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,Q WKLV FKDSWHU ZH H[SODLQ ZKDW D FRPSXWHU LV� KRZ LW RSHUDWHV� DQG KRZ LW FDQ EH SURJUDPPHG WR FDUU\

RXW VHTXHQFHV RI LQVWUXFWLRQV�

	� ������������������

$ FRPSXWHU LV DQ\ GHYLFH IRU PDQLSXODWLQJ QXPEHUV� ([DPSOHV WKDW FRPH WR PLQG DUH WKH DEDFXV�

WKH FKHFNHUHG FRXQWLQJ WDEOH �IURPZKLFK WKH WHUP ´H[FKHTXHUµ LV GHULYHG�� WKH VOLGH UXOH�PHFKDQLFDO

WDEXODWRUV DQG FDOFXODWRUV� DQG PRUH UHFHQWO\� DQDORJ DQG GLJLWDO HOHFWURQLF FRPSXWHUV�

���������������
2QH ZD\ WR GHILQH D GLJLWDO FRPSXWHU LV E\ FRQWUDVW ZLWK D

SUHGHFHVVRU� WKH DQDORJ FRPSXWHU� $Q HOHFWURQLF DQDORJ FRP�

SXWHU UHSUHVHQWV QXPEHUV DV YROWDJHV� 7KHQ LW DGGV WZR QXPEHUV

E\ SODFLQJ WKH FRUUHVSRQGLQJ YROWDJHV LQ VHULHV DQG PHDVXULQJ

WKH VXP� DV LQ WKH ILJXUH WR WKH ULJKW� $Q DQDORJ FRPSXWHU FDQ

UHSUHVHQW GLIIHUHQWLDO HTXDWLRQV RI WKH IRUP
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XVLQJ HOHFWURQLF FLUFXLWV OLNH WKDW VKRZQ WR WKH ULJKW
�
� WKDW

LQWHJUDWH WLPH�YDU\LQJ VLJQDOV� DQG ZULWLQJ
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�$V D SUDFWLFDO HQJLQHHULQJ PDWWHU� HOHFWURQLF FLUFXLWV

WKDW LQWHJUDWH WKHLU LQSXW DUH PRUH VWDEOH DQG OHVV QRLV\

WKDQ RQHV ZKLFK GLIIHUHQWLDWH LW
�
��

,Q WKH GD\V ZKHQ DQ HOHFWURQLF GLJLWDO FRPSXWHU ZDV D

ODUJH� VORZ� XQUHOLDEOH� H[SHQVLYH DIIDLU PDGH RI PHFKDQL�

FDO UHOD\V RU YDFXXP WXEHV� DQDORJ FRPSXWHUV ZHUH SRSX�
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�� $ FDSDFLWRU VWRUHV FKDUJH� WKH LQWHJUDO RI FXUUHQW ZLWK UHVSHFW WR WLPH�

�� 3� +RURZLW] DQG :� +LOO� 7KH $UW RI (OHFWURQLFV� �QG HG� �&DPEULGJH 8� 3UHVV� 1HZ <RUN� ������ S�
���II�



ODU HQJLQHHULQJ WRROV� 7KHLU FKLHI GLVDGYDQWDJH OD\ LQ WKH UHDOP RI QXPHULFDO SUHFLVLRQ� WKH PRVW

SUHFLVHO\ FRQVWUXFWHG HOHFWURQLF FLUFXLW UDUHO\ FDQ PDLQWDLQ YROWDJHV ZLWKLQ D WROHUDQFH RI ±�����
'LJLWDO FRPSXWHUV� RQ WKH RWKHU KDQG� ZRUNZLWK LQWHJHUV �ZKROH QXPEHUV� VR WKHLU SUHFLVLRQ LV SHUIHFW

�EDUULQJ LQWHUQDO IDLOXUH� RI FRXUVH��

!���������������
6R LQ D QXWVKHOO� D GLJLWDO FRPSXWHU LV D PDFKLQH IRU PDQLSXODWLQJ ZKROH QXPEHUV� ,W LV FDOOHG ´GLJLWDOµ

EHFDXVH LQ WKH ELQDU\ V\VWHP� LQWHJHUV DUH UHSUHVHQWHG E\ VWULQJV RI RQHV DQG ]HURV� VR WKH GLJLWV
�

PDNLQJ XS DQ LQWHJHU DUH � RU �� 7KHVH YDOXHV PD\ LQ WXUQ EH UHSUHVHQWHG E\ D YROWDJH OHYHO RQ D ZLUH�

KLJK YROWDJHPLJKWPHDQ �� DQG ORZ YROWDJH ZRXOG WKHQPHDQ �� 6R D VHW RI1 FDSDFLWRUV FDQ UHSUHVHQW

DQ 1�ELW ELQDU\ LQWHJHU� O\LQJ LQ WKH UDQJH � �DOO FDSDFLWRUV GLVFKDUJHG� WR �1 − � �DOO FDSDFLWRUV
FKDUJHG��

5hUbSYcU

:K\ LV �1 − � WKH ODUJHVW LQWHJHU UHSUHVHQWDEOH E\ 1 ELQDU\ GLJLWV"
5^T _V 5hUbSYcU

:H FDQ WKLQN RI D FDSDFLWRU EDQN DV D NLQG RI PHPRU\ HOHPHQW� $V ORQJ DV WKH FDSDFLWRUV PDLQWDLQ

WKHLU FKDUJHV WKH PHPRU\ FHOO ZLOO ´UHPHPEHUµ WKH QXPEHU VWRUHG WKHUHLQ� $ SUDFWLFDO PHPRU\ FHOO

PXVW LQFOXGH D PHWKRG IRU FKDUJLQJ DQG GLVFKDUJLQJ WKH FDSDFLWRUV �VWRULQJ�HUDVLQJ WKH QXPEHU� DV

ZHOO DV IRU REVHUYLQJ WKHLU VHWWLQJVZLWKRXWPRGLI\LQJ WKHP �IHWFKLQJ WKH QXPEHU��2EYLRXVO\� D XVDEOH

FRPSXWHU PHPRU\ FRQVLVWLQJ RI PDQ\ HOHPHQWV �RU FHOOV� PXVW DOVR DVVLJQ D QXPHULFDO ´DGGUHVVµ³D

XQLTXH LQWHJHU WKDW GLVWLQJXLVKHV LW IURP RWKHUV LQ WKH V\VWHP³WR HDFK PHPRU\ FHOO�

%\ LQWHUFRQQHFWLQJ VZLWFKLQJ FLUFXLWV WKDW FDQ EH VHW DQG REVHUYHG YLD H[WHUQDO VLJQDOV� RQH PD\ DOVR

FRQVWUXFW FLUFXLWV WKDW SHUIRUP WKH IXQFWLRQV RI WZR�YDOXHG ORJLF� 7KH PRVW SULPLWLYH RI WKHVH

IXQFWLRQV LV �ELWZLVH� ORJLFDO NOT� WKDW UHYHUVHV D ELW� WKDW LV� LI WKH ELW ZDV �� NOT PDNHV LW �� DQG
YLFH�YHUVD� $ FLUFXLW IRU NOT LV VKRZQ RQ S� � EHORZ�

