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7KH JHQHUDO FODVV RI FRPSXWDWLRQDO PHWKRGV EDVHG RQ YDULRXV IRUPV RI UDQGRP VDPSOLQJ ZHUH FDOOHG

0RQWH &DUOR PHWKRGV� LQ KRQRU RI WKH IDPRXV SULQFLSDOLW\ ZKRVH UDLVRQ G·rWUH LV JDPEOLQJ
�
� 7KH

PHWKRG LV FDOOHG ´GHWHUPLQLVWLFµ LI WKH FRPSXWDWLRQ EHLQJ SHUIRUPHG LV QRW LQKHUHQWO\ UDQGRP�

QXPHULFDO TXDGUDWXUH VFKHPHV� EDVHG RQ HYDOXDWLQJ D IXQFWLRQ DW UDQGRP DEVFLVVDV� RU VROXWLRQ RI

WKH /DSODFH HTXDWLRQZLWK FRPSOLFDWHG ERXQGDU\ FRQGLWLRQV� DUH GHWHUPLQLVWLF SUREOHPV� &RQYHUVHO\�

LI WKH SUREOHP KDV LQKHUHQW UDQGRP HOHPHQWV³IRU H[DPSOH� GHWHUPLQLQJ WKH GLVWULEXWLRQ RI SDUWLFOHV

WKDW VWULNH D VFUHHQ DIWHU HPHUJLQJ IURP D PDJQHWLF VSHFWURPHWHU� RU HVWLPDWLQJ WKH YDULDQFH RI WKH

YDOXH RI D VWRFN SRUWIROLR LQ WKH IDFH RI PDUNHW IOXFWXDWLRQV³ZH FDOO LW ´SUREDELOLVWLFµ�

:H KDYH DOUHDG\ GLVFXVVHG QXPHULFDO TXDGUDWXUH E\ 0RQWH &DUOR PHWKRGV� DV ZHOO DV IXQFWLRQ

PLQLPL]DWLRQ E\ VLPXODWHG DQQHDOLQJ� %RWK RI WKHVH DUH GHWHUPLQLVWLF SUREOHPV� ,Q WKLV FKDSWHU ZH

VKDOO IRFXV RQ SUREOHPV IRU ZKLFK WKH ODERU RI VLPXODWLQJ WKH XQGHUO\LQJ SK\VLFV LV QR JUHDWHU³DQG

LQ VRPH LQVWDQFHV� PXFK OHVV³WKDQ WKDW QHHGHG IRU DQ DQDO\WLF VROXWLRQ� 2XU H[DPSOHV ZLOO EH IDLUO\

VLPSOH³VWXGHQWV ZKR ZLVK WR GHOYH IXUWKHU LQWR WKLV VXEMHFW DUH GLUHFWHG WR WKH FODVVLF ZRUN E\

+DPPHUVOH\ DQG +DQGVFRPE
�
�
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7KH EHVW FRQWHPSRUDU\ GLVFXVVLRQ RI PHWKRGV IRU JHQHUDWLQJ SVHXR�UDQGRP QXPEHUV RQ D GLJLWDO

FRPSXWHU LV .QXWK
�
� 7KH OLYHOLQHVV RI WKH VXEMHFW LV LQGLFDWHG E\ YROXPLQRXV UHFHQW FRUUHVSRQGHQFH

LQ FRPSXWLQJ MRXUQDOV
�
�

:H EHJLQ ZLWK D EULHI GLVFXVVLRQ RI UDQGRP QXPEHUV� $ UDQGRP VHTXHQFH LV D VHW RI LQWHJHUV 


DN




LQ

WKH UDQJH >0�1@ WKDW H[KLELW QR FRUUHODWLRQ IURP RQH WR WKH QH[W³LQ WKH VHQVH WKDW JLYHQ WKDW DN

KDV D FHUWDLQ YDOXH� WKH QH[W QXPEHU LQ WKH VHTXHQFH� DN+� LV PRUH OLNHO\ WR KDYH RQH YDOXH WKDQ

DQRWKHU �RYHU WKH UDQJH RI SRVVLEOH YDOXHV�� 7KH DEVHQFH RI VHULDO FRUUHODWLRQ FDQ EH JHQHUDOL]HG WR

DQ DEVHQFH RI PXOWLSOH VHULDO FRUUHODWLRQ� WKDW LV� LQVWHDG RI WHVWLQJ DN+� ZH WHVW DN+U ZKHUH U > �� 6XFK

UDQGRP VHTXHQFHV PLJKW EH JHQHUDWHG E\ SHUIHFWO\ IDLU URXOHWWH ZKHHOV� IRU H[DPSOH�

2I FRXUVH� WKH WHFKQLTXHV IRU JHQHUDWLQJ ´UDQGRPµ QXPEHUV RQ D GLJLWDO FRPSXWHU DUH DFWXDOO\

GHWHUPLQLVWLF LQ QDWXUH� 7KXV JLYHQ WKH VDPH LQLWLDO YDOXH D� � D IXQFWLRQ IRU JHQHUDWLQJ ´UDQGRPµ

QXPEHUV ZLOO SURGXFH H[DFWO\ WKH VDPH VHTXHQFH RI QXPEHUV
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�� :KHQ 9RQ 1HXPDQQ DQG 0HWURSROLV LQYHQWHG WKH PHWKRG� /DV 9HJDV� 1HYDGD KDG QRW \HW EHFRPH
WKH JDPEOLQJ 0HFFD LW LV WRGD\�

�� -�0� +DPPHUVOH\ DQG '�&� +DQGVFRPE�0RQWH &DUOR 0HWKRGV �0HWKXHQ 	 &R�� /WG�� /RQGRQ� ������

�� 'RQDOG .QXWK� 6HPLQXPHULFDO $OJRULWKPV� 7KH $UW RI &RPSXWHU 3URJUDPPLQJ� Y� � �$GGLVRQ�:HVOH\
3XEOLVKLQJ &R�� UHDGLQJ� 0$� ������

�� 6HH� H�J� WKH OHWWHU E\ *� 0DUVDJOLD� &RPPXQ� $&0 ��� � �-XO\ ����� �������� DQG YDULRXV UHVSRQVHV�



DQ+� = 5(DQ)

