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7R PRWLYDWH WKH VROXWLRQ RI RUGLQDU\ GLIIHUHQWLDO HTXDWLRQV� FRQVLGHU WKH SUREOHP RI DLPLQJ DQ HDUO\

VLHJH JXQ ILULQJ D URXQG VKRW� DV VKRZQ EHORZ�

7KH FDQQRQHHU ZDV IRUFHG WR HVWLPDWH WKH HIIHFWV RI ZLQG� &RULROLV IRUFH DQG DLU UHVLVWDQFH� +RZHYHU�

ZH³WKH KHLUV RI 1HZWRQ³FDQ FDOFXODWH WKH DQJOH RI LQFOLQDWLRQ DQG WKH DLPLQJ SRLQW� QHHGHG WR KLW

D WDUJHW ZLWK DQ\ SUHFLVLRQ� 2I FRXUVH WRR PXFK SUHFLVLRQ LV XVHOHVV LI ZH FDQQRW FRQWURO WKH DPRXQW

DQG TXDOLW\ RI WKH JXQSRZGHU FKDUJH� RU DLP ZLWK HTXLYDOHQW SUHFLVLRQ� VR ZH ZLOO DOVR EH LQWHUHVWHG

LQ WKH VHQVLWLYLW\ RI WKH DQVZHU WR WKH LQLWLDO FRQGLWLRQV RI WKH SUREOHP�

:H VHW XS ORFDO FRRUGLQDWHV DW D SRLQW RQ

WKH (DUWK·V VXUIDFH DV VKRZQ WR WKH ULJKW�

$VVXPLQJ RQH LV LQ WKH QRUWKHUQ KHPL�

VSKHUH� WKH [�GLUHFWLRQ LV GXH (DVW� WKH

\�GLUHFWLRQ LV GXH 1RUWK� DQG WKH ]�D[LV

SRLQWV VWUDLJKW RXW IURP WKH (DUWK·V FHQWHU�

7KH HTXDWLRQV RI PRWLRQ DUH 1HZWRQ·V

6HFRQG /DZ� EXW ZH ZLVK WR LQFOXGH DLU

UHVLVWDQFH DQG &RULROLV IRUFH� 7KH ODWWHU LV

D SVHXGRIRUFH WKDW DULVHV IURP WKH (DUWK·V

URWDWLRQ³WKDW LV� WKH FDQQRQ LV DFWXDOO\

EHLQJ ILUHG LQ DQ DFFHOHUDWHG IUDPH� WKH

HIIHFWLYH HTXDWLRQ RIPRWLRQ IRU WKH SURMHF�

WLOH LV WKHUHIRUH�
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GY
→

GW
= − J ]

A− Γ Y Y
→
+ Ω

→
×  U

→
×Ω

→
 + � Y

→
× Ω

→
�

We have modeled the air friction as proportional to the square of the velocity, since we expect
viscosity to be unimportant. T he coefficient Γ is

Γ = �

�P
χ $ ρ(])

where ρ is the air density at altitude z, A is the cross-sectional area of the projectile, χ is the
“shape factor” of the projectile (about 0.3 for a sphere) and m is the projectile mass. T he Earth’s
angular velocity, expressed in local cordinates, is

Ω
→
= Ω \

AFRVθ + ]AVLQθ �

where θ is the conventional latitude (as measured from the Equator). As usual, g is the

acceleration of gravity at the Earth’s surface, about 9.8 m/sec2 and v  =  |v
→
|.

For terrestrial distances and the muzzle velocities appropriate to artillery, we may neglect the
term quadratic in the Earth’s angular velocity Ω. (Check this yourself, for muzzle speeds
comparable with that of sound, and ranges up to 10 km.) T hus the system of equations we must
solve is

GY[

GW
= − ΓY Y[ + �Ω 


Y\ VLQθ − Y] FRVθ

GY\

GW
= − ΓY Y\ − �Ω Y[ VLQθ

GY]

GW
= − J − ΓY Y] + �Ω Y[ FRVθ �

T his is a coupled system of nonlinear first-order ordinary differential equations. T hey are
nonlinear because the velocities appear quadratically; they are fi rst-order because only the first
derivative of the velocity appears in each equation.

To solve the aiming problem, we shall need to calculate the projectile’s trajectory, possibly many
times, changing the initial direction and elevation as necessary to discover those precise values
that will cause the projectile to intersect the target coordinates within the desired accuracy. T his
approach is, not surprisingly, called the “shooting” method. To find the trajectory we shall solve
for the (vector) velocity, then integrate this to find the coordinates as a function of—say—time.

To solve for the desired direction and elevation we might minimize the distance from the
coordinates of the point of aim to those of the end of the trajectory:

∆(ψ� χ) = _U
→

DLP − U
→

LPSDFW(ψ� χ)_ �

T his procedure has an advantage over trying to find the root: if the range of the gun is not
sufficient to reach the target, the minimizer will reveal this.
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Before we can begin to solve our paradigmatic problem, however, we need to be able to solve
first-order ordinary differential equations. T his is the subject of the next section.
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We wish to solve the first-order general differential equation

[
.
≡ G[

GW
= I([� W) ���

,Q JHQHUDO ZH FDQ RQO\ VROYH (T� � DSSUR[LPDWHO\� VWDUWLQJ IURP WKH YDOXH RI [³FDOO LW [�³DW VRPH

LQLWLDO WLPH W� � WKHQ DGYDQFLQJ WKH WLPH E\ VPDOO LQFUHPHQWV GW = K� XVLQJ WKH GLIIHUHQWLDO HTXDWLRQ

LWVHOI WR JLYH XV [(W + K) JLYHQ [(W) �

)RU H[DPSOH� ZH FRXOG H[SDQG LQ 7D\ORU·V VHULHV�

[(W+K) = [(W) + K[
.
(W) + K �

�
[
..
(W) + … ���

DQG NHHS RQO\ WKH ORZHVW RUGHU WHUPV�

[(W+K) ≈ [(W) + KI([(W)� W) � ���

# �����
"����
���
�����

:H VKDOO GHILQH

[Q =
GI

[(W) �

LQ WHUPV RI [Q WKH DSSUR[LPDWLRQ (T� � EHFRPHV

[Q+� = [Q + K I([Q � W) � ���

:H QRZ DVN ZKHWKHU WKLV DSSURDFK FDQ \LHOG DQ LQFRUUHFW UHVXOW� 7KH DQVZHU LV ´&HUWDLQO\�µ³(T� ���

FDQ EHFRPH XQVWDEOH LI K LV WRR ODUJH� &RQVLGHU WKH HTXDWLRQ

[
.
= −$[

ZKHUH$ LV D FRQVWDQW�:H NQRZ WKH VROXWLRQ RI WKLV HTXDWLRQ LV [(W) = [(�) H−$W� %XW LI ZH WXUQ LW LQWR

D GLIIHUHQFH HTXDWLRQ�

[Q+� = [Q � −$K �

WKH VROXWLRQ RI WKH ODWWHU LV

[Q = [� � −$K
Q
�
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,Q RWKHU ZRUGV� WKH VROXWLRQ EHFRPHV RVFLOODWRU\ �DQG LQFRUUHFW�� LI $K > � �

7KH REYLRXV FXUH LV WR NHHS K VPDOO³WKDW LV� WR LQWHJUDWH ZLWK PDQ\ WLPH VWHSV� 8QIRUWXQDWHO\� WKH

FRPSXWHU EHLQJ XVHG IRU WKH LQWHJUDWLRQ PD\ EH WRR VORZ WR SHUPLW DQ DGHTXDWHO\ ILQH VXEGLYLVLRQ RI

WKH LQWHUYDO� VR WKDW WKHQXPHULFDO VROXWLRQZLOO QRW DGHTXDWHO\ DSSUR[LPDWH WKH DFWXDO VROXWLRQ� 6SHHG

RI HYDOXDWLRQ FDQ EH FUXFLDO LQ WKH IROOORZLQJ FLUFXPVWDQFHV�

• WKH SUREOHP PD\ UHTXLUH VROYLQJ PDQ\ VXFK HTXDWLRQV�

• WKH SUREOHP PXVW EH VROYHG LQ UHDO WLPH� DV LQ ZHDWKHU SUHGLFWLRQ� SURFHVV FRQWURO� RQ�OLQH GDWD
DQDO\VLV RU PLVVLOH LQWHUFHSWLRQ�

• WKH IXQFWLRQ I([� W) PD\ EH H[SHQVLYH WR HYDOXDWH�

,I WKH SUDFWLWLRQHU·V DLP LV WR REWDLQ UHVXOWV LQ D ILQLWH WLPH� WKH VLPSOH�PLQGHG DOJRULWKP PXVW EH

UHSODFHG E\ RQH WKDW SHUPLWV FRDUVHU WLPH VWHSV ZLWKRXW FRPSURPLVLQJ SUHFLVLRQ�

% &��������
�	�������

6XSSRVH ZH ZLVKHG WR EDVH D VROXWLRQ RQ D QXPHULFDO TXDGUDWXUH IRUPXOD³VD\ 6LPSVRQ·V UXOH�

[(W + �K) = [(W) + ∫ GW’ I [(W’)� W’)W

W + �K

≈ K

�

 I [(W)� W + � I [(W + K)� W + K + I [(W + �K)� W + �K


 �

WKHQ ZH ZRXOG REWDLQ WKH �LPSOLFLW� IRUPXOD

[Q+� ≈ [Q−� + K

�


IQ−� + � IQ + IQ+�

�

6XSSRVH ZH WU\ WKLV RQ

[
.
= −$[ �

ZH KDYH

[Q+�



� + K$

�



= [Q−�




� − K$

�



− �K$

�
[Q �

7KLV LV D OLQHDU GLIIHUHQFH HTXDWLRQ ZLWK FRQVWDQW FRHIILFLHQWV� ZKRVH VROXWLRQ PD\ EH VRXJKW LQ WKH

IRUP

[Q = α βQ �

ZH ILQG D TXDGUDWLF HTXDWLRQ IRU β� KHQFH WKHUH DUH WZR URRWV�

β = 


� + $K

�




−� 


− �$K

�
± √� + $�K�

�




≈ 



� −$K

−� −$K ⁄ �




7KH ILUVW RI WKHVH� IRU VPDOO HQRXJK VWHS�VL]H K� LV VPDOOHU WKDQ XQLW\ DQG WKHUHIRUH OHDGV WR WKH VROXWLRQ

ZH VHHN� QDPHO\ D GHFUHDVLQJ H[SRQHQWLDO� 7KH VHFRQG URRW H[FHHGV XQLW\ LQ PDJQLWXGH DQG OHDGV WR

��� &��������
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D JURZLQJ� RVFLOODWRU\ WHUP� 7KLV LV UDWKHU XQIRUWXQDWH� VLQFH WKH OLPLWDWLRQV RI QXPHULFDO SUHFLVLRQ

RQ GLJLWDO FRPSXWHUVZLWK ILQLWH UHJLVWHUV JXDUDQWHHV WKH SUHVHQFH RI VRPH VPDOO DPRXQW RI WKH JURZLQJ

VROXWLRQ� 7KDW LV� DIWHU D ILQLWH QXPEHU RI LQWHJUDWLRQ VWHSV WKH VROXWLRQ LV JXDUDQWHHG WR FRQWDLQ DQ

HUURU WKDW FRQWLQXHV WR JURZ�

7KXV ZH VKDOO KDYH WR WDNH FDUH WKDW PHWKRGV ZH LQWURGXFH IRU QXPHULFDO LQWHJUDWLRQ RI GLIIHUHQWLDO

HTXDWLRQV GR QRW LQWURGXFH LQVWDELOLWLHV WKURXJK LQDGYHUWDQFH�

� ����������	�	����
���		
�
��
�

,Q GLVFXVVLQJ QXPHULFDO LQWHJUDWLRQ LW LV XVHIXO WR LQWURGXFH WKH GLIIHUHQFH RSHUDWRU ∆ GHILQHG DV

∆[Q =
GI

[Q+� − [Q �

1RZ FOHDUO\�

∆ I(W) =
GI

I(W + K) − I(W) ≡ K
GI

GW
+ K�

��
G�I

GW�
+ …

ZKHUH ZH KDYH H[SDQGHG I(W + K) LQ 7D\ORU·V VHULHV DERXW W� )RUPDOO\� LI ZH GHILQH DQ RSHUDWRU

' = G

GW

ZH PD\ ZULWH WKH 7D\ORU·V VHULHV DV DQ H[SRQHQWLDO�

∆ I = K
GI

GW
+ K�

��

G�I

GW�
+ … = 

 H
K' − � I

RU DEVWUDFWLQJ WR D UHODWLRQ EHWZHHQ RSHUDWRUV�

∆ = HK' − � ���

RU

' = �
K
ORJ(� + ∆) � ���
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2QH VWDQGDUG FODVV RI PHWKRGV WKDW KDG IDOOHQ LQWR GLVIDYRU EXW QRZ DUH SRSXODU DJDLQ� DUH WKH

