
�

�� 7KLV IROORZV IURP WKH IXQGDPHQWDO WKHRUHP RI DOJHEUD� D SRO\QRPLDO HTXDWLRQ�
S�]� D��D�]�D�]

��…�DQ]
Q �� RI GHJUHH Q �LQ D FRPSOH[ YDULDEOH ]� KDV H[DFWO\ Q URRWV �

�� $IWHU WKH )UHQFK PDWKHPDWLFLDQ &KDUOHV +HUPLWH ������������

�� )RU FODULW\ ZH QRZ RPLW WKH YHFWRU ´→µ DQG G\DG ´↔µ V\PEROV IURP YHFWRUV DQG PDWULFHV�



,Q YLEUDWLRQ SUREOHPV� WKH HLJHQYDOXH O XVXDOO\ VWDQGV IRU WKH VTXDUH RI WKH �DQJXODU� YLEUDWLRQ

IUHTXHQF\� λ = ω�� 7KXV� D SRVLWLYH HLJHQYDOXH λ FRUUHVSRQGV WR D �GRXEOH� UHDO YDOXH� ±ω� RI WKH
DQJXODU IUHTXHQF\� 5HDO IUHTXHQFLHV FRUUHVSRQG WR VLQXVRLGDO YLEUDWLRQ ZLWK WLPH�GHSHQGHQFH

VLQ(ωW) RU FRV(ωW)�

&RQYHUVHO\� D QHJDWLYH λ FRUUHVSRQGV WR DQ LPDJLQDU\ IUHTXHQF\� ± LωDQG KHQFH WR D VROXWLRQ WKDW
JURZV H[SRQHQWLDOO\ LQ WLPH� DV

VLQ(L ωW) = L VLQK(ωW)

FRV(L ωW) = FRVK(ωW) �

7KHUH DUH PDQ\ WHFKQLTXHV IRU ILQGLQJ HLJHQYDOXHV RI PDWULFHV� ,I RQO\ WKH ODUJHVW IHZ DUH QHHGHG�

WKH VLPSOHVW PHWKRG LV LWHUDWLRQ� PDNH DQ LQLWLDO JXHVV [(�) DQG OHW

[ (Q) = $ [(Q−�)


 [

(Q−�)� ρ [(Q−�) 


�⁄� �

DVVXPLQJ WKH ODUJHVW HLJHQYDOXH LV XQLTXH�WKH VHTXHQFH RI YHFWRUV [(Q) � Q = �� ��…� LV JXDUDQWHHG
WR FRQYHUJH WR WKH YHFWRU FRUUHVSRQGLQJ WR WKDW HLJHQYDOXH� XVXDOO\ DIWHU MXVW D IHZ LWHUDWLRQV�

,I DOO WKH HLJHQYDOXHV DUHZDQWHG� WKHQ WKHRQO\ FKRLFH LV WR VROYH WKH VHFXODU HTXDWLRQ IRU DOO1URRWV�

� 0������������	��1�
������!����
��

6WUDVVHQ� KDV SRLQWHG RXW WKDW HYDOXDWLQJ PDWUL[ SURGXFWV E\ SDUWLWLRQLQJ FDQ VXEVWDQWLDOO\ VSHHG WKH

PRVW WLPH�FRQVXPLQJ PDWUL[ RSHUDWLRQV� PXOWLSOLFDWLRQ DQG LQYHUVLRQ� )RU H[DPSOH� LW DSSHDUV DV

WKRXJK WKH SURGXFW RI WZR SDUWLWLRQHG PDWULFHV�

$ % =




$��

$��

$��

$��









%��

%��

%��
%��





=




$�� %�� +$�� %��

$�� %�� + $�� %��

$�� %�� + $�� %��

$�� %�� + $�� %��





=




&��

&��

&��

&��





UHTXLUHV � PDWUL[ PXOWLSOLFDWLRQV DQG � PDWUL[ DGGLWLRQV WR HYDOXDWH� 6WUDVVHQ KDV VKRZQ WKDW LQ IDFW

WKH HYDOXDWLRQ FDQ EH SHUIRUPHG ZLWK � PDWUL[ PXOWLSOLFDWLRQV�

S� = 

$�� + $��



%�� +%��

S� = 

$�� + $��

%��

S� = $�� 

%�� − %��

S� = 

−$�� + $��



%�� + %��
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�� 9� 6WUDVVHQ� 1XPHU� 0DWK� �� ������ ���� 6HH DOVR 9� 3DQ� 6,$0 5HYLHZ �� ������ ����



S� = 

$�� + $��

%��

S� = $�� 

−%�� + %��

S� = 

$�� −$��



%�� +%��

DQG �� PDWUL[ DGGLWLRQV�

&�� = S� − S� + S� + S�

&�� = S� + S�

&�� = S� + S�

&�� = S� − S� + S� + S� �

7KHVH HTXDWLRQV ORRN� DW ILUVW EOXVK� KDOI DV HIILFLHQW DV � PXOWLSOLFDWLRQV DQG � DGGLWLRQV� %XW OHW XV

H[DPLQH WKH WLPH WR PXOWLSO\ WZR SDUWLWLRQHG PDWULFHV� ILUVW E\ WKH VWUDLJKWIRUZDUG PHWKRG DQG WKHQ

E\ 6WUDVVHQ·V� FOHDUO\�

0Q = �0Q ⁄ � + � $Q ⁄ �

ZKHUH0Q LV WKH PXOWLSOLFDWLRQ WLPH DQG $Q WKH DGGLWLRQ WLPH� IRU VTXDUH PDWULFHV RI RUGHU Q�

6HWWLQJ Q = �N ZH UHZULWH WKH DERYH UHFXUVLRQ UHODWLRQ DV

PN =
GI

0�
N = � PN + � D �N−� = � PN−� + �N D

ZKHUH D LV WKH HOHPHQWDU\ DGGLWLRQ WLPH �WLPH WR DGG WZR QXPEHUV�� 1RZ ZH GHILQH

σN =
GI

PN × �−N

DQG VHH WKDW

σN = � σN−� + D �

ZKLFK LV D OLQHDU GLIIHUHQFH HTXDWLRQ ZKRVH VROXWLRQ ZLOO EH RI WKH IRUP��

σN = µ λN + β �

LW LV WKHQ HDV\ WR VHH WKDW λ = � DQG β = −D � WKXV� UHFDOOLQJ WKDW �N = Q ZH ILQG

0Q ≈ µ Q� − D Q�

ZKHUH ZH FDQ LGHQWLI\ µ ZLWK WKH WLPH WR PXOWLSO\ WZR QXPEHUV�

%& 0������������	��1�
������!����
��
�

��� E\ DQDORJ\ ZLWK OLQHDU GLIHUHQWLDO HTXDWLRQV ZLWK FRQVWDQW FRHIILFLHQWV



$SSO\LQJ WKH VDPH LGHD WR 6WUDVVHQ·V PHWKRG ZH REWDLQ WKH UHFXUUHQFH UHODWLRQ

0AQ = �0AQ ⁄ � + �� D (Q ⁄ �)�

RU� DIWHU VROYLQJ LQ WKH VDPH PDQQHU�

0AQ ≈ µ QOJ � − � D Q� �

ZKHUH

OJ � =
GI

ORJ� � = �����…

7KDW LV� SDUWLWLRQLQJ DOORZV D SRWHQWLDOO\ ODUJH UHGXFWLRQ LQ WKH WLPH WR PXOWLSO\ GHQVH PDWULFHV�

��
�������������
By writing a partitioned matrix in the form
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$�� $��
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$��
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ZKHUH