HYHU\ WLPH VXFK D VHTXHQFH LV JHQHUDWHG� 0RUHRYHU� E\ WKHLU YHU\ QDWXUH� HYHQ WKH OHDVW FRUUHODWHG

UDQGRP QXPEHU JHQHUDWLQJ IXQFWLRQV ZLOO H[KLELW VRPH GHJUHH RI VHULDO FRUUHODWLRQ� 7KLV LV ZK\ VXFK

IXQFWLRQV DUH FDOOHG SVHXGR�UDQGRP QXPEHU JHQHUDWRUV �prng·V� LQ WKH OLWHUDWXUH RI FRPSXWDWLRQ�

$QRWKHU SRLQW WR EH DZDUH RI LV WKDW RQ FRPSXWHUVZKRVHZRUG�VL]H LV ��ELWV�PDQ\prng·V LQ FRPPRQ

XVH SURGXFH LQWHJHUV LQ WKH UDQJH >�� ��� − �@ ≡ >������������@VR WKDW DIWHU DERXW �×��� FDOOV WR
WKH IXQFWLRQ WKH VHTXHQFH ZLOO UHSHDW LWVHOI� 7KLV PD\ DIIHFW WKH VLPXODWLRQ DGYHUVHO\

�
�

7KH VWDQGDUG DOJRULWKP IRU JHQHUDWLQJ SUQ·V LV WKH OLQHDU FRQJUXHQWLDO PHWKRG ILUVW SURSRVHG E\ /HKPHU
�
�

7KLV LV EDVHG RQ

[N+� = (D [N + F) PRG0 �

:LWK SURSHU FKRLFHV RI D� F DQG0 WKLV FDQ EH D YHU\ JRRG JHQHUDWRU� 3RRU FKRLFHV ZLOO OHDG WR VKRUW

F\FOHV DQG ORWV RI FRUUHODWLRQ� 2QH JRRG FKRLFH LV D = ������ F = � DQG0 = ��� − �� 7KHUH DUH RWKHU

FKRLFHV WKDW DUH DV JRRG RU EHWWHU� EXW VRPHZKDW KDUGHU WR LPSOHPHQW�

+HUH LV D SURJUDP LQ )RUWK WKDW LPSOHPHQWV WKLV DOJRULWKP DQG SURGXFHV D XQLIRUPO\ GLVWULEXWHG

IORDWLQJ SRLQW QXPEHU LQ WKH UDQJH (�� �) �

\ Pseudo random number generator in ANS Forth
\
\       Leaves a pseudo random number in the range (0,1)
\           on fp stack.
\
\ ---------------------------------------------------
\     (c) Copyright 1998  Julian V. Noble.          \
\       Permission is granted by the author to      \
\       use this software for any application pro-  \
\       vided this copyright notice is preserved.   \
\ ---------------------------------------------------
\
\   Based on GGUBS algorithm:  s’ = 16807*s mod (2^31-1)
\   P. Bratley, B.L. Fox and L.E. Schrage, A guide to simulation
\   (Springer, Berlin, 1983).
\
\   To simplify transport to 16-bit machines the 32-bit
\   modular division is performed by synthetic division:
\
\   Let  b = d * m1 + m2 (= 2^31 - 1)
\
\   so that ( [n] means "largest integer <= n" )
\

�  �
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�

�� )RU H[DPSOH� D V\VWHP�VXSSOLHG prng , RQFH XVHG KDG D F\FOH OHQJWK RI RQO\ ����� ������ ZKLFK OHG
WR YHU\ XQUHOLDEOH UHVXOWV�

�� '�+� /HKPHU� $QQ� &RPS� /DE� +DUYDUG 8QLY� �� ������ �������� 0� *UHHQEHUJHU� -RXUQDO RI WKH $&0
� ������ ��������



\       s’ = (s*m1) MOD b = s*m1 - [s*m1/b]*b
\                         = m1 * (s - [s/d]*d) - m2 * [s/d]
\
\   Environmental dependence:
\
\       1. assumes at least 32-bit DOUBLEs
\       2. needs FLOATING and DOUBLE wordsets
\       3. assumes separate floating point stack
\

\ MARKER -rand

2VARIABLE     seed

21474.83647   D>F   FCONSTANT  bigdiv             \ 2^31-1
1277.73       D>F   FCONSTANT  divis
16807.        D>F   FCONSTANT  m1
2836.         D>F   FCONSTANT  m2

: (rand)    ( adr --)   ( f: -- seed’)
         DUP  2@  D>F  divis FOVER FOVER        ( f: s d s d)
         F/  F>D  2DUP   D>F        ( [s/d])    ( f: s d [s/d])
         F*   F-                    ( f: s-d*[s/d])
         m1   F*                    ( f: m1*[s mod d])
         D>F  m2  F*  F-  FDUP  F>D  ( adr d)  ROT 2! ;

: prng      ( f: -- random#)
    seed  (rand)  bigdiv            ( f: -- seed 2**31-1)
    FSWAP  FDUP  F0<        ( -- f) ( f: -- 2**31-1 seed)
    IF   FOVER  F+   THEN   FSWAP  F/  ;

: test  0.1  seed 2!  1000 0 DO  prng  FDROP  LOOP  seed 2@ D. ;
\ TEST 522329230  ok

7KH UHDGHU VKRXOG FRQYLQFH KLPVHOI RI WKH LGHQWLWLHV

V’ = (V ⋅ P�) PRG E ≡ P� ⋅ (V PRG G) − P� ⋅ 



V

G





≡ P� ⋅ 


V − 




V

G




⋅ G


− P� ⋅ 



V

G




�

ZKHUH WKH VTXDUH EUDFNHWV PHDQ ´ODUJHVW LQWHJHU OHVV WKDQµ� L�H� URXQG IUDFWLRQV GRZQ�
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+DYLQJ FRQVWUXFWHG D prng ZH DUH QRZ LQ D SRVLWLRQ WR DSSO\ LW WR VRPH VLPXODWLRQV� &RQVLGHU D