1H[W LQ FRPSOH[LW\ DUH IXQFWLRQV WKDW FRPELQH WZR LQSXWV �VZLWFK VHWWLQJV� WR SURGXFH D VLQJOH RXWSXW�

)RU H[DPSOH� WKH ORJLF IXQFWLRQ AND SURGXFHV � DV DQ RXWSXW LI HLWKHU RI LWV LQSXWV LV �� RU LI ERWK DUH
��

,I ZH WKLQN RI � DV TRUE DQG � DV FALSE ZH VHH WKLV PDNHV VHQVH� D AND E ZLOO EH TRUE RQO\ LI ERWK
SURSRVLWLRQV D DQG E DUH TRUE�

6LPLODUO\ ZH FDQ GHILQH OR �TRUE LI HLWKHU LQSXW LV� FALSE LI ERWK DUH FALSE� DQG XOR �´H[FOXVLYH
RUµ� TRUE RQO\ LI RQH LQSXW LV TRUE DQG WKH RWKHU FALSE�� $V ZH VKDOO VHH� LW LV SRVVLEOH WR SHUIRUP

" ������������������

�� ELQDU\ GLJLWV DUH FDOOHG ´ELWVµ



DULWKPHWLF³DGGLWLRQ DQG PXOWLSOLFDWLRQ �ZKLFK LV PHUHO\ UHSHDWHG DGGLWLRQ�³E\ FRPSRXQGLQJ WKH

SULPLWLYH ORJLFDO RSHUDWLRQV�

)LQDOO\� RQH PD\ FRPELQH ORJLFDO RSHUDWLRQV WR SURGXFH FRPSOH[ FLUFXLWV WKDW LQWHUSUHW QXPEHUV DV

LQVWUXFWLRQV� 7KDW LV� GLIIHUHQW LQSXW QXPEHUV SURGXFH GLIIHUHQW VHWV RI DFWLRQV� 6XFK D GHYLFH LV FDOOHG

D FHQWUDO SURFHVVLQJ XQLW� RU &38�

$ PRGHUQ GLJLWDO FRPSXWHU FRQVLVWV RI DW OHDVW WKH IROORZLQJ FRPSRQHQWV�

• &38

• 6WRUDJH HOHPHQWV WKDW KROG LQVWUXFWLRQV

• 6WRUDJH HOHPHQWV WKDW KROG GDWD�

• ,QWHUDFWLRQ ZLWK WKH RXWVLGH ZRUOG�

NH\ERDUG IRU LQSXW �´VWDQGDUG LQSXW GHYLFHµ��

SULQWHU RU VFUHHQ �&57� IRU RXWSXW �´VWDQGDUG RXWSXW GHYLFHµ��

7KH LQSXW GHYLFH DOORZV XV WR SODFH LQVWUXFWLRQV LQ WKH LQVWUXFWLRQ VWRUH DQG GDWD LQ WKH GDWD VWRUH

�L�H�� ´SURJUDP WKH FRPSXWHUµ�� 7KH &38 UHDGV LQVWUXFWLRQV VHTXHQWLDOO\ IURP WKH LQVWUXFWLRQ VWRUH�

DQG SHUIRUPV RSHUDWLRQV RQ WKH GDWD� )LQDOO\� WKH UHVXOWV RI LWV FRJLWDWLRQV DUH UHWXUQHG YLD WKH RXWSXW

GHYLFH�

"� #��������������$����

7KH QXPEHUVPRVW RI XVPHHW LQ GDLO\ OLIH DUH H[SUHVVHG LQ WZR FRPPRQQRWDWLRQV� WKH DUFKDLF 5RPDQ

V\VWHP �IRXQG RQ FORFNV DQG PRYLH FRS\ULJKW QRWLFHV� DQG WKH PRUH UHFHQW GHFLPDO RU $UDELF

SRVLWLRQDO QRWDWLRQ�2WKHU QRWDWLRQDO V\VWHPV� VXFK DV WKH0D\DQ� (J\SWLDQ RU %DE\ORQLDQ� KDYH EHHQ

GHYLVHG RWKHU WLPHV DQG SODFHV� 7KLV VHFWLRQ H[SODLQV WKH ELQDU\ QXPEHU V\VWHP� WKH WZR�YDOXHG ORJLF

WKDW FDQ EH EDVHG RQ LW� DQG KRZ DULWKPHWLF PD\ EH WUDQVODWHG LQWR ORJLFDO RSHUDWLRQV�

%���$���� ���$���� ����
$V DQ\RQH NQRZV ZKR KDV WULHG LW� DGGLWLRQ DQG VXEWUDFWLRQ DUH GLIILFXOW XVLQJ 5RPDQ QXPHUDOV�

0XOWLSOLFDWLRQ DQG ORQJ GLYLVLRQ DUH ZHOO�QLJK LPSRVVLEOH� ,W LV WKHUHIRUH KDUGO\ VXUSULVLQJ WKDW OLWWOH

SURJUHVV LQ FRPSXWDWLRQ³HVSHFLDOO\ LQ DSSO\LQJPDWKHPDWLFV WR HQJLQHHULQJ DQG ILQDQFH³WRRNSODFH

EHIRUH ���� $' ZKHQ $UDELF SRVLWLRQDO QRWDWLRQ
�
UHDFKHG WKH :HVW�

$UDELF QRWDWLRQ UHSUHVHQWV DQ LQWHJHU DV D VXP RI PXOWLSOHV RI LQWHJHU SRZHUV RI �� �ZK\ LW LV FDOOHG

WKH GHFLPDO V\VWHP�� LQ IDFW� DV D SRO\QRPLDO �ZLWK [ = ��� ZKRVH FRHIILFLHQWV DUH WKH GLJLWV� WKXV� H�J��
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�� 7KHVH WZR VHWV RI VWRUDJH FDQ EH WKH VDPH �´9RQ 1HXPDQQ DUFKLWHFWXUHµ� RU GLVWLQFW �´+DUYDUG DUFKL�
WHFWXUHµ�� %RWK V\VWHPV DUH XVHG LQ SUDFWLFH�

�� :KLFK VRPH VD\ ZDV LQYHQWHG LQ ,QGLD�
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7KH SRVLWLRQDO FRQYHQWLRQ ��� LV D VKRUWKDQG H[SUHVVLRQ RI (T� � RPLWWLQJ H[SOLFLW SRZHUV RI WHQ DQG