= = $�� − $�� $��
−� $��

ZH PD\ H[SUHVV WKH LQYHUVH RI $ DV

$−� ≡







$��
−�

�

−$��
−� $�� =

−�

=−�















,

−$�� $��
−�

�

,








ZKLFK OHDGV WR WKH UHFXUVLRQ IRU ,Q � WKH WLPH WR LQYHUW DQ Q×Q PDWUL[�

,Q ≈ � ,Q ⁄ � + �0Q ⁄ �

ZKRVH VROXWLRQ� E\ WKH PHWKRG ZH XVHG HDUOLHU� LV

,Q = µ Q OJ � + 2(Q)

L�H�� WKH WLPH QHHGHG WR LQYHUW LV DV\PSWRWLFDOO\ WKH VDPH DV WKDW QHHGHG WR PXOWLSO\�

Suppose we merely wish to solve a linear system without inverting the matrix: can we gain some
speed that way? By partitioning we see that the problem

$[ = U

FDQ EH ZULWWHQ
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VR WKDW
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,

$�� $��
−�

�

,












\�

\�





=




U�

U�




�

+HQFH

\� = U�

\� = U� − $�� $��
−� U�

DQG

= [� = \�

[� = $��
−� 


U� − $�� [�

�

7KXV WKH VROXWLRQ WLPH VDWLVILHV WKH UHFXUUHQFH UHODWLRQ

6Q = 6Q ⁄ � + � µ Q OJ � + � µ
�
Q�

ZKRVH VROXWLRQ LV GRPLQDWHG E\

6Q = �

�
µ QOJ � �

5HFXUVLYH VROXWLRQ RI OLQHDU HTXDWLRQV WKHUHIRUH KDV WKH VDPH DV\PSWRWLF UXQQLQJ WLPH DV PDWUL[
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\ Linear equation solver using Gaussian elimination with row pivoting

\ This is an ANS Forth program requiring the
\   FLOAT, FLOAT EXT, FILE and TOOLS EXT wordsets.
\
\ Environmental dependences:
\       Assumes independent floating point stack

MARKER -solve

\ conditional compilation

BL PARSE undefined DUP PAD C! PAD CHAR+ SWAP CHARS MOVE PAD FIND NIP 0=
[IF]  : undefined    BL WORD  FIND  NIP  0=  ;   [THEN]

undefined f."       [IF]  INCLUDE ftran111.f        [THEN]
undefined frame|    [IF]  INCLUDE flocals.f         [THEN]
undefined }         [IF]  INCLUDE arrays.f          [THEN]
undefined zdup      [IF]  : zdup  FOVER  FOVER ;    [THEN]
undefined 1/f       [IF]  : 1/f   1.e0  FSWAP  F/ ; [THEN]

\ data structures

0 VALUE Nmax \ size of matrix
FVARIABLE  Det                          \ determinant
1.0e-20 FCONSTANT  tiny                 \ condition criterion
1000 long  1 CELLS  1array Iperm{       \ array of permuted row labels

\ locate next pivot row
: }}get_pivot  ( A{{  col# -- Ipiv) ( f: --)
    0                                   \ dummy argument
    LOCALS| Iperm  Col  mat{{ |         \ local names
    Iperm{ Col } @  TO Iperm
    f" ABS( mat{{ Iperm_Col }} ) "      ( f: -- |a[col,col]| )
    Col                                 \ 1st pivot value on stack
    Nmax   Col 1+  ?DO                  \ begin loop
        Iperm{ I } @  TO  Iperm         
        f" ABS( mat{{ Iperm_Col }} ) "  ( f: -- |a| |a’| )
        zdup                            ( f: -- |a| |a’| |a| |a’|)
        F<                              \ new.elt > old.elt ?
        IF   FSWAP  DROP  I    THEN
        FDROP
    LOOP                              \ end loop
    FDROP    ;