EDVHEDOO SOD\HU ZKR SOD\V 1 JDPHV SHU VHDVRQ� $VVXPH KLV EDWWLQJ DYHUDJH LV ����� �LW FRXOG EH

DQ\WKLQJ�� ,I KLV FKDQFH RI JHWWLQJ D KLW� ZKHQHYHU KH LV DW EDW� LV LQGHSHQGHQW RI DQ\ RWKHU WLPH DW

EDW� FKDQFH ZLOO OHDG WR VWULQJV RI KLWV RU VWULNHRXWV³WKDW LV� WR VWUHDNV RU VOXPSV� :H QLJKW OLNH WR

NQRZ ZKDW LV WKH LQFLGHQFH RI EDWWLQJ VOXPSV³GHILQHG DV �� RU PRUH WLPHV DW EDW ZLWKRXW D KLW³IRU

VXFK D EDWWHU� 7KLV LV D UDWKHU

GLIILFXOW SUREOHP WR DQDO\]H

XVLQJ SUREDELOLW\ WKHRU\� EXW LW

LV SHUIHFWO\ VWUDLJKWIRUZDUG WR

VLPXODWH�

%DVLFDOO\� HDFK WLPH DW EDW LV

UHSUHVHQWHG E\ JHQHUDWLQJ D

UDQGRP QXPEHU ξ� ,I ξ LV EH�

WZHHQ ��� DQG ���� D KLW LV

UHFRUGHG� ,I ξ LV JUHDWHU WKDQ

���� WKH WULDO LV UHFRUGHG DV D

VWULNHRXW� 1H[W ZH QHHG WR

FKHFN WKH VWULNHRXW FRXQWHU WR

VHH LI LW KDV H[FHHGHG ��

VWULNHRXWV ZLWKRXW DQ LQWHU�

YHQLQJ KLW� ,I VR WKH HYHQW LV

UHFRUGHG DV D VOXPS� 7KH UH�

VXOWV IURP WKLV VLPXODWLRQ DUH

VKRZQ WR WKH OHIW� 7KH SUR�

JUDP WKDW JHQHUDWHG WKHP LV

JLYHQ EHORZ�

\ Simulation of batting slumps
\
\ ---------------------------------------------------
\     (c) Copyright 1999  Julian V. Noble.          \
\       Permission is granted by the author to      \
\       use this software for any application pro-  \
\       vided this copyright notice is preserved.   \
\ ---------------------------------------------------
\
\ This is an ANS Forth program requiring the
\   FLOAT, FLOAT EXT, FILE and TOOLS EXT wordsets.
\
\ Environmental dependencies:
\       Assumes independent floating point stack

� ! "�����#��	������
�



MARKER -slump

INCLUDE prng.f      \ load the random number generator

\ --------------------------------------------- data structures
0.3 FCONSTANT  p0   \ batting average
250 VALUE N         \ # times @ bat/season

0 VALUE slump_len   \ place to hold the current 

10 VALUE max_len    \ a slump is at least max_len strikeouts

0 VALUE #slumps

: initialize   ( 0.1  seed 2!)
                0 TO slump_len
                0 TO #slumps   ;

: got_a_hit?      ( -- f)
    prng  ( f: -- xi)   p0  F<=   ; \ its a hit if xi <= p0

: is_slump?   ( -- f)
    max_len  slump_len  <  ;

: end_slump!   is_slump?        \ was there a slump going?
           IF   #slumps  1+  TO #slumps   THEN
           0 TO slump_len  ;

: measure   ( -- )
    N 0  DO     got_a_hit?
                IF     end_slump!
                ELSE   slump_len  1+  TO  slump_len  THEN
    LOOP  ;

: stats     ( ncases --)
    initialize  DUP
    0 DO    measure   LOOP
    CR           . ."  trials of "        \ print results
        N        . ."  at-bats, giving "
        #slumps  . ."  slumps."
    ;

$� %��������	�
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,W RIWHQ KDSSHQV WKDW ZH ZLVK WR VLPXODWH D SURFHVV IRU ZKLFK WKH UDQGRP HYHQWV DUH QRW UHSUHVHQWLEOH

E\ XQLIRUPO\ GLVWULEXWHG UHDO QXPEHUV LQ WKH LQWHUYDO (�� �)� )RU H[DPSOH ZH PLJKW ZLVK WR UHSUHVHQW

QRUPDOO\ GLVWULEXWHG UDQGRP YDULDEOHV ZLWK PHDQ [
_
DQG VWDQGDUG GHYLDWLRQ σ� 7KHUH DUH VHYHUDO

ZHOO�NQRZQ DOJRULWKPV IRU WKLV� 7KH %R[�0XOOHU DOJRULWKP XVHV WKH IDFW WKDW

∫ G[ ∫ G\ H−([� + \
�) ⁄ � = ∫ Gθ ∫ G 

 H
−ρ� ⁄ �


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+HQFH LI ZH FKRRVH θ XQLIRUPO\ GLVWULEXWHG RQ >�� �π@ DQG η = H−ρ� ⁄ � XQLIRUPO\ GLVWULEXWHG RQ

(�� �) ZH ILQG

D = √ −� OQ η FRVθ

DQG

E = √ −� OQ η VLQθ

WR EH QRUPDOO\ GLVWULEXWHG UDQGRP YDULDEOHV�

7KH SUREOHP ZLWK WKH DOJRULWKP LQ WKLV IRUP LV WKDW LW UHTXLUHV WKDW ZH HYDOXDWH WKUHH WUDQVFHQGHQWDO

IXQFWLRQV �ln�sin DQGcos� DQG D VTXDUH URRW�+RZHYHU� ZH QRWH WKDWZKHQ [ DQG \ DUH LQGHSHQGHQW
UDQGRP YDULDEOHV� XQLIRUPO\ GLVWULEXWHG RQ WKH LQWHUYDO (−�� �)� WKH UDQGRP YDULDEOH

X = 
 [

� + \� θ(� − [� + \�)

LV D UDQGRP YDULDEOH WKDW LV XQLIRUPO\ GLVWULEXWHG RQ (�� �) � 7KLV DOORZV XV WR LPSOHPHQW WKH IROORZLQJ
SURFHGXUH�

• SLFN WZR UDQGRP QXPEHUV XVLQJ WKH XQLIRUP prng�

• WUDQVIRUP WKHP WR WKH LQWHUYDO (−�� �) �

• FRPSXWH X DV DERYH� UHMHFWLQJ LW DQG VWDUWLQJ RYHU LI LW H[FHHGV XQLW\�

• FRPSXWH WKH WZR UDQGRP YDULDEOHV D DQG E JLYHQ DERYH� XVLQJ WKH IDFW WKDW

D = [ √ (−� OQ X) ⁄ X DQG E = \ √ (−� OQ X) ⁄ X

are independent normally distributed random numbers (on the interval (−∞, ∞) ) with mean 0
and standard deviation σ  =  1 .

1RWH WKDW LI ZH FRPSXWH ERWK QXPEHUV ZKHQ WKH VXEURXWLQH LV FDOOHG� ZH FDQ VDYH RQH RI WKHP VR

WKDW ZH QHHG RQO\ HYDOXDWH D ORJDULWKP DQG D VTXDUH URRW HYHU\ RWKHU WLPH�

$ VWDQGDUG )2575$1 IXQFWLRQ IRU WKH %R[�0XOOHU WUDQVIRUPDWLRQ LV
�

$ )RUWK YHUVLRQ DSSHDUV EHORZ� WR LOOXVWUDWH WKH GLIIHUHQFH LQ VW\OH EHWZHHQ WKH WZR ODQJXDJHV�

      FUNCTION GASDEV(IDUM)
      DATA ISET/0/
      IF (ISET.EQ.0) THEN
1       V1=2.*RAN1(IDUM)-1.
        V2=2.*RAN1(IDUM)-1.
        R=V1**2+V2**2
        IF(R.GE.1.)GO TO 1
        FAC=SQRT(-2.*LOG(R)/R)
        GSET=V1*FAC
        GASDEV=V2*FAC

        ISET=1
      ELSE
        GASDEV=GSET
        ISET=0
      ENDIF
      RETURN
      END

� ' %��������	�
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�� 3UHVV� HW DO�� 1XPHULFDO 5HFLSHV �&DPEULGJH 8QLYHUVLW\ 3UHVV� 1HZ <RUN� ������



2XWSXW IURP WKLV SURJUDP LV VKRZQ EHORZ LQ KLVWRJUDP IRUP³WKH QRUPDO GLVWULEXWLRQ FRUUHVSRQGLQJ

WR WKH QXPEHU RI VDPSOHV LV DOVR VKRZQ�

\ Box-Muller algorithm for normal deviates
\ with mean 0 and sigma = 1.