H[SOLFLW DGGLWLRQ VLJQV�

,Q HOHPHQWDU\ VFKRRO ZH DUH WDXJKW $UDELF QRWDWLRQ DQG LWV FRUUHVSRQGLQJ DULWKPHWLF UXOHV E\ URWH�

6R LQJUDLQHG DUH WKHVH UXOHV ZH VHOGRP WKLQN RI WKHP LQ DOJHEUDLF WHUPV³IRU H[DPSOH� DGGLQJ WZR

QXPEHUV LV SUHFLVHO\ HTXLYDOHQW WR DGGLQJ WZR SRO\QRPLDOV�

2QFH ZH UHDOL]H ZKDW LV JRLQJ RQ� KRZHYHU� LW EHFRPHV FOHDU WKHUH LV QRWKLQJ VDFUHG DERXW WKH QXPEHU

�� �WKH ´[µ LQ WKH DERYH SRO\QRPLDO RI GHJUHH ��� ,Q IDFW� WKH [ LQ WKH SRO\QRPLDO FRXOG KDYH EHHQ

DQ\ SRVLWLYH LQWHJHU 1 > �� DQG WKH FRHIILFLHQWV �GLJLWV� ZRXOG WKHQ EH LQWHJHUV LQ WKH UDQJH
>�����1−�@� 7KH LQWHJHU 1 LV FDOOHG WKH EDVH RI WKH QXPEHULQJ V\VWHP�

6HYHUDO GHFDGHV RI FRPSXWHU SURJUDPPLQJ KDYH ERLOHG GRZQ WKH SRVVLEOH QXPEHU EDVHV WR IRXU WKDW

DUH PRVW FRPPRQO\ HPSOR\HG� GHFLPDO �EHFDXVH WKDW LV ZKDW KXPDQ EHLQJV DUH WDXJKW LQ VFKRRO��

ELQDU\ �EDVH ��� RFWDO �EDVH �� DQG KH[DGHFLPDO �EDVH ����

,Q EDVH²� DULWKPHWLF WKH RQO\ SRVVLEOH GLJLWV DUH � DQG �� )URP RXU SUHYLRXV UHPDUNV DERXW D GLJLWDO

FRPSXWHU EHLQJ PDGH RI VZLWFKHV ZH QRZ EHJLQ WR VHH ZK\ WKH ELQDU\ V\VWHP PLJKW EH XVHIXO LQ

FRPSXWHU GHVLJQ�

+RZHYHU� ZKDW LV WKH KH[DGHFLPDO V\VWHP IRU" %ULHIO\� �� ≡ ��� 7KLV IDFW PDNHV LW HDV\ WR FRQYHUW
EHWZHHQ KH[DGHFLPDO DQG ELQDU\ QXPEHU UHSUHVHQWDWLRQV� +H[DGHFLPDO� DV ZH VKDOO VHH� LV � ×PRUH
FRPSDFW WKDQ ELQDU\� DV ZHOO DV EHLQJ HDVLHU IRU KXPDQV WR UHDG DQG ZULWH� VR IRU WKLV� DV ZHOO DV

DGGLWLRQDO UHDVRQV FLWHG EHORZ� KH[DGHFLPDO KDV EHFRPH SRSXODU DQG FRPPRQ�

$V ZH KDYH DOUHDG\ UHPDUNHG� LQ ELQDU\ QRWDWLRQ WKH RQO\ SRVVLEOH GLJLWV DUH � DQG �� 6R W\SLFDO ELQDU\

QXPEHUV PLJKW EH ���� ����� ����� HWF�+RZ GR ZH FRQYHUW WKHVH WR�IURP GHFLPDO QRWDWLRQ" :H XVH

WKH SRO\QRPLDO IRUP� WKXV ZULWLQJ

��� = � × �
�

+ � × ��

+ � × ��
���

(TXDWLRQ � LV HDVLO\ VHHQ WR DGG XS WR � + � + � ≡ � LQ GHFLPDO QRWDWLRQ� 6LPLODUO\�
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AeUcdY_^*
:KDW GHFLPDO QXPEHU GRHV WKH ELQDU\ QXPEHU ���� UHSUHVHQW"

7KH UXOHV IRU DGGLQJ DQG VXEWUDFWLQJ ELQDU\ QXPEHUV DUH SUHFLVHO\ WKH VDPH DV WKRVH ZH OHDUQHG IRU

GHFLPDO DULWKPHWLF� IRU H[DPSOH�

����

+ ���
�����

�

ZH VHH WKLV LV ULJKW EHFDXVH �� + � = ���

&� �������������������

*HRUJH %RROH� D %ULWLVK PDWKHPDWLFLDQ RI WKH ��WK

&HQWXU\� GHYHORSHG D V\VWHP RI ��YDOXHG ORJLFDO RSHUD�

WLRQV� QRZ FDOOHG %RROHDQ DOJHEUD LQ KLV KRQRU� 7KLV

V\VWHP FDQ EH DSSOLHG WR VZLWFKLQJ FLUFXLWV WR SURGXFH

GHYLFHV WKDW SHUIRUP ORJLFDO RSHUDWLRQV� )RU H[DPSOH�

ZH FDQ WKLQN RI WZR UHOD\ VZLWFKHV LQ VHULHV DVAND �WKH
RXWSXW LV ´KLJKµ� L�H� TRUE� RQO\ ZKHQ ERWK VZLWFKHV
DUH FORVHG� PHDQLQJ ERWK LQSXWV DUH TRUE�� 6LPLODUO\�
WZR UHOD\ VZLWFKHV LQ SDUDOOHO SURGXFH DQ OR �WKH
RXWSXW LV TRUE ZKHQ HLWKHU LQSXW³RU ERWK³LV
TRUE��

/RJLFDO RSHUDWRUV FDQ EH VXPPDUL]HG E\ WKHLU WUXWK

WDEOHV� ,I ZH UHSUHVHQWTRUE E\ � DQGFALSE E\ �� WKHQ
ZH PD\ ZULWH WKH WUXWK WDEOH IRU AND EHORZ�

7UXWK 7DEOH IRU AND

$ � �

%

� � �

� � �

6LPLODUO\ OR KDV WKH WUXWK WDEOH
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7UXWK 7DEOH IRU OR

$ � �

%

� � �

� � �

)LQDOO\� NOT FRXOG EH DFFRPSOLVKHG E\ RQH QRUPDOO\
RSHQ UHOD\ DQG D SXOO XS UHVLVWRU� RU E\ D QRUPDOO\ FORVHG

UHOD\ DQG D SXOO�GRZQ UHVLVWRU� DV VKRZQ LQ WKH WZR

ILJXUHV WR WKH ULJKW�

:H QRZ H[SODLQ WKH ORJLFDO QRWDWLRQ ZH VKDOO XVH KHUH�

LI $ LV RQH LQSXW DQG % DQRWKHU� WKHQ WKH UHVXOW RI

´$1'LQJµ WKHP WRJHWKHU LV ZULWWHQ $%� 7KDW LV�$% LV

D VKRUWKDQG IRU ´$ AND %µ� $JDLQ� WKH VKRUWKDQG IRU
´$OR%µ LV$ + %� )LQDOO\� LI ZH DSSO\ WKHNOT RSHUDWRU
WR DQ LQSXW� DV LQ NOT $� ZH ZULWH LW DV $