5XQJH�.XWWD� DOJRULWKPV� 7KH DOJRULWKPV FDQ EH FODVVLILHG DFFRUGLQJ WR RUGHU Q³WKDW LV� LI K LV WKH

VWHS VL]H� WKH HUURU DW HDFK VWHS ZLOO EHO( KQ+� ) �

�
����"���
��(��)
"*����
)URP (T� � ZH ILQG

' [ = �
K
ORJ(� + ∆) [ = I([� W)

RU




∆ − ∆�

�
+ …




[ = K I �

.HHSLQJ RQO\ WKH VHFRQG GLIIHUHQFH WHUP ∆��� ZH PD\ ZULWH WKLV DV

∆[ ≈ K I + �
�
∆� [ ≈ K I + �

�
∆ (K I) = �

�
K I([� W) + K I([ + KI� W + K) �

7KLV LV� LQ IDFW� WKH VHFRQG RUGHU 5XQJH�.XWWD TXDGUDWXUH IRUPXOD�

N = K I([Q � QK)

[Q+� = [Q + �

�


N + K I([Q + N� QK + K)


+ O(K�) � ���

:H FDQ FKHFN WKLV IRUPXOD E\ H[SDQGLQJ LQ 7D\ORU·V VHULHV DQG FRPSDULQJ WHUPV� &OHDUO\�

N + K I([ + N� W + K) ≈ �K I + K N
∂I
∂[

+ K�
∂I
∂W

= �K [
.
+ K� [

..
+ O(K�) �

KHQFH

[Q+� =
GI

[(QK + K) ≈ [Q + K [
.
Q +

K�

�
[
..
Q �

WKDW LV� WKH 5XQJH�.XWWD [Q+� DJUHHV ZLWK WKH 7D\ORU·V VHULHV H[SDQVLRQ WR O(K�) �

,W LV ZRUWK QRWLQJ WKDW D IRUPXOD� HTXLYDOHQW WR (T� � LV

[Q+� = [Q + K I([Q + N ⁄ �� W + K ⁄ �) �

WKDW LV� DV ZH VKDOO VHH EHORZ� WKHUH LV D FHUWDLQ ODWLWXGH LQ FKRRVLQJ WKH FRPELQDWLRQV RI GHULYDWLYHV

DQG IXQFWLRQ YDOXHV� DV ZHOO DV LQ WKH LQWHUPHGLDWH YDOXHV RI WKH LQGHSHQGHQW YDULDEOH�

��+ (��)
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FALSE [IF]
Numerical solution of first-order ordinary differential equation by 2nd order
Runge-Kutta algorithm, following Abramowitz & Stegun p. 896, 25.5.6 

Solves dx/dt = f(x,t)

This is an ANS Forth program requiring FLOATING and FLOATING EXT
wordsets. This program assumes a separate floating point stack.

For simplicity and clarity, the program uses a FORmula TRANslator

Example 
: fnb   ( f: x t -- t^2*exp[-x])    f^2  FSWAP  FNEGATE FEXP   F*  ;
use( fnb  0e0 0e0 5e0 0.1e0 )runge

[THEN]

MARKER  -runge
INCLUDE ftran111.f \ use FORmula TRANslator

\ multiple variable definitions
: fvariables ( n —)  0 DO  FVARIABLE  LOOP  ;

5 fvariables t h x tf  xk

v: fdummy \ dummy function name

: x’    \ integration step
        f" xk = h*fdummy(x,t)"          \ compute k
        f" t = t+h"                     \ increment t
        f" xk + h*fdummy(x+xk,t)"  F2/  ( f: — dx)
        x F@   F+   x F!                \ x = x + dx ;

: display       CR   t F@  FS.  5 SPACES   x F@  FS.  ;

: done?  t F@  tf F@  F>  ;

: )runge   ( xt —)  ( f: x0 t0 tf h — )
        defines fdummy              \ vector fn_name
        tf F!  t F!  x F!  h F!     \ initialize variables
        BEGIN   display   x’        \ indefinite loop
        done?   UNTIL  ;
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$ SURJUDP IRU �QG�RUGHU 5XQJH�.XWWD LQWHJUDWLRQ �LQ )RUWK� LV VKRZQ RQ WKH SUHFHGLQJ SDJH� $V DQ

H[DPSOH ZH VROYH QXPHULFDOO\ WKH HTXDWLRQ�

[
.
= W� H−[

ZLWK WKH LQLWLDO FRQGLWLRQ [(W=�) = � � ZKRVH H[DFW VROXWLRQ LV

[(W) = ORJH(� +
�

�
W� ) �

7R UXQ DQG FRPSDUH ZLWK WKH H[DFW VROXWLRQ� PRGLI\ WKH ZRUG display DV IROORZV�

: display       CR   t F@  FS.  5 SPACES   x F@  FS.  
5 SPACES  f" ln(1+t^3/3)"  FS.  ;

7KH UHVXOWLQJ RXWSXW LV VKRZQ EHORZ�

t x  exact

0.00000E-1   0.00000E-1   0.00000E-1
1.00000E-1   5.00000E-4   3.33278E-4
2.00000E-1   2.99675E-3   2.66312E-3
3.00000E-1   9.45945E-3   8.95974E-3
4.00000E-1   2.17714E-2   2.11090E-2
5.00000E-1   4.16399E-2   4.08220E-2
6.00000E-1   7.04869E-2   6.95261E-2
7.00000E-1   1.09341E-1   1.08256E-1
8.00000E-1   1.58756E-1   1.57573E-1
9.00000E-1   2.18777E-1   2.17528E-1
1.00000E0    2.88963E-1   2.87682E-1
1.10000E0    3.68461E-1   3.67186E-1
1.20000E0    4.56125E-1   4.54890E-1
1.30000E0    5.50634E-1   5.49469E-1
1.40000E0    6.50614E-1   6.49544E-1
1.50000E0    7.54732E-1   7.53772E-1
1.60000E0    8.61759E-1   8.60919E-1
1.70000E0    9.70612E-1   9.69895E-1
1.80000E0    1.08036E0    1.07977E0
1.90000E0    1.19025E0    1.18977E0
2.00000E0    1.29965E0    1.29928E0
2.10000E0    1.40808E0    1.40781E0
2.20000E0    1.51516E0    1.51498E0
2.30000E0    1.62061E0    1.62051E0
2.40000E0    1.72423E0    1.72419E0
2.50000E0    1.82586E0    1.82589E0