\ This is an ANS Forth program requiring the
\   CORE EXT, FLOAT, FLOAT EXT, FILE and TOOLS EXT wordsets.
\
\ Environmental dependencies:
\       Assumes independent floating point stack

\ ---------------------- conditional compilation of non-Standard words
: undefined    BL WORD  FIND  NIP  0=  ;
undefined F2*       [IF]  : F2*    2.e0  F*  ;          [THEN]
undefined f^2       [IF]  : f^2   FDUP  F*   ;          [THEN]
undefined prng      [IF]  include  prng.f               [THEN]

\ -------------------- data structures
FVARIABLE   xi
0 VALUE  use_last

: get_x   prng  f2*  1e0  f-   ( f: -- x)  ;

: u_test    ( -- f) ( f: x y -- x y u)    \ true if u > 1
    FOVER  F^2  FOVER  F^2  F+  FDUP  1e0  F>  ;

: box_mul   ( f: -- a)
    use_last  IF   xi F@    FALSE  TO use_last   EXIT   THEN
        BEGIN   get_x  get_x   u_test
        WHILE   FDROP  FDROP  FDROP     \ if u > 1 start over
        REPEAT
    FDUP   FLN  FSWAP  F/   F2*         ( f: x y  -2*ln u / u )
    FABS   FSQRT                        ( f: x y sqrt[-2*ln u /u])
    FDUP   FROT  F*  xi  F!   F*   ;    ( f: -- a)
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1H[W OHW XV FRQVLGHU KRZ ZH ZRXOG VDPSOH IURP DQ DUELWUDU\ SUREDELOLW\ GLVWULEXWLRQ� :H QRWH WKDW LI

WKH FXPXODWLYH GLVWULEXWLRQV IRU WZR VHWV RI UDQGRP YDULDEOHV DUH

3([) = ∫ G[’ S([’)
−∞

[

4(ξ) = ∫ Gξ’ T(ξ’)
−∞

ξ

DQG ZH VHW

3([) = 4(ξ)

WKHQ RXU SUREOHP LV WR ILQG WKH IXQFWLRQ [(ξ)� ,I ZH VXSSRVH WKLV LV D NQRZQ IXQFWLRQ DQG GLIIHUHQWLDWH
ERWK VLGHV ZLWK UHVSHFW WR ξ ZH ILQG

S([) G[

Gξ
= T(ξ) �

,Q JHQHUDO� VLQFH LW LV HDV\ WR JHQHUDWH XQLIRUPO\ GLVWULEXWHG UDQGRP YDULDEOHV ZH VHW

T(ξ) = θ(ξ) θ(� − ξ)
DQG LQYHUW WKH UHODWLRQ

∫ G[’ S([’)
−∞

[(ξ)
= ξ �

)RU VRPH GLVWULEXWLRQV WKLV LV GLIILFXOW RU LPSRVVLEOH

WR DFFRPSOLVK LQ FORVHG IRUP� KHQFH FKRRVLQJ UDQ�

GRP YDULDWHV UHTXLUHV VROYLQJ D WUDQVFHQGHQWDO

HTXDWLRQ� 7KH ILJXUH WR WKH ULJKW LV D KLVWRJUDP RI

����� YDULDWHV FKRVHQ LQ WKLV ZD\ IURP WKH GLVWULEX�

WLRQ S([) = [H−[�

$OWHUQDWLYHO\� RQH PD\ VDPSOH IURP WKH GLVWULEX�

WLRQ S([) XVLQJ WKH UHMHFWLRQ PHWKRG RI 9RQ 1HX�

PDQQ� FKRRVH D UDQGRP YDULDEOH η IURP D XQLIRUP

prng DQG DOVR �XQLIRUPO\� FKRRVH D YDOXH RI [ LQ

WKH GRPDLQ RI S([) E\ VFDOLQJ IURP (�� �) � 7KHQ LI

η ⋅ PD[ S ≤ S([)

ZH NHHS WKH SRLQW� RWKHUZLVH ZH UHMHFW LW� $ KLVWR�

JUDP RI ����� VXFK YDULDWHV LV VKRZQ WR WKH ULJKW�

� � %��������	�
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7KRPDV <RXQJ LV NQRZQ IRU PDQ\ FRQWULEXWLRQV WR SK\VLFV EXW SULQFLSDOO\ IRU KDYLQJ GHPRQVWUDWHG