__
� 7KHVH PD\

EH WDEXODWHG DV�

2SHUDWLRQ 1RWDWLRQ

$ AND % $%

$ OR % $ + %

NOT $ $
__

7KH WKUHH EDVLF ORJLFDO RSHUDWRUV DUH VRPHWLPHV UHSUH�

VHQWHG DV FLUFXLW EORFNV� VKRZQ WR WKH ULJKW�

7KH H[FOXVLYH�OR RSHUDWRU� XOR� KDV WKH WUXWK WDEOH VKRZQ EHORZ� DQG WKH V\PERO ⊕ �
7UXWK 7DEOH IRU XOR

$ � �

%

� � �

� � �

( �������������������



XOR FDQ EH FRQVWUXFWHG IURP AND� OR DQG NOT� ZH VHH WKDW WKH LQYHUVH RI WKH WUXWK WDEOH IRU AND�
L�H� WKDW RI $%

___
� LV�

7UXWK 7DEOH IRU $%
___

$ � �

%

� � �

� � �

,I ZH $1' WKLV RXWSXW ZLWK WKH RXWSXW IURP

$ + %� ZH DFKLHYH WKH WUXWK WDEOH RI ;25�

7KDW LV� ZH FDQ ZULWH $ ⊕ % = ($%
___

)($ + %)�
,Q WHUPV RI FLUFXLW HOHPHQWV ZHPLJKW H[SUHVV

WKLV UHVXOW DV WKH ILJXUH WR WKH ULJKW�

)���� ����������
:H QH[W QHHG WR VHH KRZ ELQDU\ DULWKPHWLF

FDQ EH SHUIRUPHG XVLQJ ORJLFDO HOHPHQWV�

1TTYdY_^
&RQVLGHU DGGLWLRQ� WR DGG WZR ELQDU\ QXP�

EHUV ZH DGG WKHLU FRUUHVSRQGLQJ GLJLWV�

&OHDUO\� WKH GLJLW WKDW UHVXOWV IURP DGGLQJ D

SDLU RI GLJLWV KDV WKH VDPH WUXWK WDEOH DV XOR�
7KDW LV� ZH ZDQW WZR �·V RU WZR �·V RQ LQSXW

WR \LHOG DQ RXWSXW GLJLW �� ZKHUHDV � DQG � RU

� DQG � VKRXOG SURGXFH ��

+RZHYHU� WKLV LV QRW WKHZKROH VWRU\� ,I ZH DGG

� DQG � ZH JHW WZR� L�H� �� LQ ELQDU\ QRWDWLRQ�

6R ZH PXVW DUUDQJH WR FDUU\ WKH � LQWR WKH

QH[W FROXPQ� DV ZH GR ZKHQ DGGLQJ E\ KDQG� ,I ZH AND WKH WZR LQSXWV DW WKH VDPH WLPH ZH XOR
WKHP� ZH REWDLQ D FDUU\ GLJLW �ELW� RQO\ ZKHQ ERWK LQSXWV DUH �� ZKLFK LV ZKDW ZH ZDQW� 1RWH ZH GR

QRW QHHG DQ H[WUD AND JDWH IRU WKLV� WKH VLJQDO ZH QHHG FDQ EH IRXQG DIWHU WKH ILUVW AND� DV VKRZQ
WR WKH ULJKW�

7KHUH DUH VHYHUDO ZD\V ZH FDQ DUUDQJH WR SHUIRUP DGGLWLRQ ZLWK FDUU\LQJ� RQ QXPEHUV ODUJHU WKDQ �

�L�H� UHSUHVHQWHG E\ D URZ RI ELWV�� 7R XQGHUVWDQG D IXOO DGGLWLRQ FLUFXLW� ZH LPDJLQH QXPEHUV DUH VWRUHG

E\ DQ DUUD\ RI VZLWFKHV FDOOHG D ´UHJLVWHUµ� 8VXDOO\ UHJLVWHUV LQ PRGHUQ FRPSXWHUV DUH � �´Q\EEOHµ�� �

�´E\WHµ�� �� �´ZRUGµ�� �� �´GZRUGµ� RU �� �´TZRUGµ� ELWV ZLGH� DOWKRXJK LQ VRPH VSHFLDO�SXUSRVH

PDFKLQHV WKH\PD\ EH �� RU �� ELWV ZLGH� 5HJLVWHUZLGWKV WKDW DUH LQWHJHU SRZHUV RI � DUH³IRU REYLRXV

UHDVRQV³HVSHFLDOO\ FRQYHQLHQW�

,PDJLQH DGGLQJ ��ELW QXPEHUV� :H FRXOG HPSOR\ D VLQJOH �⁄� DGGHU FLUFXLW LI ZH WUHDWHG HDFK SDLU RI
LQSXW ELWV VHTXHQWLDOO\³VD\ IURP ULJKW WR OHIW� 2U ZH FRXOG GR DOO � ELW SDLUV DW RQFH XVLQJ � GLVWLQFW
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�⁄� DGGHUV� 7KLV H[DPSOH LV HVSHFLDOO\ QRWHZRUWK\� KHUH ZH ILUVW HQFRXQWHU WKH HQJLQHHULQJ WUDGHRII
EHWZHHQ VSDFH DQG WLPH� WKDW JRYHUQV WKH UHODWLRQ EHWZHHQ SURJUDP VL]H DQG VSHHG� :H VHH WKDW LI

FKLS ´UHDO HVWDWHµ LV OLPLWHG �VR ZH RQO\ KDYH URRP IRU RQH �⁄� DGGHU FLUFXLW� ZH PXVW H[SHFW RXU ��ELW
DGGHU WR JR IRXU WLPHV VORZHU WKDQ LI ZH KDG URRP IRU IRXU FRPSRQHQWV�

6XSSRVH ZH FDQ GR � ELWV DW RQFH� &DOO WKH WZR LQSXW UHJLVWHUV $ DQG %� DQG QRZ WKH RSHUDWLRQV $1'