\ multiply a row by a constant
: }}row*x   ( M{{ row --)  ( f: x -- x)
    0                                   \ dummy argument
    LOCALS| Iperm row#  mat{{ |
    Iperm{ row# }  @  TO Iperm
    Nmax row# ?DO
        FDUP                        ( f: -- x x)
        mat{{ Iperm I }} DUP  F@    ( -- adr[elt])  ( f: -- x x elt)
        F*
        F!
    LOOP  ; \ Usage:    A{{ 2 }}row*x
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\ subtract a row times a constant from another row
\ this is the innermost loop -- CODE for speed!
: }}r1-r2*x   ( M{{ r1 r2 -- )  ( f: x -- x)  \ initialize assumed
    0 0
    LOCALS| I1 I2 r2  r1  mat{{ |           \ local names
    frame| aa |                             \ local fvariable
    Iperm{ r1 } @  TO  I1
    Iperm{ r2 } @  TO  I2
    Nmax  r2  ?DO                           \ begin loop
        f" mat{{ I1_I }} = mat{{ I1_I }} - mat{{ I2_I }} * aa"
    LOOP                                    \ end loop
    aa F@
    |frame
;

\ v[i] = v[i] - v[j] * x
: }v1-v2*x  ( V{ r1 r2 --  f: x -- )
    LOCALS| r2 r1 v{ |
    FRAME| aa |
    f" v{ Iperm{_r1_}_@ }=v{ Iperm{_r1_}_@ }-v{ Iperm{_r2_}_@ } * aa"
    |FRAME
;

\ permute row labels
: mem_swap  ( adr1 adr2 --)
    LOCALS| a2 a1 |
    a1 @  a2 @   a1 !  a2 !    ;

: }swap  ( I{ m n -- )      \ exchange 2 elts in an integer array
    LOCALS|  N M I{ |
    I{ M }   I{ N }     mem_swap   ;

: initialize    ( A{{  V{ -- A{{  V{ )
    DUP 2@  DROP  TO Nmax               \ Nmax = # of equations
    Nmax 0 DO  I  Iperm{ I } !   LOOP   \ init loop-label array
    f" Det = 1"                         \ init determinant
;

: update_Det    ( -- )  ( f: x -- x )
    FRAME| aa |
    f" - Det * aa"        ( f: -- D’ = -x * D)
    FDUP  FABS  tiny  F<
        ABORT" Ill-conditioned matrix"
    Det  F!   aa F@
    |FRAME  ;
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: triangularize ( A{{  V{ -- A{{  V{ )  \ assume INITIALIZEd
    0 0                                 \ dummy arguments
    LOCALS| row Ipiv vec{  mat{{ |      \ local names
    Nmax  0  DO                 \ outer loop - by rows
        mat{{ I }}get_pivot         \ find pivot in col I
        TO  Ipiv                    \ pivot index
        Iperm{ I Ipiv }swap         \ exchange rows
        Iperm{ I } @  TO  row       \ get current row#
        f" mat{{ row_I }}"          \ pivot elt -> fstack
        update_Det                  ( f: x -- x )
        1/f
        mat{{ I }}row*x             \ row[i] = row[i] / pivot
        vec{ row }  DUP  F@  F*  F! \ V[i] = V[i] / pivot
        Nmax   I 1+  ?DO            \ middle loop - by rows
            Iperm{ I } @ TO row
            f" mat{{ row_J }}"        \ multiplier -> fstack
            mat{{ I J }}r1-r2*x       \ row[i] = row[i]-row[j]*x
            vec{  I J  }v1-v2*x       \ same for V{ and drop x
        LOOP                        \ end middle loop
    LOOP                        \ end outer loop
    mat{{  vec{  ;              \ push these addresses