t x  exact

2.60000E0    1.92543E0    1.92551E0
2.70000E0    2.02287E0    2.02300E0
2.80000E0    2.11817E0    2.11834E0
2.90000E0    2.21133E0    2.21153E0
3.00000E0    2.30236E0    2.30259E0
3.10000E0    2.39129E0    2.39154E0
3.20000E0    2.47817E0    2.47844E0
3.30000E0    2.56305E0    2.56333E0
3.40000E0    2.64597E0    2.64627E0
3.50000E0    2.72700E0    2.72731E0
3.60000E0    2.80619E0    2.80651E0
3.70000E0    2.88360E0    2.88393E0
3.80000E0    2.95930E0    2.95962E0
3.90000E0    3.03333E0    3.03365E0
4.00000E0    3.10575E0    3.10608E0
4.10000E0    3.17663E0    3.17696E0
4.20000E0    3.24601E0    3.24634E0
4.30000E0    3.31395E0    3.31427E0
4.40000E0    3.38049E0    3.38081E0
4.50000E0    3.44569E0    3.44601E0
4.60000E0    3.50960E0    3.50991E0
4.70000E0    3.57225E0    3.57256E0
4.80000E0    3.63369E0    3.63400E0
4.90000E0    3.69397E0    3.69427E0
5.00000E0    3.75312E0    3.75342E0
  ok
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7KH NH\ WR GHULYLQJ 5XQJH�.XWWD IRUPXODV LV WR ZULWH WKH GLIIHUHQFH RSHUDWRU DV D OLQHDU FRPELQDWLRQ

RI WKH ILUVW GHULYDWLYH YDOXHV RI WKH IXQFWLRQ�

[Q+� − [Q ≈ ∑
V=�

0

ZV NV ���

ZKHUH

NV = K I



[Q +∑

U=�

V−�

β
VU
N
U
� W + αV K





DQG WKH FRHIILFLHQWVZV � αV DQGβVU FDQ EH GHWHUPLQHG E\ H[SDQGLQJ ERWK VLGHV RI (T� � DQG FRPSDULQJ
WHUP�E\�WHUP� 7KLV OHDGV� LQ JHQHUDO� WR IHZHU HTXDWLRQV WKDQ XQNQRZQV� KHQFH WKH DYDLODEOH GHJUHHV

RI IUHHGRP PD\ EH FKRVHQ HLWKHU WR PLQLPL]H VRPH ERXQG RQ WKH HUURU WHUP� RU ZLWK VRPH RWKHU

SXUSRVH�

7KH IRXUWK�RUGHU 5XQJH�.XWWD IRUPXOD ZH VKDOO XVH KHUH� DFFXUDWH WRO( K� )� LV

[Q+� = [Q +
N�

�
+

N�

�
+

N�

�
+

N�

�
���

ZKHUH

N� = K I([Q � QK)

N� = K I



[Q +

N�

�
� QK + K

�





N� = K I



[Q +

N�
�
� QK + K

�





N� = K I([Q + N� � QK + K) �

:H OHDYH LW DV DQ H[HUFLVH WR VKRZ WKDW WKH SUHFHGLQJ IRUPXODH DUH HTXLYDOHQW WR D 7D\ORU·V VHULHV

H[SDQVLRQ WR WKH UHTXLVLWH RUGHU� DV ZHOO DV WR VROYH WKH VDPH H[DPSOH HTXDWLRQ RYHU WKH VDPH UDQJH�

FRPSDULQJ LW ZLWK WKH H[DFW VROXWLRQ� 7R FRQYHUW WKH SURJUDP IRU VHFRQG�RUGHU 5XQJH�.XWWD WR RQH

XVLQJ WKH IRXUWK�RUGHU IRUPXOD (T� �� ZH QHHG DOWHU EXW RQH VXEURXWLQH �RI FRXUVHZHPXVW DOVR DOORFDWH

VSDFH IRU WKH H[WUD LQWHUPHGLDWH YDULDEOHV��

: x’    \ integration step ( note: h2 = h/2)
f" xk1 = h2*fdummy(x,t)" \ compute k1
f" t = t+h2" \ increment t by a half-step
f" xk2 = h*fdummy(x+xk1,t)"
f" xk3 = h*fdummy(x+xk2/2,t)"
f" t = t+h2" \ increment t by a half-step
f" xk4 = h2*fdummy(x+xk3, t)"
f" x = x + (xk1 + xk2 + xk3 + xk4)/3"

;

7KH VDPH H[DPSOH� UXQ ZLWK WKLV DOJRULWKP� JLYHV WKH UHVXOWV VKRZQ RQ WKH QH[W SDJH� :H VHH WKDW

WKH QXPHULFDO LQWHJUDWLRQ QRZ DJUHHVZLWK WKH H[DFW UHVXOW WR VL[ ��� VLJQLILFDQW ILJXUHV� RYHU WKH HQWLUH

UDQJH� LQ FRQWUDVW WR WKH VHFRQG�RUGHU IRUPXOD� ZKLFK³ZLWK WKLV VWHS VL]H³\LHOGHG VLJQLILFDQW
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t x  exact

0.00000E-1   0.00000E-1   0.00000E-1
1.00000E-1   3.33281E-4   3.33278E-4
2.00000E-1   2.66312E-3   2.66312E-3
3.00000E-1   8.95975E-3   8.95974E-3
4.00000E-1   2.11090E-2   2.11090E-2
5.00000E-1   4.08220E-2   4.08220E-2
6.00000E-1   6.95261E-2   6.95261E-2
7.00000E-1   1.08256E-1   1.08256E-1
8.00000E-1   1.57574E-1   1.57573E-1
9.00000E-1   2.17528E-1   2.17528E-1
1.00000E0    2.87682E-1   2.87682E-1
1.10000E0    3.67187E-1   3.67186E-1
1.20000E0    4.54890E-1   4.54890E-1
1.30000E0    5.49470E-1   5.49469E-1
1.40000E0    6.49544E-1   6.49544E-1
1.50000E0    7.53772E-1   7.53772E-1
1.60000E0    8.60919E-1   8.60919E-1
1.70000E0    9.69895E-1   9.69895E-1
1.80000E0    1.07977E0    1.07977E0
1.90000E0    1.18977E0    1.18977E0
2.00000E0    1.29928E0    1.29928E0
2.10000E0    1.40781E0    1.40781E0
2.20000E0    1.51498E0    1.51498E0
2.30000E0    1.62051E0    1.62051E0
2.40000E0    1.72419E0    1.72419E0
2.50000E0    1.82589E0    1.82589E0
2.60000E0    1.92551E0    1.92551E0
2.70000E0    2.02300E0    2.02300E0
2.80000E0    2.11834E0    2.11834E0
2.90000E0    2.21153E0    2.21153E0
3.00000E0    2.30259E0    2.30259E0
3.10000E0    2.39154E0    2.39154E0
3.20000E0    2.47844E0    2.47844E0
3.30000E0    2.56333E0    2.56333E0
3.40000E0    2.64627E0    2.64627E0
3.50000E0    2.72731E0    2.72731E0
3.60000E0    2.80651E0    2.80651E0
3.70000E0    2.88393E0    2.88393E0
3.80000E0    2.95962E0    2.95962E0
3.90000E0    3.03365E0    3.03365E0
4.00000E0    3.10608E0    3.10608E0
4.10000E0    3.17696E0    3.17696E0
4.20000E0    3.24634E0    3.24634E0
4.30000E0    3.31427E0    3.31427E0
4.40000E0    3.38081E0    3.38081E0
4.50000E0    3.44601E0    3.44601E0
4.60000E0    3.50991E0    3.50991E0
4.70000E0    3.57256E0    3.57256E0
4.80000E0    3.63400E0    3.63400E0
4.90000E0    3.69427E0    3.69427E0
5.00000E0    3.75342E0    3.75342E0
  ok
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GLVDJUHHPHQW LQ WKH IRXUWK RU ILIWK VLJQLILFDQW ILJXUHV� ,Q IDFW� VHWWLQJ WKH IORDWLQJ SRLQW GLVSOD\ WR WHQ