DQG ;25 ZLOO EH DSSOLHG ELWZLVH� :H LPDJLQH D UHVXOW UHJLVWHU� &� WKDW KROGV $ ⊕ % DQG DQRWKHU� '�

WKDW KROGV $% VKLIWHG � ELW WR WKH OHIW� ZLWK � DV WKH ULJKW�PRVW ELW� 6KLIWLQJ RQH ELW WR WKH OHIW LV MXVW

PXOWLSOLFDWLRQ E\ �� VR ZH ZULWH

$ SOXV % = & SOXV' ≡ ($ ⊕ %) SOXV (� × $%) ���

(TXDWLRQ � KDV WKH XQXVXDO SURSHUW\ RI GHILQLQJ WKH RSHUDWLRQ SOXV LQ WHUPV RI LWVHOI� +RZHYHU� GHVSLWH

DSSHDUDQFHV WKLV GHILQLWLRQ LV QRW FLUFXODU� ,W VLPSO\ PHDQV ´DSSO\ WKH VDPH RSHUDWLRQ WR & DQG '�

UHSHDWLQJ XQWLO WKH HQG SRLQW EHFRPHV REYLRXV�µ

6R� FOHDUO\� ZH KDYH

& SOXV ' = (& ⊕ ') SOXV (� × &') =  ($ ⊕ %) ⊕ ( � × $%) SOXV� × ($ ⊕ %)($%)
:H VHH WKDW VLQFH PXOWLSO\LQJ DQ\ QXPEHU LQ D ��ELW UHJLVWHU E\ �� LV WKH HTXLYDOHQW RI ]HURLQJ LW� DQG

WKDW VLQFH WKH IDFWRU �Q × NHHSV GRXEOLQJ� DW VRPH SRLQW ZH DUH DGGLQJ VRPHWKLQJ SOXV ]HUR� VR ZH
FDQ VWRS�:H FDQ WKHUHIRUH WKLQN RI DQ DGGHU DV D F\FOLF SURFHVV �LQZKDW IROORZV�←PHDQV ´LV UHSODFHG

E\µ��

%HJLQ

$ ← $ ⊕ %

% ← �($%)
5HSHDW XQWLO % = �

7KLV EDVLF LGHD� ZLWK UHILQHPHQWV� FDQ EH DSSOLHG WR FRQVWUXFW ��� ���� ��� RU ���ELW DGGHUV�

/HW XV ZRUN WKURXJK WZR H[DPSOHV� ZH VXSSRVH ZH KDYH D ��ELW UHJLVWHU WR KROG WKH UHVXOW RI ;25�

DQG DQRWKHU WR KROG WKH FDUU\ ELWV ��$%�� )LUVW ZH DGG � DQG ��

ELQDU\ GHFLPDO RSHUDWLRQ

���� �

���� �

���� XOR
���� FDUU\  �$%

���� XOR DJDLQ
���� FDUU\  �$% �

7KHQ ZH DGG � DQG ���

+ �������������������



ELQDU\ GHFLPDO RSHUDWLRQ

���� �

���� ��

���� XOR

���� FDUU\  �$%

���� XOR DJDLQ
���� FDUU\  �$% �

���� XOR \HW DJDLQ

���� FDUU\  �$% �

:H NHHS DGGLQJ WKH ´XORVµ UHJLVWHU WR WKH ´FDUULHVµ UHJLVWHU XQWLO WKH FDUU\ ELWV KDYH IDOOHQ RII WKH OHIW
HQG� L�H� WKH ´FDUULHVµ UHJLVWHU FRQWDLQV RQO\ ]HUR ELWV� 1RWH WKH VHFRQG UHVXOW LV ���� EHFDXVH

����  ��  � �PRG ����

CeRdbQSdY_^
+DYLQJ IRXQG RXW KRZ WR DGG QXPEHUV� ZH QH[W DVN KRZ WR VXEWUDFW WKHP� ,W LV RI FRXUVH SRVVLEOH WR

FRPELQH ORJLF HOHPHQWV WR PDNH D VXEWUDFWRU �ZLWK ERUURZLQJ� DQG WKLV ZDV GRQH LQ WKH HDUO\ GLJLWDO

FRPSXWHUV� 7R UHSUHVHQW QXPEHUV ZLWK ERWK DOJHEUDLF VLJQV� DQ H[WUD ELW� FDOOHG WKH VLJQ ELW� ZDV

UHVHUYHG IRU HDFK QXPEHU� � UHSUHVHQWLQJ D SRVLWLYH� DQG � D QHJDWLYH QXPEHU�

+RZHYHU� PRUH UHFHQW FRPSXWHUV XVH D FOHYHUHU PHWKRG³�·V�FRPSOHPHQW DULWKPHWLF� 7R VXEWUDFW

RQH QXPEHU IURP DQRWKHU� L�H� WR HYDOXDWH $ − %� ZH PD\ UHZULWH LW DV $ + (−%) � EXW KRZ GRHV WKLV
KHOS" 7KH DQVZHU OLHV LQ D VSHFLDO UHSUHVHQWDWLRQ IRU QHJDWLYH LQWHJHUV� &RQVLGHU D ��ELW UHJLVWHU IRU

VLPSOLFLW\� LQ ELQDU\ QRWDWLRQ WKH ELW SDWWHUQV ����…���� UHSUHVHQW �GHFLPDO� LQWHJHUV IURP � WR ���
WKDW LV �� SRVVLEOH FRPELQDWLRQV� %XW WKHUH DUH DOVR �� LQWHJHUV LQ WKH UDQJH ��…��� 6R LI ZH ZLVK
ZH FDQ PDS WKH ODWWHU UDQJH �ZKLFK LQFOXGHV ERWK QHJDWLYH DQG SRVLWLYH LQWHJHUV� RQWR WKH �� ELW

SDWWHUQV SURYLGHG E\ D ��ELW ZLGH UHJLVWHU� 1RW DOO PDSSLQJV DUH HTXDOO\ FRQYHQLHQW� KRZHYHU� 2QH LV

HVSHFLDOO\ XVHIXO� DV ZH DUH DERXW WR VHH�

7KH �·V�FRPSOHPHQW PDSSLQJ WDNHV WKH ILUVW �Q−� LQWHJHUV �LQ D �Q�ZLGH UHJLVWHU� DV WKH SRVLWLYH

LQWHJHUV IURP � WR �Q−� − �� ,Q RXU H[DPSOH ��ELW UHJLVWHU� WKLV PHDQV �…�� 7KH QHJDWLYH LQWHJHUV DUH
UHSUHVHQWHG E\

−$ ≡ $
__

SOXV�

7KH QXPEHU ²� LV WKHUHIRUH UHSUHVHQWHG E\ ����� ²� E\ ����� ²� E\ ����� ²�� ����� ²�� ����� ²��

����� ²�� ����� ²�� ����� :H VHH WKDW LQ D VHQVH WKH UDQJH ²�…� KDV EHHQ ZUDSSHG DURXQG VR WKDW
WKH JDS �EHWZHHQ SRVLWLYH DQG QHJDWLYH LQWHJHUV� RFFXUV DW �� L�H� RUGLQDU\ � EHFRPHV ²�� RUGLQDU\ �

EHFRPHV ²��…

:KDW LV WKH XVH RI WKLV �·V�FRPSOHPHQW UHSUHVHQWDWLRQ" :H FDQ VHH LQVWDQWO\ WKDW ILUVW RI DOO� WKLV

UHSUHVHQWDWLRQ REH\V WKH ILUVW ODZ RI QHJDWLRQ�

−(−$) ≡ $ �

�������	 �������������������������� ���� ,
��������	 ��������	
������������������������������



%XW HYHQ PRUH LPSRUWDQW� DV RQH FDQ HDVLO\ VHH E\ WU\LQJ LW ZLWK H[SOLFLW LQWHJHUV� RQH JHWV H[DFWO\ WKH

VDPH UHVXOW E\ $ + (%
__

+ �) DV E\ WKH PRUH GLUHFW $ − % �HYDOXDWHG ZLWK WKH XVXDO VXEWUDFWLRQ�ZLWK�

ERUURZLQJ UXOHV��

5hQ]`\U
Evaluate 7 – 3 in binary notation directly and by adding using the 2’s-complement method,
assuming 4-bit registers.