WKH LQWHUIHUHQFH RI OLJKW LQ ����� +H DOORZHG FRKHUHQW OLJKW WR IDOO XSRQ SDUDOOHO VOLWV LQ DQ RSDTXH

VKHHW� SURGXFLQJ LQWHUIHUHQFH IULQJHV RQ D VFUHHQ� $V LV ZHOO NQRZQ� WKH WZR�VOLW LQWHUIHUHQFH SDWWHUQ

LV DSSUR[LPDWHG E\ WKH LQWHQVLW\ GLVWULEXWLRQ

,([) ∝ � FRV
�



Dπ[
/ λ





ZKHUH D LV WKH VHSDUDWLRQ EHWZHHQ WKH VOLWV� / WKH GLVWDQFH WR WKH YLHZLQJ VFUHHQ� DQG [ WKH GLVWDQFH

DORQJ WKH VFUHHQ PHDVXUHG IURP WKH FHQWUDO PD[LPXP�

<RXQJ·V UHVXOW VWRRG IRU PRUH WKDQ D FHQWXU\ DV SURRI WKDW OLJKW FRQVLVWHG RI ZDYHV� LQ ����� KRZHYHU�

$OEHUW (LQVWHLQ LQWURGXFHG WKH LGHD WKDW OLJKW FRQVLVWHG RI HQHUJ\ TXDQWD� 6LU -�-� 7KRPVRQ LPPHGL�

DWHO\ UHFRJQL]HG WKDW WKLV ZRXOG LPSO\ WKH VWDWLVWLFDO QDWXUH RI WKH SUHFHGLQJ LQWHQVLW\ GLVWULEXWLRQ
�
�

7KDW LV� RQH ZRXOG H[SHFW WKH GLIIUDFWLRQ SDWWHUQ WR EXLOG XS IURP LQGLYLGXDO SKRWRQV VWULNLQJ WKH

VFUHHQ� WKH PLQLPD EHLQJ SODFHV ZKHUH SKRWRQV KDG ]HUR SUREDELOLW\ RI DUULYLQJ� 2QH RI 7KRPVRQ·V

DVVLVWDQWV� *�,� 7D\ORU� WKHQFH DWWHPSWHG WR SKRWRJUDSK GLIIUDFWLRQ SDWWHUQV LQ H[FHHGLQJO\ GLP OLJKW�

KRSLQJ WR VHH LQGLYLGXDO SKRWRQV
�
� 7KLV SURYHG LPSRVVLEOH� KRZHYHU� ZLWK WKH DYDLODEOH WHFKQRORJ\

VR WKH �QHJDWLYH� RXWFRPH OHG RQO\ WR DQ XSSHU ERXQG RQ 3ODQFN·V FRQVWDQW �ZKLFK ZDV� RI FRXUVH�

PXFK JUHDWHU WKDQ WKH YDOXH SUHGLFWHG HLWKHU E\ (LQVWHLQ·V SKRWRHOHFWULF IRUPXOD RU E\ WKH EODFNERG\

UDGLDWLRQ VSHFWUXP��

7R VLPXODWH WKH EXLOGXS RI WKH GLIIUDFWLRQ SDWWHUQ RQ WKH VFUHHQ� ZH FKRRVH SRLQWV ZKRVH GLVWULEXWLRQ

IXQFWLRQ LV

S([) = FRV�[

∫ GX FRV�X
−;

;

RQ WKH UHFWDQJOH

[ ∈ (− ;� ;)

\ ∈ (− <� <) �

$ )RUWK SURJUDP WKDW GRHV WKLV E\ LQYHUWLQJ WKH GLVWULEXWLRQ �XVLQJ WKH HTXDWLRQ VROYHU IURP &KDSWHU

�� LV VKRZQ RQ WKH QH[W SDJH� WRJHWKHU ZLWK D VFUHHQ VKRW RI WKH RXWSXW�
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\ Simulation of Young 2-slit experiment with 
\   individual photons 
\ 
\ ***************************************************
\     (c) Copyright 1998  Julian V. Noble.          * 
\       Permission is granted by the author to      * 
\       use this software for any application pro-  * 
\       vided this copyright notice is preserved.   * 
\ ***************************************************
\
\ This is an ANS Forth program requiring the 
\   FLOAT, FLOAT EXT, FILE and TOOLS EXT wordsets. 
\ 
\ Environmental dependencies: 
\       Assumes independent floating point stack 
\       Assumes non-Standard graphics words from Win32Forth

MARKER -2slit
include prng.f 
include ansfalsi.f
    0.1 seed 2!

    10e FCONSTANT x1
     5e FCONSTANT y1

   300e FCONSTANT y_lim
   500e FCONSTANT x_lim

    x1 F2*  FSIN  F2/  x1 F+  FCONSTANT  c

    FVARIABLE zeta

\ non-Standard Win32Forth graphics words
    WinDC theDC

: set_plot  ( — )
    CONDC PutHandle: theDC          \ initialize DC to the console
    0 0 800 600 BLUE  FillArea: theDC
    WHITE           BrushColor: theDC   ;

: offset    ( x y n — x+n y+n)
     TUCK  +  R  +  R  ;

: scale   ( f: x y — )  ( — x’ y’)
    y1  F/  1e  F-  F2/   y_lim  F*   FNEGATE   F>S
    x1  F/  1e  F+  F2/   x_lim  F*             F>S  SWAP  ;

: fplot    ( f: x y —)     \ plot a point
    scale  50 offset  2     FillCircle: theDC ;

\ continued on next page
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\ Simulation
: new_zeta   prng  F2*  1e0  F-   c  F*  zeta  F!  ;

: new_y      prng  F2*  1e0  F-   y1 F*  ;

: f1    ( f: x - -  f1 = x+sin[2x]/2 - zeta )
        FDUP   F2*  FSIN  F2/  F+   zeta  F@  F-  ;

: new_x     ( f: - - x)      \ invert cos^2 distribution
            new_zeta            use( f1 x1 fnegate x1 1.0e-4 )falsi   ;

: 2slits    ( Npoints —)
        0.1 seed 2!                 \ initialize prng
        500 500 gotoxy              \ move cursor away
        set_plot                    \ make background
        0 DO
            new_x  new_y  fplot     \ plot a point
        LOOP
        BEGIN  KEY?  UNTIL          \ loop until key pressed
        KEY DROP    CLS  ;          \ clean up

Graphical  output from 2slit.f -- 200 photons
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,Q RXU H[DPSOH DERYH� WKH ERWWOHQHFN ZDV VROYLQJ WKH WUDQVFHQGHQWDO HTXDWLRQ IRU WKH UDQGRP

YDULDEOHV GLVWULEXWHG DFFRUGLQJ WR WKH FRV�[ ODZ� ,W LV HDV\ WR VHH WKDW LI WKH LQWHJUDO UHSUHVHQWLQJ WKH

FXPXODWLYH GLVWULEXWLRQ FDQQRW EH H[SUHVVHG LQ FORVHG IRUP� LQ WHUPV RI ZHOO�NQRZQ IXQFWLRQV� WKH

WLPH WR FRPSXWH HDFK SRLQW ZLOO EHFRPH XQDFFHSWDEO\ ODUJH� 8QGHU VXFK FRQGLWLRQV HYHQ WKH 9RQ

1HXPDQQ UHMHFWLRQ DOJRULWKP PD\ EH WRR VORZ�
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7KHUH H[LVWV D UHPHG\ IRU WKLV SUREOHP� EDVHG RQ WKH REVHUYDWLRQ WKDW IRU PDQ\ VLPXODWLRQV D