: back_solve ( A{{  V{ -- V{ )  \ assume INITIALIZEd
    0  0e0                      \ dummy arguments
    LOCALS| Jperm vec{ mat{{ |
    FRAME| aa |                 \ aa = sum
    0  Nmax  2 -  DO            \ begin outer loop
        f" aa = 0"              ( f: sum=0)
        Iperm{ I } @  TO Jperm      \ permuted row index
        Nmax I 1+  DO               \ begin inner loop
            f" aa = aa - mat{{ Jperm_I }} * vec{ Iperm{_I_}_@ }"
        LOOP                        \ end inner loop
           f" vec{ Jperm } = vec{ Jperm } + aa"
    -1  +LOOP
    |FRAME
    vec{
;

\ solve Ax = V ; solution vector in V{ , matrix A{{ overwritten
: report    ( V{ --)
    LOCALS| vec{ |
    Nmax 0 DO   CR  ." x(" I . ." )= "
                f" vec{ Iperm{_I_}_@ } "  F.
    LOOP  ;

: }}solve     ( A{{  V{ --)
    initialize  triangularize  back_solve  report ;
\ Usage:  a{{ v{ }}solve
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      SUBROUTINE LUDCMP(A,N,NP,INDX,D)
      PARAMETER (NMAX=100,TINY=1.0E-20)
      DIMENSION A(NP,NP),INDX(N),VV(NMAX)
      D=1.
      DO 12 I=1,N
        AAMAX=0.
        DO 11 J=1,N
          IF (ABS(A(I,J)).GT.AAMAX) THEN
              AAMAX=ABS(A(I,J))
          ENDIF
 11     CONTINUE
        IF (AAMAX.EQ.0.) PAUSE ’Singular ma-
trix.’
        VV(I)=1./AAMAX
 12   CONTINUE
      DO 19 J=1,N
        IF (J.GT.1) THEN
          DO 14 I=1,J-1
            SUM=A(I,J)
            IF (I.GT.1)THEN
              DO 13 K=1,I-1
                SUM=SUM-A(I,K)*A(K,J)
 13           CONTINUE
              A(I,J)=SUM
            ENDIF
 14       CONTINUE
        ENDIF
        AAMAX=0.
        DO 16 I=J,N
          SUM=A(I,J)
          IF (J.GT.1)THEN
            DO 15 K=1,J-1
              SUM=SUM-A(I,K)*A(K,J)
 15          CONTINUE
            A(I,J)=SUM
          ENDIF
          DUM=VV(I)*ABS(SUM)
          IF (DUM.GE.AAMAX) THEN
            IMAX=I
            AAMAX=DUM
          ENDIF
 16     CONTINUE

        IF (J.NE.IMAX)THEN
          DO 17 K=1,N
            DUM=A(IMAX,K)
            A(IMAX,K)=A(J,K)
            A(J,K)=DUM
 17       CONTINUE
          D=-D
          VV(IMAX)=VV(J)
        ENDIF
        INDX(J)=IMAX
        IF(J.NE.N)THEN
          IF(A(J,J).EQ.0.)A(J,J)=TINY
          DUM=1./A(J,J)
          DO 18 I=J+1,N
            A(I,J)=A(I,J)*DUM
 18       CONTINUE
        ENDIF
 19   CONTINUE
      IF(A(N,N).EQ.0.)A(N,N)=TINY
      RETURN
      END 
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      SUBROUTINE LUBKSB(A,N,NP,INDX,B)
      DIMENSION A(NP,NP),INDX(N),B(N)
      II=0
      DO 12 I=1,N
        LL=INDX(I)
        SUM=B(LL)
        B(LL)=B(I)
        IF (II.NE.0)THEN
          DO 11 J=II,I-1
            SUM=SUM-A(I,J)*B(J)
 11       CONTINUE
        ELSE IF (SUM.NE.0.) THEN
          II=I
        ENDIF
        B(I)=SUM
 12   CONTINUE
      DO 14 I=N,1,-1
        SUM=B(I)
        IF(I.LT.N)THEN
          DO 13 J=I+1,N
            SUM=SUM-A(I,J)*B(J)
 13       CONTINUE
        ENDIF
        B(I)=SUM/A(I,I)
 14   CONTINUE
      RETURN
      END 
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