C_\edY_^

7KH ELQDU\ UHSUHVHQWDWLRQ IRU � LV ����� DQG WKDW IRU � LV ����� 7KXV ZH KDYH

����

−����
����

XVLQJ WKH XVXDO UXOHV� 1RZ ZH UHSHDW XVLQJ WKH �·V�FRPSOHPHQW PHWKRG� :ULWLQJ

−� → ����
____

+ � = ����

ZH KDYH

����

+����
����

�

1RWH WKDW LQ SHUIRUPLQJ WKH DGGLWLRQ ZH KDG DQ H[WUD FDUULHG ELW WKDW ´IHOO RIIµ WKH OHIW HQG RI WKH

UHVXOWUHJLVWHU�7KLVLVW\SLFDORI�·V�FRPSOHPHQWVXEWUDFWLRQ�

5^T _V 5hQ]`\U

$ FRPSXWHU ZLWK RQH DGGLWLRQ FLUFXLW LV PXFK HDVLHU WR EXLOG WKDQ RQH WKDW QHHGV D VXEWUDFWRU DV ZHOO�

7KH ELWZLVH NOT RSHUDWLRQ �WKDW FRXOG EH GRQH DV XOR ZLWK ����� DQG ZKLFK LV XVXDOO\ LQFOXGHG DV
D PDFKLQH ORJLFDO LQVWUXFWLRQ DQ\ZD\� LV WKH RQO\ H[WUD FRVW LQ WKH �·V�FRPSOHPHQW GHVLJQ�

=e\dY`\YSQdY_^
6LQFH PXOWLSOLFDWLRQ LV PHUHO\ UHSHDWHG DGGLWLRQ� RQFH ZH KDYH EXLOW DQ DGGHU LW LV VWUDLJKWIRUZDUG WR

FRQVWUXFW D PXOWLSOLHU� 6R YLUWXDOO\ HYHU\ PLFURSURFHVVRU SRVVHVVHV WKH DELOLW\ WR PXOWLSO\ LQWHJHUV� 2Q

WKH RWKHU KDQG� GLYLVLRQ LV D PRUH FRPSOH[ SURFHVV� PRUH GLIILFXOW WR GHVLJQ KDUGZDUH IRU� (DUO\

FRPSXWHUV RIWHQ V\QWKHVL]HG GLYLVLRQ DV D VHTXHQFH RI PXOWLSOLFDWLRQV DQG VXEWUDFWLRQV� �,Q WKH QH[W

FKDSWHU ZH VKDOO VHH KRZ WKLV LV SRVVLEOH�� 'LYLVLRQ ZDV PXFK VORZHU WKDQ PXOWLSOLFDWLRQ WKDW JRRG

SURJUDPPLQJ WHFKQLTXH UHTXLUHG DYRLGLQJ GLYLVLRQ DV PXFK DV SRVVLEOH� 7KLV LV VWLOO WUXH IRU FHUWDLQ

VSHFLDO�SXUSRVH PLFURSURFHVVRUV WKDW ODFN D GLYLVLRQ LQVWUXFWLRQ� 0RVW UHFHQW JHQHUDO�SXUSRVH FRP�

SXWHUV LPSOHPHQW D KDUGZDUH GLYLVLRQ LQVWUXFWLRQ FRPSDUDEOH LQ VSHHG WR PXOWLSOLFDWLRQ�

:LWK WKH SUHFHGLQJ GLVFXVVLRQ DQG H[DPSOHV ZH KDYH FRPH WR WKH HQG RI RXU H[SRVLWLRQ RI KRZ VLPSOH

VZLWFKLQJ FLUFXLWV FDQ SHUIRUP ORJLFDO DQG DULWKPHWLFDO RSHUDWLRQV� 6LQFH WKLV LV QRW D WH[W RQ FRPSXWHU

GHVLJQ RU FLUFXLW WKHRU\� ZH PXVW OHDYH WKLV VXEMHFW KHUH�

'� -�����������������������

	. -�����������������������



6R IDU ZH KDYH GLVFXVVHG KRZ GLJLWDO FRPSXWHUV UHSUHVHQW LQWHJHUV DQG FRPSXWH ZLWK WKHP� +RZHYHU�

IRU VFLHQWLILF DQG HQJLQHHULQJ DSSOLFDWLRQV LQWHJHUV DUH WRR OLPLWLQJ� )RU H[DPSOH� RQ D PDFKLQH ZLWK

���ELW FHOOV WKH UDQJH RI LQWHJHUV WKDW ZH FDQ UHSUHVHQW LV

−���������� ≤ Q ≤ ���������� �

L�H� DERXW ±� × ���� )RU PDQ\ FDOFXODWLRQV WKLV LV LQDGHTXDWH E\ PDQ\ RUGHUV RI PDJQLWXGH� )RU WKLV
UHDVRQ QXPHULFDO DQDO\VWV KDYH GHYHORSHG IORDWLQJ SRLQW QXPEHU UHSUHVHQWDWLRQV�

0RVW FRPSXWHU ODQJXDJHV LQ FRPPRQ XVH SHUPLW QXPEHU HQWU\ �DQG GLVSOD\� LQ D QHDUO\ XQLYHUVDO

IRUPDW FORVHO\ UHODWHG WR VFLHQWLILF SRZHUV�RI��� QRWDWLRQ� �����(� PHDQV �����×��� DQG VR IRUWK�
:H QRZ LQTXLUH KRZ VXFK QXPEHUV FDQ EH UHSUHVHQWHG LQWHUQDOO\� WKDW LV� LQ WKH IRUP RI ELW SDWWHUQV

LQ PHPRU\ FHOOV� $OWKRXJKPDQ\ VXFK UHSUHVHQWDWLRQV KDYH EHHQ LQYHQWHG� PRVW ODQJXDJHV WRGD\ XVH

WKH QHDU�XQLYHUVDO ,((( VWDQGDUG
�
IRU VLQJOH� ����ELW� RU GRXEOH ����ELW� SUHFLVLRQ QXPEHUV�

/�$�����������������
,Q JHQHUDO� D IORDWLQJ SRLQW QXPEHU �H[FOXGLQJ WKH VLJQ� RI V VLJQLILFDQW GLJLWV LV UHSUHVHQWHG DV

��G�G� … GV−� × βQ ≡ 
G�× β−� + G�× β−� + … + GV−� × β−V+�

 × βQ �

+HUH β LV WKH EDVH� RU UDGL[� DQG WKH IDFWRU ��G�G� … GV³VKRZQ LQ ´QRUPDOL]HGµ IRUP³LV FDOOHG WKH

VLJQLILFDQG� 7KH LQWHJHU Q LV WKH H[SRQHQW� 7KH V\PEROV GN DUH WKH GLJLWV� WKH\ UXQ IURP � WR β��� ,Q
QRUPDOL]HG IRUP� WKH GLJLW IROORZLQJ WKH SHULRG �ELQDU\ SRLQW LQ EDVH�WZR QRWDWLRQ� PXVW EH QRQ�]HUR�

6LQFH ZH DUH XVLQJ WKH ELQDU\ V\VWHP� β �� WKH GLJLWV DUH � RU �� 7KLV PHDQV WKH GLJLW MXVW DIWHU WKH
ELQDU\ SRLQW PXVW EH �� KHQFH WKHUH LV QR QHHG WR DFWXDOO\ UHFRUG LW� %\ RPLWWLQJ LW� ZH FDQ JHW RQH

H[WUD GLJLW RI SUHFLVLRQ LQ WKH VLJQLILFDQG� 7KH ���ELW ,((( UHSUHVHQWDWLRQ LV H[KLELWHG LQ WKH WDEOH

EHORZ

ELW �� 31 30 ⋅⋅⋅ 22 ⋅⋅⋅ 0

FRQWHQWV� S H[SRQHQW significand (24 bits)

DQG WKH FRUUHVSRQGLQJ ���ELW UHSUHVHQWDWLRQ LV

ELW �� 63 62 ⋅⋅⋅ 51 ⋅⋅⋅ 0

FRQWHQWV� S H[SRQHQW significand (53 bits)

�������	 �������������������������� ���� 		
��������	 ��������	
������������������������������

�� $16,�,((( ��������



:H VHH WKDW WKH ���ELW UHSUHVHQWDWLRQ KDV D VLJQ ELW �� IRU SRVLWLYH� � IRU QHJDWLYH� � ELWV WKDW KROG DQ

H[SRQHQW� OHDYLQJ �� ELWV IRU WKH VLJQLILFDQG�7KXV WKH ���ELW UHSUHVHQWDWLRQ DFWXDOO\ KDV �� VLJQLILFDQW

ELWV� HTXLYDOHQW WR DERXW � GHFLPDO GLJLWV� 7KH ��ELW H[SRQHQW KROGV LQWHJHUV LQ WKH UDQJH IURP � WR

���� +RZHYHU LW LV FXVWRPDU\ WR RIIVHW WKH H[SRQHQW E\ VXEWUDFWLQJ ��� IURP LW� 7KH H[SRQHQWV WKXV

UXQ IURP ���� WR ����� HTXLYDOHQW WR D G\QDPLF UDQJH RI ��±�� �

7KH ���ELW IORDWLQJ SRLQW UHSUHVHQWDWLRQ UHVHUYHV �� ELWV IRU WKH H[SRQHQW DQG �� IRU WKH VLJQLILFDQG�

JLYLQJ DERXW �� VLJQLILFDQW �GHFLPDO� ILJXUHV RI SUHFLVLRQ� DQG D G\QDPLF UDQJH RI �±���� = ��±����

5hUbSYcU
7KH QXPHULFDO FR�SURFHVVRU XQLWV LQ FRPPRQ XVH WRGD\ PDLQWDLQ ���ELW LQWHUQDO UHJLVWHUV IRU WKHLU

RSHUDQGV� 7KLV SURYLGHV �� ELWV IRU WKH H[SRQHQW� DQG �� IRU WKH VLJQLILFDQG �RI ZKLFK � FRPSULVH WKH

´JXDUGµ� ´URXQGµ DQG ´VWLFN\µ ELWV XVHG ZLWKLQ WKH ISX IRU HUURU FRUUHFWLRQ�� 7KDW LV� DVVXPLQJ �� ELWV

RI SUHFLVLRQ� KRZ PDQ\ �GHFLPDO� VLJQLILFDQW ILJXUHV FDQ EH UHSUHVHQWHG� DQG ZKDW LV WKH G\QDPLF

UDQJH"

5^T _V 5hUbSYcU

,Q WKH ,QWHO IDPLO\ RI SURFHVVRUV DQG WKHLU FORQH�FRPSHWLWRUV LW LV XQZLVH LQ JHQHUDO WR ZRUN ZLWK ���ELW

QXPEHUV VLQFH WKH LGLRV\QFUDVLHV RI PHPRU\ RUJDQL]DWLRQ LPSRVH VLJQLILFDQW WLPH SHQDOWLHV IRUPRYLQJ

VXFK QXPEHUV WR�IURP WKH PDLQ PHPRU\� 7KH ��� DQG ���ELW IORDWV� RQ WKH RWKHU KDQG� PRYH LQ �

PDFKLQH F\FOH �� ´FORFNµ� RU OHVV
�
�

���������
:KHQ ZH PXOWLSO\ WZR IORDWLQJ SRLQW QXPEHUV� ZH VLPSO\ PXOWLSO\ WKHLU VLJQLILFDQGV� SRVVLEO\

�UH�QRUPDOL]H WKH UHVXOW �GHSHQGLQJ RQ ZKHWKHU WKH OHDGLQJ ELW LV � RU �� DQG DGG WKH H[SRQHQWV�

6LPLODUO\� WR GLYLGH D IORDW E\ DQRWKHU ZH SHUIRUP DQ DSSURSULDWH LQWHJHU GLYLVLRQ� UHQRUPDOL]H WKH

UHVXOW LI QHFHVVDU\� DQG VXEWUDFW WKH H[SRQHQWV�

$GGLWLRQ DQG VXEWUDFWLRQ DUH FRQVLGHUDEO\ PRUH GLIILFXOW� KRZHYHU� :H KDYH WR GHQRUPDOL]H WKH

DGGHQG �RU VXEWUDKHQG� WKDW LV VPDOOHU LQ DEVROXWH YDOXH�WKDW LV� ZH VKLIW LWV ELQDU\ SRLQW OHIWZDUG��

VR WKDW WKH H[SRQHQWV RI WKH WZR QXPEHUV DUH WKH VDPH� 7KHQ ZH DGG WKH VLJQLILFDQGV� UHQRUPDOL]H

DQG DGMXVW WKH H[SRQHQW� 7KHUH LV XVXDOO\ OHVV ZRUN LQ DGGLWLRQ WKDQ PXOWLSOLFDWLRQ VR PXOWLSOLFDWLRQ

�RU GLYLVLRQ� KDV WUDGLWLRQDOO\ EHHQ PXFK VORZHU WKDQ DGGLWLRQ RU VXEWUDFWLRQ� +RZHYHU� UHFHQW

DGYDQFHV LQ WHFKQRORJ\ KDYH OHG WR KDUGZDUH WKDW H[HFXWHV IORDWLQJ SRLQW PXOWLSOLFDWLRQ DERXW DV IDVW

DV IORDWLQJ SRLQW DGGLWLRQ� �'LYLVLRQ� KRZHYHU� LV PDQ\ WLPHV VORZHU� KHQFH VKRXOG EH DYRLGHG��

#�������������

	" -�����������������������

�� /HVV LV SRVVLEOH EHFDXVH WKH 3HQWLXP FKLSV LQFRUSRUDWH VHYHUDO SURFHVVRUV WKDW RSHUDWH³VRPHWLPHV³LQ
SDUDOOHO� WKHUHE\ DFKLHYLQJ ´VXSHUVFDODUµ SHUIRUPDQFH�



6LQFH GLJLWDO DULWKPHWLF LV SHUIRUPHG ZLWK UHJLVWHUV DQG PHPRU\ FHOOV RI ILQLWH OHQJWK� ELWV LQHYLWDEO\

´IDOO RIIµ WKH HQGV RI WKH UHVXOW UHJLVWHU� 7KXV D VHTXHQFH RI DULWKPHWLF RSHUDWLRQV FDQ ORVH SUHFLVLRQ

XQOHVV LQWHUPHGLDWH UHVXOWV DUH VWRUHG LQ GRXEOH�OHQJWK UHJLVWHUV� 7KH SUREOHP LV H[DFHUEDWHG LQ

IORDWLQJ SRLQW DULWKPHWLF� :KHQ ZH PXOWLSO\ WZR QXPEHUV� DQ ´H[DFWµ VLJQLILFDQG ZLOO UHTXLUH WZLFH

DV PDQ\ ELWV DV HLWKHU RI WKH PXOWLSOLFDQGV� %XW WKH\ RQO\ WKH VDPH QXPEHU RI ELWV LV DYDLODEOH WR VWRUH

WKH UHVXOW� VR LQIRUPDWLRQ LV LQHYLWDEO\ ORVW�

7ZR FRQYHQWLRQV DUH HPSOR\HG IRU URXQGLQJ� FKRSSLQJ� LQ ZKLFK DOO ELWV IURP ELW V �LQFOXVLYH� DUH

GURSSHG� DQG URXQGLQJ� LQ ZKLFK RQH DGGV � WR ELW V DQG WKHQ FKRSV
�
�

/HW XV UHSUHVHQW IORDWLQJ SRLQW DULWKPHWLF RSHUDWLRQV LQ ODUJH EROG WH[W� DQG ´H[DFWµ RQHV LQ RUGLQDU\

WH[W� 7KHQ

D �� E = (D RS E) (� + δ) �

PHDQLQJ WKDW WKH UHVXOW RI WKH IORDWLQJ SRLQW RSHUDWLRQ LV WKH WUXH UHVXOW WLPHV VRPH IDFWRU QRW TXLWH

XQLW\� UHSUHVHQWLQJ URXQGRII HUURU� *HQHUDOO\ δ LV RI RUGHU RI WKH QXPHULFDO SUHFLVLRQ IRU WKH RSHUDWLRQV
RI PXOWLSOLFDWLRQ DQG GLYLVLRQ� +RZHYHU� VXSSRVH ZH VXEWUDFW WZR QXPEHUV �RI WKH VDPH VLJQ� WKDW

DUH FORVH LQ PDJQLWXGH� 7KH UHVXOW ZLOO EH IDU OHVV SUHFLVH WKDQ HLWKHU RI WKH VXEWUDKHQGV� )RU H[DPSOH�

VXEWUDFW
�
���������G IURP ���������G � (DFK LV NQRZQ WR � VLJQLILFDQW ILJXUHV� EXW WKH UHVXOW� 7KH

UHVXOW LV ���������G � ZKLFK LV NQRZQ RQO\ WR � VLJQLILFDQW ILJXUHV� ,Q RWKHU ZRUGV� RQH RSHUDWLRQ KDV

ORVW � VLJQLILFDQW ILJXUHV RI SUHFLVLRQ�

:KDW FDQ ZH GR WR VDYH RXUVHOYHV IURP WKLV GLVDVWHU" 7KH DQVZHU LQ JHQHUDO LV� ´1RW PXFK�µ 7KDW LV�

ZKHQ ZH SHUIRUP FHUWDLQ W\SHV RI FDOFXODWLRQ XVLQJ IORDWLQJ SRLQW DULWKPHWLF� ZKHUHLQ PDQ\ VXEWUDF�

WLRQV RI QXPEHUV WKDW DUH FORVH LQ VL]H PD\ EH H[SHFWHG� WKHQ ZH PXVW H[SHFW GUDVWLF ORVVHV RI

SUHFLVLRQ³SHUKDSV WR WKH SRLQW RI YLWLDWLQJ WKH FDOFXODWLRQ� )RUWXQDWHO\ ZKHQ VXFK DZIXO WKLQJV

KDSSHQ� WKHUH LV XVXDOO\ D UHDVRQ �QR� , GR QRW PHDQ \RX KDYH RIIHQGHG WKH JRGV�� 7KH UHDVRQ FDQ

DOPRVW DOZD\V EH VWDWHG LQ PDWKHPDWLFDO WHUPV³D PDWUL[ LV LOO�FRQGLWLRQHG� DQ HTXDWLRQ KDV PDQ\

FORVHO\ VSDFHG URRWV� DQG VR IRUWK� %XW VXFK FRQGLWLRQV XVXDOO\ DULVH IURP VRPH DVSHFW RI WKH SK\VLFDO

SUREOHP WKH HTXDWLRQV DUH LQWHQGHG WR UHSUHVHQW� DQG FDQ RIWHQ EH VWDWHG LQ SK\VLFDO WHUPLQRORJ\�

:KHQ WKDW LV WKH FDVH LW LV XVXDOO\ SRVVLEOH WR VHH KRZ WKH SUREOHP PXVW EH UHVWDWHG WR DYRLG

FDWDVWURSKLF URXQGRII� 2QO\ UDUHO\ GRHV LW SD\ LQ VXFK LQVWDQFHV WR WU\ WR VROYH WKH RULJLQDO SUREOHP

E\ VKHHU EUXWH IRUFH� L�H� E\ H[WHQGLQJ WKH SUHFLVLRQ WR VR PDQ\ VLJQLILFDQW ILJXUHV WKDW DQ DQVZHU RI

DFFHSWDEOH SUHFLVLRQ FDQ VWLOO EH REWDLQHG�

�������	 �������������������������� ���� 	&
��������	 ��������	
������������������������������

�� ,Q GHFLPDO URXQGLQJ RQH DGGV � WR WKH V·WK GLJLW DQG WKHQ FKRSV�

�� 7KH VXEVFULSW ´Gµ PHDQV ZH DUH XVLQJ GHFLPDO QRWDWLRQ�
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