VLJQLILFDQW ILJXUHV UHYHDOV WKDW WKH FDOFXODWHG DQG H[DFW UHVXOWV RI WKH IRXUWK�RUGHU 5XQJH�.XWWD

IRUPXOD GLVDJUHH E\ D IHZ SDUWV LQ ����

,��������(��)
"*��������
)������
A variation on the explicit Runge-Kutta algorithm discussed above is the implici t algorithm6.
For example, in the second-order formula given above, suppose xn + kn were replaced by xn+1 :

N = K I([Q � QK)

[Q+� = [Q + �

�


N + K I([Q+� � QK+ K)


+ O(K�) �

DQG WKH UHVXOWLQJ �WUDQVFHQGHQWDO� HTXDWLRQ VROYHG IRU [Q+� E\³VD\³UHJXOD IDOVL� 6LQFH ZH KDYH

DOUHDG\ZULWWHQ D UHJXOD IDOVL SURJUDP�ZH FDQDSSO\ LW KHUH WR JHW WKH DOJRULWKPVKRZQGLDJUDPPDWLFDOO\

EHORZ�

7KH WDVN RI LPSOHPHQWLQJ WKLV DOJRULWKP LV OHIW DV H[HUFLVH�

1RZ ZK\ ZRXOG RQH ERWKHU ZLWK DQ LPSOLFW 5XQJH�.XWWD VFKHPH" 7KH DQVZHU LV WKDW ZKHQ WKH

GLIIHUHQWLDO HTXDWLRQ EHFRPHV VLQJXODU� RU ZKHQ WKH HTXDWLRQ LV ´VWLIIµ� WKH LPSOLFLW VFKHPH ZLOO QRW

GHYHORS LQVWDELOLWLHV� 7KDW LV� LW SHUPLWV XV WR REWDLQ D VROXWLRQZLWKRXWPDNLQJ WKH VWHS VL]H H[FHVVLYHO\

VPDOO�
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�� 6HH� H�J�� $� 5DOVWRQ� $ )LUVW &RXUVH LQ 1XPHULFDO $QDO\VLV �0F*UDZ�+LOO %RRN &RPSDQ\� 1HZ <RUN�
����� &K� �� ,PSOLFLW PHWKRGV LQFUHDVH WKH VWDELOLW\ RI QXPHULFDO VROXWLRQ� FRPSDUHG ZLWK H[SOLFLW PHWK�
RGV� 7KH IRUPXOD EHORZ LV H[DFW IRU VHFRQG�RUGHU SRO\QRPLDOV� 7KH HUURU LV RI WKH VDPH RUGHU DV WKH H[�
SOLFLW IRUPXOD� EXW WKH FRHIILFLHQW PD\ EH VPDOOHU�
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7KH IRXUWK�RUGHU 5XQJH�.XWWDPHWKRG UHTXLUHV IRXU HYDOXDWLRQV RI WKH IXQFWLRQ I([� W) SHU LQWHJUDWLRQ
VWHS� 7KLV FDQ EH XQQHFHVVDULO\ WLPH�FRQVXPLQJ� $ VHFRQG GLVDGYDQWDJH RI 5XQJH�.XWWD PHWKRGV LV

WKDW WKH\ SURYLGH QR HVWLPDWH RI KRZ ZHOO WKH\ DUH GRLQJ� WKDW LV� LI WKH SUHFLVLRQ LV WRR JUHDW �EHFDXVH

WKH IXQFWLRQ LV FKDQJLQJ RQO\ VORZO\�� LW ZRXOG EH DGYDQWDJHRXV WR LQFUHDVH WKH VWHS�VL]H� &RQYHUVHO\�

LI WKH SUHFLVLRQ LV ZRUVHQLQJ� D GHFUHDVH LQ VWHS�VL]H LV LQ RUGHU� 7KH 5XQJH�.XWWD PHWKRG LV ERWK

VWDEOH DQG HDV\ WR SURJUDP� KRZHYHU� VLQFH LW LQWHJUDWHV IRUZDUG IURP WKH FXUUHQW YDOXH [Q � 7KLV LV

ZK\ LW UHPDLQV SRSXODU�

$QRWKHU JHQUH RI PHWKRGV� WKH VR�FDOOHG SUHGLFWRU�FRUUHFWRU DOJRULWKPV� KDV EHHQ VWXGLHG E\ PDQ\

DXWKRUV� ,WV DGYDQWDJHV DUH ILUVW� WKDW �LQ D IRXUWK�RUGHU SURFHGXUH� I([� W) LV HYDOXDWHG RQO\ WZLFH SHU
LQWHJUDWLRQ VWHS� DQG VHFRQG� WKDW WZR GLIIHUHQW DOJRULWKPV �WKH SUHGLFWRU DQG WKH FRUUHFWRU� DUH

HPSOR\HG� KHQFH WKH\ FKHFN HDFK RWKHU� 7KDW LV� FRPSDULQJ WZR GLIIHUHQW DOJRULWKPV SURYLGHV D

UXQQLQJ HVWLPDWH RI SUHFLVLRQ� WKDW FDQ EH XVHG WR DGMXVW WKH VWHS�VL]H IRU RSWLPDO UHVXOWV� 7KH FKLHI

GUDZEDFN RI SUHGLFWRU�FRUUHFWRUPHWKRGV LV WKDW WKH\ DUHPRUH GLIILFXOW WR SURJUDP WKDQ 5XQJH�.XWWD�

/LNH DOO QXPHULFDO LQWHJUDWLRQ DOJRULWKPV� WKH SUHGLFWRU�FRUUHFWRU DSSURDFK LV EDVHG RQ WKH LQWHJUDO

IRUP RI WKH GLIIHUHQWLDO HTXDWLRQ�

[(W + ∆W) = [(W) + ∫ GV [
.
(V)