KLVWRJUDP UHSUHVHQWDWLRQ RI WKH QRQ�XQLIRUP GLVWULEXWLRQ LV SHUIHFWO\ DGHTXDWH� 'HSHQGLQJ RQ WKH

DYDLODEOH VWRUDJH� WKH KLVWRJUDP PD\ EH PDGH VXIILFLHQWO\ ILQH�JUDLQHG WKDW QR ORVV RI ´SK\VLFDO

VLJQLILFDQFHµ ZLOO EH LQFXUUHG� 7R FRQVWUXFW VXFK D UHSUHVHQWDWLRQ LW LV HQRXJK WR FUHDWH D WDEOH RI 1

YDULDWHV E\ VROYLQJ WKH HTXDWLRQ

∫ G[ S([)
−∞

;
N

= N

1
� N = ��… � 1−�

1RZ� LQ ZKDW VHQVH GRHV VXFK D WDEOH UHSUHVHQW

WKH GHVLUHG UDQGRP SURFHVV" ,I ZH VDPSOH LW XVLQJ

D SVHXGR�UDQGRP QXPEHU JHQHUDWRU WR JHQHUDWH

UDQGRP LQWHJHUV LQ WKH UDQJH >�� 1−�@� WKH UHVXOW�
LQJ YDULDWHV ZLOO JHQHUDWH D KLVWRJUDP WKDW DS�

SUR[LPDWHV WKH RULJLQDO GLVWULEXWLRQ� $Q H[DPSOH

RI WKLV LV VKRZQ WR WKH ULJKW� IRU WKH GLVWULEXWLRQ

S([) = [ H−[� XVLQJ D WDEOH RI RQO\ �� HOHPHQWV� ,I

RQH HPSOR\V D XQLIRUP UDQGRP QXPEHU JHQHUDWRU

ZLWK F\FOH OHQJWK .� WKH WDEOH ZLOO EH WUDYHUVHG LQ

DSSUR[LPDWHO\ 1 ⁄. GLIIHUHQW RUGHUV� EHIRUH UH�

SHDWLQJ� 7KLV VKRXOG EH DGHTXDWH IRU PRVW XVHV�

7KH DGYDQWDJH RI WKH UDQGRP ORRN�XS WDEOH LV LWV

VSHHG�$OO WKH FRPSXWDWLRQ LV SHUIRUPHGZKHQ WKH

WDEOH LV JHQHUDWHG� 7KXV WKH UXQ�WLPH VSHHG LV VLPSO\ WKH WLPH WR JHQHUDWH D UDQGRP LQWHJHU DQG IHWFK

WKH DSSURSULDWH YDULDWH IURP WKH WDEOH� ,Q ODQJXDJHV OLNH )2575$1 RU & ZH PXVW FUHDWH HDFK VXFK

WDEOH DQG LQYRNH LW ´E\ KDQGµ�

2QH DGYDQWDJH RI )RUWK DQG RWKHU H[WHQVLEOH ODQJXDJHV
��
VXFK DV /LVS RU 6FKHPH� LQ WKLV FRQWH[W� LV

WKDW WKH\ SHUPLW XV WR GHILQH D JHQHULF FRQVWUXFWRU³D VXEURXWLQH WKDW FUHDWHV SDFNDJHG VXEURXWLQHV³

RI UDQGRP ORRNXS WDEOHV� 7KXV D ODUJH VLPXODWLRQ WKDW QHHGV VHYHUDO VXFK WDEOHV� HDFK ZLWK LWV RZQ

GLVWULEXWLRQ IXQFWLRQ DQG UDQGRP QXPEHU JHQHUDWRU� FDQ EH PXFK EULHIHU WR SURJUDP� ,Q WKH )RUWK

SURJUDP RQ WKH QH[W SDJHV� WKH VXEURXWLQH )DIST: LV WKH JHQHULF FRQVWUXFWRU�
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\ Forth tools for random lookup tables
\
\ ---------------------------------------------------
\     (c) Copyright 1998  Julian V. Noble.          \
\       Permission is granted by the author to      \
\       use this software for any application pro-  \
\       vided this copyright notice is preserved.   \
\ ---------------------------------------------------
\
\ This is an ANS Forth program requiring the
\   FLOAT, FLOAT EXT, FILE and TOOLS EXT wordsets.
\
\ Environmental dependencies:
\       Assumes independent floating point stack

FALSE [IF]

 Algorithm:
    Random lookup tables are described in
    Noble, "Scientific Forth", pp.

    If we need to sample a given random distribution, but have
    only a prng producing numbers y[k] evenly distributed on [0,1],
    we must solve the (generally transcendental) equation

        P(x<X[k]) = y[k]

    where P(x<X) is the cumulative distribution. In some cases this is
    not known in closed form and must be obtained by numerical quad-
    rature. Thus the inversion process can become a serious bottleneck
    in a large simulation, where many samples are required.

    The defining word DIST: creates a table with N entries

        x[k] = P^{-1} ( k/N ), k=0, 1, ... , N-1

    The lookup code defined by DOES> employs a prng with a long
    cycle to traverse the table in random order. This is equivalent
    to approximating the distribution function p(x) by a set of step
    functions (i.e. a histogram) of uneven width.

    IMPORTANT NOTE:
        Make sure the version of prng.f that you load is the version of
        November 24th, 1998 - 21:21. Earlier versions WILL NOT WORK!

[THEN]

MARKER -dist

: undefined    BL WORD  FIND  NIP  0=  ;

undefined s>f   [IF] : s>f   S>D  D>F  ;    [THEN]
undefined f>s   [IF] : f>s   F>D  D>S  ;    [THEN]
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\ Conditionally define vectoring: for using function names as arguments
undefined  use( [IF]
: use(      ’       \ state-smart ’ for syntactic sugar
    STATE @  IF  POSTPONE LITERAL  THEN  ;  IMMEDIATE
’ NOOP  CONSTANT  ’noop
: v:   CREATE  ’noop  ,  DOES> PERFORM  ;   \ create dummy def’n
: ’dfa   ’ >BODY  ;                         ( -- data field address)
: defines    ’dfa   STATE @
             IF   POSTPONE  LITERAL    POSTPONE  !
             ELSE   !   THEN  ;  IMMEDIATE
\ end vectoring
[THEN]

include prng.f
include ansfalsi.f

\ program begins here

: SF,   \ "comma in" an IEEE 32-bit number
    HERE  SF!  1 SFLOATS  ALLOT  ;

: random_seed   ( -- d)
    TIME&DATE                   ( sec min hour day month year)
    2DROP 2DROP  60 *  +  S>D  ;

: random_ndx    ( adr -- index)
    DUP  CELL+                      ( -- adr adr+cell)
    (rand) bigdiv                   ( f: -- seed 2**31-1)
    FSWAP  FDUP  F0<        ( -- f) ( f: -- 2**31-1 seed)
    IF   FOVER  F+   THEN
    FSWAP  F/               ( adr)  ( f: prng)
    @  s>f  F*  f>s  ;      ( index)

: )DIST:    ( xt n --)              \ dist_name converts xi to X(xi)
    CREATE                          \ make entry under dist_name
        TUCK  ,                     \ save size
        random_seed  , ,            \ initialize seed
        SWAP  DUP  s>f              ( -- xt n)  ( f: -- n)
        0e  SF,                     \ first entry is 0.0e
        1 DO                        \ table will have n entries
            I s>f   FOVER   F/      ( xt)  ( f: -- n I/n)
            DUP  EXECUTE            ( xt)  ( f: -- n X[I/n])
            SF,                     \ store in table
        LOOP   DROP  FDROP          ( --)  ( f: --)
    DOES>   DUP  random_ndx  ( dup >R )
            SFLOATS  +  3 CELLS +   SF@   ( R> .  f.)  ;