W

W + ∆W
� ����

7KH WULFN LV WR XVH RQH TXDGUDWXUH IRUPXOD IRU WKH SUHGLFWRU DQG DQRWKHU IRU WKH FRUUHFWRU� 7KH WZR

IRUPXODV PXVW� RI FRXUVH� KDYH HUURU WHUPV RI WKH VDPH RUGHU� 7KXV FRQVLGHU D VHFRQG�RUGHU SURFHGXUH

EDVHG RQ FORVHG DQG RSHQ 1HZWRQ�&RWHV TXDGUDWXUH UXOHV�

[Q+� = [Q−� + �K
�


[
.
Q−� + [

.
Q

+ O(K�) �RSHQ 1HZWRQ�&RWHV�� ���D�

[Q+� = [Q + K

�


[
.
Q + [

.
Q+�

+ O(K�) �WUDSH]RLGDO UXOH�� ���E�

7KH ILUVW WKLQJ ZH RXJKW WR H[DPLQH LV WKH VWDELOLW\ RI WKHVH SURFHGXUHV� &RQVLGHU DJDLQ RXU GHFD\LQJ

H[SRQHQWLDO�

[
.
= −$[ �

WKH RSHQ 1HZWRQ�&RWHV IRUPXOD OHDGV WR WKH GLIIHUHQFH HTXDWLRQ

[Q+� = [Q−� − �K$
�



[Q−� + [Q

��� ��
������"����
������
�����
�

�� +0)� S� ���� ��������

�� +0)� S� ���� �������



ZKRVH VROXWLRQ LV

[Q = α βQ �

ZKHUH

β� + �$K
�

β� + �$K
�

β − � = � �

)RU _$K_ << � ZH ILQG RQH UHDO URRW�

β� ≈ � − $K �

DQG WZR FRPSOH[ FRQMXJDWH URRWV

β��� ≈ 


� + $K

�



H ±�Lπ ⁄��

7KDW LV� WKH IRUPXOD LV XQVWDEOH EHFDXVH LQ DGGLWLRQ WR WKH GHFUHDVLQJ VROXWLRQ �WKH RQH WKDW OHDGV WR

[ = [(�) H−$W�� WKHUH DUH WZR WKDW LQFUHDVH PRUH VORZO\� DV ZHOO DV RVFLOODWH� �2Q WKH RWKHU KDQG� LI
$ KDG WKH RSSRVLWH VLJQ� FRUUHVSRQGLQJ WR DQ LQFUHDVLQJ H[SRQHQWLDO� WKH WZR FRPSOH[ URRWV ZRXOG EH

VPDOOHU WKDQ XQLW\ LQ PDJQLWXGH VR WKH HUURUV ZRXOG GLH RXW��

:KDW DERXW WKH FORVHG 1HZWRQ�&RWHV IRUPXOD" +HUH WKH VHFXODU HTXDWLRQ LV




� + $K

�



β = � − $K

�

ZLWK RQH URRW� β ≈ � − $K � 7KLV LV D ZHOO�EHKDYHG HTXDWLRQ�

:LWK SUHGLFWRU�FRUUHFWRU DOJRULWKPV WKH EHVW VWUDWHJ\ LV WR FKRRVH WKH SUHGLFWRU WR EH WKH HTXDWLRQ

ZLWK SRVVLEOH LQVWDELOLW\� DQG WKH FRUUHFWRU WR EH VWDEOH� 7KXV ZH FKRRVH WKH RSHQ 1HZWRQ�&RWHV

IRUPXOD IRU WKH SUHGLFWRU DQG WKH WUDSH]RLGDO UXOH IRU WKH FRUUHFWRU�:H OHDYH WKH WDVN RI LPSOHPHQWLQJ

WKH SUHGLFWRU�FRUUHFWRU DOJRULWKP WR WKH VWXGHQW�

$ �
��������
��

�������

6HFRQG RUGHU HTXDWLRQV OLNH

[
..
+ I([� [

.
� W) = �

FDQ EH SXW LQ WKH IRUP RI WZR ILUVW�RUGHU HTXDWLRQV DQG WKHQ VROYHG E\ DSSO\LQJ D ILUVW�RUGHU GLIIHUHQWLDO

HTXDWLRQ VROYHU WR HDFK� /HW

\ =
GI

[
.
�

WKHQ ZH KDYH WKH V\VWHP

\
.
+ I([� \� W) = �

[
.
− \ = � �
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0DQ\ RI WKH VHFRQG RUGHU GLIIHUHQWLDO HTXDWLRQV HQFRXQWHUHG LQ SUDFWLFH DUH OLQHDU EXW KDYH

QRQ�FRQVWDQW FRHIILFLHQWV� 6XFK HTXDWLRQV FDQ EH WUDQVIRUPHG VR DV WR KDYH QR ILUVW�GHULYDWLYH WHUP�

WKDW LV� WR KDYH WKH IRUP

[
..
+ )([� W) = � �

$QG RI FRXUVH� VRPH QRQOLQHDU HTXDWLRQV DOUHDG\ KDYH WKLV IRUP�

WKHUH DUH VSHFLDO PHWKRGV IRU VHFRQG�RUGHU HTXDWLRQV �OLQHDU RU QRQOLQHDU� WKDW ODFN D ILUVW�GHULYDWLYH

WHUP� 7KH EHVW�NQRZQ RI WKHVH LV WKH 1XPHURY DOJRULWKP��

∆�[Q−� ≡ [Q+� − �[Q + [Q−� = K� [
..
+ K�

��
[(�) + …

K� ∆� [
..
Q−� ≡ [

..
Q+� − �[

..
Q + [

..
Q−� = −K� 


)Q+� − �)Q + )Q−�

≈ −K� [(�)

RU LQ RWKHU ZRUGV�

[Q+� − �[Q + [Q−� ≈ −K� )Q − K�

��


)Q+� − �)Q + )Q−�

� ����

,I WKH GLIIHUHQWLDO HTXDWLRQ LV OLQHDU DQG RI VHFRQG RUGHU�

[
..
= I(W) [ + J(W) � ���’�

WKHQ (T� ���’� FDQ EH VROYHG H[SOLFLWO\ IRU WKH QH[W YDOXH� [Q+� �

∆�



[Q−�




� − K�

��
IQ−�








≈ K� IQ [Q + K� JQ + K�

��
∆� JQ−� + O(K�) � ����

7KH HUURU LVO(K�) � WKH SULFH LV WKDW RQH QHHGV WKH ILUVW WZR YDOXHV RI [(W)� [� DQG [�� LQ RUGHU WR SURFHGH
ZLWK WKLV DOJRULWKP� 7KH IDFW WKDW RQH DOVR QHHGV JQ+� DW HYHU\ VWHS LPSRVHV QR H[WUD FRPSXWDWLRQDO