\ Say:   use( inverse_dist_name  Table_size )DIST:  dist_name
\ auxiliary words with distribution
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\ Example: inverse Poisson distribution

FVARIABLE xi

\ Want to solve P(X) = 1 - (1+X)*e^(-X) = xi ;  let u = e^(-X) or X = -ln(u)
: f1   ( f: u -- 1-[1-ln[u]]*u - xi )
    1e0  FOVER  FLN  F-  F*  FNEGATE  1e0  F+   xi F@  F-   ;

: invP      ( f: xi -- X[xi])   xi F!
    use( f1  1e-10  1e0  1e-6 )falsi    ( f: -- e^{-X})
    FLN  FNEGATE  ;
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:HQRZFRQVLGHUZKDW KDSSHQVZKHQ FRHIILFLHQWV RU GULYLQJ IRUFHV RI D V\VWHPRI GLIIHUHQWLDO HTXDWLRQV

DUH UDQGRP RU VWRFKDVWLF� $Q H[DPSOH LV WKH GDPSHG KDUPRQLF RVFLOODWRU ERPEDUGHG E\ PROHFXOHV DW

QRQ�]HUR WHPSHUDWXUH�

P [
..

+ γ[
.

+ Pω� [ = 4(W) �

:LWK UDQGRP GULYLQJ IRUFHV WKH EHKDYLRU RI D V\VWHP EHFRPHV XQSUHGLFWDEOH� 7KHUH LV QR SRLQW LQ

RXU FRQVLGHULQJ WKH WHPSRUDO EHKDYLRU RI D SDUWLFXODU VHW RI REVHUYDWLRQV� VLQFH LI ZH UHSHDW WKH

H[SHULPHQW QH[W ZHHN ZH ZLOO JHW DQ HQWLUHO\ GLIIHUHQW VHW RI REVHUYDWLRQV� 5DQGRP SURFHVVHV OLPLW

WKH XVHIXO LQIRUPDWLRQ ZH FDQ GHULYH IURP D V\VWHP WR WKH GLVWULEXWLRQ IXQFWLRQ RI WKH VROXWLRQV� RU

WR HQVHPEOH DYHUDJHV RI LQWHUHVWLQJ TXDQWLWLHV�

)LUVW OHW XV FRQVLGHU ZKDW LV DQ HQVHPEOH DYHUDJH� :H LPDJLQH WKDW D JLYHQ H[SHULPHQW LV UXQ PDQ\

GLIIHUHQW WLPHV� DOZD\V ZLWK WKH VDPH LQLWLDO FRQGLWLRQV� DQG WKDW DYHUDJHV RI FRRUGLQDWHV [(W) RU
YHORFLWLHV [

.
(W)³RU RI SRZHUV WKHUHRI³FDQ EH FRPSXWHG LQ WKH XVXDO IDVKLRQ�

,I [N(W) LV WKH YDOXH RI SRVLWLRQ PHDVXUHG LQ WKH N·WK H[SHULPHQW� DW WLPH W DIWHU WKH H[SHULPHQW EHJDQ�
WKHQ

〈[(W)〉 =
GI

�

1 ∑
N=�

1

[N(W) �

9DU  [(W) =
GI

〈  [(W) − 〈[(W)〉 
�〉 = �

1 ∑
N=�

1


 [N(W) − 〈[(W)〉 


�

�

HWF� $VVXPLQJ WKHUH LV QR VWHDG\ FRPSRQHQW RI WKH IRUFH 4(W)� ZH PD\ VD\

〈4(W)〉 ≡ � �

6LQFH IRU DQ\ GULYLQJ IRUFH ZH PD\ H[SUHVV WKH VROXWLRQ DV

[(W) = �

P ∫ GV.(W − V) 4(V)
�

W

+ [�(W) �
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ZKHUH

.(τ) =
GI

�

Ω
H−γ τ ⁄�P VLQ(Ω τ)

DQG

Ω� =
GI

ω� − γ�

�P�
�

WKH HQVHPEOH DYHUDJH 〈[(W)〉 LV MXVW WKH KRPRJHQHRXV VROXWLRQ� [�(W) �

7R GHWHUPLQH WKH PHDQ�VTXDUH SRVLWLRQ� KRZHYHU� ZH QHHG WR NQRZ VRPHWKLQJ PRUH DERXW WKH

UDQGRP IRUFH WKDQ LWV �HQVHPEOH� PHDQ RI ]HUR� )URP WKH

DERYH GHILQLWLRQV ZH VHH WKDW WKH YDULDQFH�

9DU  [(W)

 ≡ 〈 

 [(W) − 〈[(W)〉 
� 〉 �

PD\ EH ZULWWHQ DV D GRXEOH LQWHJUDO

9DU [[(W)] = ∫
�

W

GX ∫
�

W

GV .(W − X) .(W − V) 〈4(X) 4(V)〉 �

7KH IXQFWLRQ

J(X − V) = 〈4(X) 4(V)〉
LV FDOOHG WKH WLPH DXWRFRUUHODWLRQ IXQFWLRQ RI WKH UDQGRP

SURFHVV 4(W)� :H KDYH ZULWWHQ LW DV D IXQFWLRQ RI WKH

GLIIHUHQFH EHWZHHQ WKH WZR WLPHV� X DQG V EHFDXVH LW LV

PDQLIHVWO\ WLPH�WUDQVODWLRQ LQYDULDQW�

7KH ILJXUH WR WKH ULJKW GLVSOD\V WKH DXWRFRUUHODWLRQ IXQFWLRQ RI D SVHXGRUDQGRP QXPEHU JHQHUDWRU�

:H QRWLFH J(X − V) LV VWURQJO\ SHDNHG DW �� DQG IDOOV RII UDSLGO\ WKHUHDIWHU� 6LQFH WKH QDWXUDO WLPH VFDOHV�
�⁄Ω DQG P�γ � IRU D QRLVH²GULYHQ GDPSHG KDUPRQLF RVFLOODWRU� DUH OLNHO\ WR EH ORQJ FRPSDUHG WR WKH

WLPH LQ ZKLFK WKH DXWRFRUUHODWLRQ IXQFWLRQ GURSV WR ]HUR� LW LV QRW XQUHDVRQDEOH WR DSSUR[LPDWH WKH

ODWWHU E\ D δ²IXQFWLRQ�

J(τ) ≈ σ�δ(τ) �

7KH YDULDQFH RI SRVLWLRQ LV

9DU  [(W)

 = σ�

P� ∫ GV
�

W


.(V)

�

ZKHUH ZH KDYH XVHG WKH REYLRXV LGHQWLW\

∫
�

W

GV I(W−V) ≡ ∫
�

W

GV I(V) �

6LPLODUO\� WKH YHORFLW\ LV JLYHQ E\ WKH WLPH GHULYDWLYH RI [(W)�

[
.
(W) = �

P ∫
�

W

GVΛ(W − V)4(V) + [
.
�(W) − γ

�P
[(W) �
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ZKHUH

Λ(τ) =
GI

H−γ τ ⁄�P FRV(Ω τ) �

7KHUHIRUH WKH PHDQ YHORFLW\ LV

〈[.(W)〉 = [
.
�(W) − γ

�P
[�(W) �

DQG WKH FRUUHVSRQGLQJ YDULDQFH LV

9DU  [
.
(W) = σ� ∫

�

W

GV 
Λ(V)

�

+ γ�σ�

�P� ∫
�

W

GV 
.(V)

�

+ γσ�

�P ∫
�

W

GV .(V)Λ(V) �

:H DUH LQWHUHVWHG LQ WKH EHKDYLRU RI WKH SDUWLFOH RQFH LW KDV UHDFKHG HTXLOLEULXP DQG IRUJRWWHQ LWV

LQLWLDO FRQGLWLRQV� )RU ODUJH WLPHV�

∫
�

W

GV 
.(V)

�

→ P

�γω�

∫ GV
�

W


Λ(V)

�

→ Ω�

�γω�

DQG

∫
�

W

GV .(V)Λ(V) → γ
�Pω�

�

&RPELQLQJ WKHVH ZH ILQG WKDW DIWHU D ORQJ WLPH WKH PHDQ HQHUJ\�

〈+〉 = P

�

 〈[

.
(W)�〉 + ω� 〈[(W)�〉  �

KDV WKH OLPLW

〈+〉 → P�σ�

�γ
�

7KDW LV� LQ HTXLOLEULXP� DQ XQGHU�GDPSHG KDUPRQLF RVFLOODWRU VXEMHFW WR D UDQGRP GULYLQJ IRUFH KDV

PHDQ HQHUJ\ LQGHSHQGHQW RI WKH RVFLOODWRU IUHTXHQF\
��
�

1RZ� VXSSRVH WKH UDQGRP IRUFH UHSUHVHQWV FROOLVLRQV RI PROHFXOHV LQ D OLTXLG RU JDV ZLWK WKH RVFLOODWRU�

�2I FRXUVH� LQ WKDW FDVH WKH GDPSLQJ FRQVWDQW DOVR DULVHV IURP PROHFXODU FROOLVLRQV� L�H� YLVFRVLW\��

)ROORZLQJ (LQVWHLQ� ZH FDQ UHODWH WKH FRQVWDQWVσ�
DQG γWR WKH WHPSHUDWXUH RI WKH EDWK�$ IUHH SDUWLFOH

LQ VXFK D EDWK ZLOO� E\ WKH HTXLSDUWLWLRQ WKHRUHP� KDYH DYHUDJH NLQHWLF HQHUJ\
�

�
N%7 SHU GHJUHH RI
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��� 2EYLRXVO\ DQ\ �GDPSHG� VROXWLRQ RI WKH KRPRJHQHRXV HTXDWLRQ FRQWULEXWH WR WKH HQHUJ\ D WHUP SURSRU�
WLRQDO WR H−γW�P WKDW YDQLVKHV IRU ODUJH WLPHV�



IUHHGRP� ,W LV HDV\ WR VHH �IRU H[DPSOH� WDNH WKH OLPLW RI WKH RYHU�GDPSHG VROXWLRQ RI WKH KDUPRQLF

RVFLOODWRU� WKDW LQ WKH OLPLW ω� → �� WKH DYHUDJH NLQHWLF HQHUJ\ RI D �GDPSHG� IUHH SDUWLFOH LV

�

�
P〈[.(W)�〉 = Pσ�

�γ
≡ �

�
N%7 �

,Q %URZQLDQ PRWLRQ³WKH GLIIXVLRQ RI VPDOO REMHFWV VXVSHQGHG LQ D OLTXLG DW �DEVROXWH� WHPSHUDWXUH

7³WKHUH DUH QR UHVWRULQJ IRUFHV� KDUPRQLF RU RWKHUZLVH� ,I RQH UHSUHVHQWV WKH GHQVLW\ RI REMHFWV DV

ρ([�W) WKHQ� DV (LQVWHLQ VKRZHG� ρ REH\V WKH GLIIXVLRQ HTXDWLRQ

∂
∂W

ρ([�W) = '
∂�

∂[�
ρ([�W) �

ZKHUH ' LV WKH GLIIXVLRQ FRQVWDQW� 6LQFH ρ UHSUHVHQWV WKH SUREDELOLW\ IRU ILQGLQJ D SDUWLFOH EHWZHHQ [

DQG [�G[ DW WLPH W� WKH PHDQ SRVLWLRQ RI WKH SDUWLFOHV LV
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LW LV WKHQ HDV\ WR VHH �LQWHJUDWH E\ SDUWV� WKDW

〈[(W)〉 = FRQVWDQW �

6LPLODUO\� WKH YDULDQFH RI WKH SRVLWLRQ LV
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&RPSDULQJ WKLV ZLWK WKH YDULDQFH �LQ SRVLWLRQ� RI D IUHH SDUWLFOH LQ D OLTXLG RU JDV �WKH OLPLW

ω� → � RI WKH GDPSHG KDUPRQLF RVFLOODWRU ZLWK D UDQGRP GULYLQJ IRUFH��

9DU  [(W) =
�N%7

Pγ
W �

ZH REWDLQ (LQVWHLQ·V H[SUHVVLRQ
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IRU VSKHULFDO SDUWLFOHV RI UDGLXV D� LQ D OLTXLG RI YLVFRVLW\ η� REH\LQJ 6WRNHV· /DZ�

γ= �πηD �

7KDW LV� PHDVXUHPHQW RI WKH GLIIXVLRQ FRQVWDQW RI D VXVSHQVLRQ RI VSKHUHV DOORZV GLUHFW PHDVXUHPHQW

RI WKH %ROW]PDQQ FRQVWDQW³RU HTXLYDOHQWO\� RI $YRJDGUR·V QXPEHU� 3HUULQ ZRQ WKH ����1REHO 3UL]H

LQ 3K\VLFV IRU WKLV DQG UHODWHG PHDVXUHPHQWV�

5HWXUQLQJ WR WKH RQH�GLPHQVLRQDO� GDPSHG KDUPRQLF RVFLOODWRU LQ D WKHUPDO EDWK� ZH VHH LWV DYHUDJH

HQHUJ\ LV N%7 � 7KLV ZDV D NH\ UHVXOW XVHG LQ GHULYLQJ WKH 3ODQFN EODFN ERG\ UDGLDWLRQ IRUPXOD EHIRUH

WKH PRGHUQ IRUPXODWLRQ RI TXDQWXP PHFKDQLFV�
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