EXUGHQ VLQFH LW PHUHO\ JHWV FRPSXWHG RQH VWHS HDUOLHU WKDQ LW ZRXOG KDYH EHHQ�

2Q WKH IROORZLQJ SDJH LV WKH QXPHULFDO VROXWLRQ RI WKH HTXDWLRQ

[
..
+ [ = �

ZLWK LQLWLDO FRQGLWLRQV

[� = �� [
.
� = � DQG K = ���

7KH H[DFW VROXWLRQ LV� RI FRXUVH� VLQ(W) � 7KH 1XPHURY DOJRULWKP GHILQLWHO\ \LHOGV WKH DGYHUWLVHG
DFFXUDF\ �L�H� WR � SDUW LQ �����

��� �
��������
��

�������
�

�� %�9� 1XPHURY�0RQ� 1RW� 5R\� $VWURQ� 6RF� �� ������ ���� LELG�� ����
6HH DOVR 5�:� +DPPLQJ� 1XPHULFDO 0HWKRGV IRU 6FLHQWLVWV DQG (QJLQHHUV �0F*UDZ�+LOO %RRN &R�� ,QF��
1HZ <RUN� ����� S� ����



t   x(t)  sin(t)
1.00000E-1      9.98334E-2      9.98334E-2
2.00000E-1      1.98669E-1      1.98669E-1
3.00000E-1      2.95520E-1      2.95520E-1
4.00000E-1      3.89418E-1      3.89418E-1
5.00000E-1      4.79426E-1      4.79426E-1
6.00000E-1      5.64642E-1      5.64642E-1
7.00000E-1      6.44218E-1      6.44218E-1
8.00000E-1      7.17356E-1      7.17356E-1
9.00000E-1      7.83327E-1      7.83327E-1
1.00000E0       8.41471E-1      8.41471E-1
1.10000E0       8.91207E-1      8.91207E-1
1.20000E0       9.32039E-1      9.32039E-1
1.30000E0       9.63558E-1      9.63558E-1
1.40000E0       9.85450E-1      9.85450E-1
1.50000E0       9.97495E-1      9.97495E-1
1.60000E0       9.99573E-1      9.99574E-1
1.70000E0       9.91665E-1      9.91665E-1
1.80000E0       9.73847E-1      9.73848E-1
1.90000E0       9.46300E-1      9.46300E-1
2.00000E0       9.09297E-1      9.09297E-1
2.10000E0       8.63209E-1      8.63209E-1
2.20000E0       8.08496E-1      8.08496E-1
2.30000E0       7.45705E-1      7.45705E-1
2.40000E0       6.75463E-1      6.75463E-1
2.50000E0       5.98472E-1      5.98472E-1
2.60000E0       5.15501E-1      5.15501E-1
2.70000E0       4.27379E-1      4.27380E-1
2.80000E0       3.34988E-1      3.34988E-1
2.90000E0       2.39249E-1      2.39249E-1
3.00000E0       1.41119E-1      1.41120E-1
3.10000E0       4.15800E-2      4.15807E-2
3.20000E0      -5.83748E-2     -5.83741E-2
3.30000E0      -1.57746E-1     -1.57746E-1
3.40000E0      -2.55542E-1     -2.55541E-1
3.50000E0      -3.50784E-1     -3.50783E-1
3.60000E0      -4.42521E-1     -4.42520E-1
3.70000E0      -5.29837E-1     -5.29836E-1
3.80000E0      -6.11858E-1     -6.11858E-1
3.90000E0      -6.87767E-1     -6.87766E-1
4.00000E0      -7.56803E-1     -7.56802E-1
4.10000E0      -8.18277E-1     -8.18277E-1
4.20000E0      -8.71576E-1     -8.71576E-1
4.30000E0      -9.16166E-1     -9.16166E-1
4.40000E0      -9.51602E-1     -9.51602E-1
4.50000E0      -9.77530E-1     -9.77530E-1
4.60000E0      -9.93691E-1     -9.93691E-1
4.70000E0      -9.99923E-1     -9.99923E-1
4.80000E0      -9.96164E-1     -9.96165E-1
4.90000E0      -9.82452E-1     -9.82453E-1
5.00000E0      -9.58924E-1     -9.58924E-1
5.10000E0      -9.25814E-1     -9.25815E-1  ok
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1H[W ZH LQYHVWLJDWH WKH VWDELOLW\ RI WKH 1XPHURY DOJRULWKP� 6XSSRVH WKH LQKRPRJHQHRXV WHUP

YDQLVKHG DQG WKH IXQFWLRQ I(W) ZHUH FRQVWDQW� WKHQ OHWWLQJ

D� =
GI

K� I

� − K� I ⁄ ��

DQG

;Q =
GI

[Q



� − K�

��
IQ




ZH ILQG WKDW WKH GLIIHUHQFH HTXDWLRQ KDV WKH VROXWLRQ ;Q = α βQ ZKHUH WKH WZR URRWV RI WKH VHFXODU

HTXDWLRQ DUH

β = � + D� ⁄ � ± D √� + D� ⁄ � �

,I D� < � DV LQ WKH SUHFHGLQJ H[DPSOH� WKHQ β = H Lϕ� L�H� LWV PDJQLWXGH LV XQLW\� DQG WKH VROXWLRQ LV

DV\PSWRWLFDOO\ VLQXVRLGDO� ,I� RQ WKH RWKHU KDQG� D� > �� WKH VROXWLRQV DUH GHFUHDVLQJ DQG LQFUHDVLQJ
H[SRQHQWLDOV� DSSUR[LPDWLQJ

[(W) a H ± W √ I

LQ WKH OLPLW DV K → � �

7KXV ZH PD\ H[SHFW WKDW LI ZH PXVW LQWHJUDWH LQ WKH SRVLWLYH�W GLUHFWLRQ� DQG ZH DUH KRSLQJ IRU D

VROXWLRQ ZLWK GHFUHDVLQJ H[SRQHQWLDO EHKDYLRU� VRRQHU RU ODWHU DQ\ LQLWLDOO\ VPDOO FRPSRQHQW RI WKH

LQFUHDVLQJ VROXWLRQ ZLOO ZLQ� DW ZKLFK SRLQW WKH DFFXUDF\ ZLOO GHFUHDVH UDGLFDOO\�

� -���		.�

�������

&HUWDLQ GLIIHUHQWLDO HTXDWLRQV FDQ EH H[WUHPHO\ GLIILFXOW WR VROYH EHFDXVH WKH\ HPERG\ VHYHUDO TXLWH

GLIIHUHQW WLPH VFDOHV� $Q H[DPSOH LV WKH HTXDWLRQ

[
..
− ���(� − H−W)

�
[ = � � ����

LQ ZKLFK WKH WZR WLPH VFDOHV DUH � DQG � ⁄ √ ��� = ���� � 6XFK HTXDWLRQV ZHUH ILUVW HQFRXQWHUHG E\
HQJLQHHUV GHVLJQLQJ V\VWHPV FRQWDLQLQJ VHYHUDO ERWK VRIW DQG VWLII VSULQJV DQG WKH QDPH ´VWLIIµ KDV

VWXFN�

6XSSRVH ZH XVH DQ\ RI WKH DOJRULWKPV ZH KDYH GHYHORSHG WR LQWHJUDWH (T� �� WR WKH ULJKW³WKDW LV� LQ

WKH GLUHFWLRQ RI LQFUHDVLQJ W� )RU W > � ZH VHH WKH HTXDWLRQ KDV DSSURDFKHG WKH EHKDYLRU

[
..
− ��� [ ≈ �

ZKRVH VROXWLRQV DUH H±�� W � 2XU QXPHULFDO VROXWLRQ ZLOO UDSLGO\ DSSURDFK WKH H[SRQHQWLDOO\ JURZLQJ

VROXWLRQ� QR PDWWHU ZKDW LQLWLDO FRQGLWLRQV ZH LPSRVH� 7KDW LV� QR PDWWHU KRZ ILQH D VWHS VL]H ZH

��+ -���		.�

�������
�



FKRRVH� LI ZH GHVLUH WKH VROXWLRQ WKDW DV\PSWRWLFDOO\ IDOOV DV H−�� W� ZH DUH ERXQG WR EH GLVDSSRLQWHG

VLQFH LW ZLOO EH VZDPSHG E\ WKH JURZLQJ VROXWLRQ�

7KHUH DUH VHYHUDO ZD\V WR KDQGOH VXFK GLIILFXOWLHV� ,Q WKH SUHVHQW FDVH� ZH FDQ VWDUW WKH VROXWLRQ DW

H−�� W IRU VRPH ODUJH W DQG LQWHJUDWH OHIWZDUG� 7KH GHVLUHG VROXWLRQ LV QRZ WKH JURZLQJ RQH� DQG WKH

XQGHVLUHG RQH GLHV RXW H[SRQHQWLDOO\ TXLFNO\� 7KH FRPSXWHG YDOXHV FDQ WKHQ EH UHQRUPDOL]HG

�EHFDXVH WKH HTXDWLRQ LV KRPRJHQHRXV� WR JLYH DQ\ GHVLUHG �JHQHUDOO\ QRQ�]HUR� YDOXH DW W = � �

7KLV PHWKRG GRHV QRW DOZD\V ZRUN� KHQFH LW LV ZRUWKZKLOH WR KDYH VRPH DGGLWLRQDO PHWKRGV WKDW FDQ

EH WULHG ZKHQ LW IDLOV� $FWRQ�� VXJJHVWV WKH 5LFFDWL WUDQVIRUPDWLRQ� OHW

[
.
= η(W) [ �

WKHQ HTXDWLRQV RI WKH IRUP

[
..
= I(W) [

DUH WUDQVIRUPHG LQWR WZR ILUVW�RUGHU HTXDWLRQV�

η
.
+ η� = I(W)

DQG

[
.
= η(W) [ �

RQH RI WKHP QRQOLQHDU� 7KH VHFRQG FDQ EH VROYHG E\ D VLPSOH TXDGUDWXUH�

[(W) = H[S


 ∫ GW’ η(W’)

W 



ZKHUHDV WKH ILUVW LV UHODWLYHO\ VPRRWK�

$ VHFRQG WHFKQLTXH IRU VROYLQJ VWLII HTXDWLRQV LQ ZKLFK WKH XQGHVLUHG VROXWLRQ GLYHUJHV LV EDVHG RQ

WKH IROORZLQJ LGHD� LI ZH LQWHJUDWH RXU H[DPSOH LQ WKH GLUHFWLRQ RI LQFUHDVLQJ W ZH DUH JXDUDQWHHG WR

REWDLQ WKH ´ZURQJµ VROXWLRQ� Z(W)� 6LQFH ZH DUH GHDOLQJ ZLWK D VHFRQG RUGHU OLQHDU GLIIHUHQWLDO
HTXDWLRQ� ZH FDQ REWDLQ WKH VHFRQG VROXWLRQ �WKH ´ULJKWµ RQH� U(W) � E\ WKH VXEVWLWXWLRQ

U(W) = Z(W) X(W)

ZKLFK �VLQFH Z(W) LV D VROXWLRQ� JLYHV

X
..
Z + �X

.
Z
.
= �

RU �ZLWKLQ D PXOWLSOLFDWLYH FRQVWDQW�

X(W) = ∫ GW’
�

Z�(W’)W

∞
�

7KXV ZH PD\ ZULWH

�������� ���������������
�������	�������� ���
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��� 6HH� H�J�� )�6� $FWRQ� 1XPHULFDO 0HWKRGV WKDW :RUN �0DWK� $VV·Q RI $PHULFD� :DVKLQJWRQ� '&� ������
S� ���II�



U(W) = $Z(W) ∫ GW’
�

Z�(W’)W

∞
����

ZKHUH$ LV DGMXVWHG WR JLYH WKH GHVLUHG LQLWLDO YDOXH� U(�) � 7KLV PHWKRG UHTXLUHV RQO\ WKDW ZH LQWHJUDWH
ULJKWZDUG XQWLO Z(W) DWWDLQV LWV DV\PSWRWLF EHKDYLRU� 2EYLRXVO\ WKLV ZLOO RFFXU DW VRPH ILQLWH YDOXH RI
W� ,I ZH VDYH WKH YDOXHV ZQ = Z(QK) VR DWWDLQHG� LW LV VWUDLJKWIRUZDUG WKHQ WR FRQVWUXFW WKH GHVLUHG
VROXWLRQ �IURP ULJKW WR OHIW� E\ TXDGUDWXUH�

1RW DOO VWLII HTXDWLRQV DUH VWLII EHFDXVH RI GLYHUJHQW VROXWLRQV� DQ H[DPSOH LV WKH V\VWHP��





[
.

\
. 

= 



���
−���

����
−����








[

\



� ����

ZLWK LQLWLDO FRQGLWLRQV [(�) = � DQG \(�) = �� ,W LV QRW GLIILFXOW WR GHWHUPLQH WKH H[DFW VROXWLRQV�

[ = � H−W − H−���� W

\ = − H−W + H−���� W �

7KH GLVHDVH RI WKH DERYH V\VWHP� IURP WKH QXPHULFDO SRLQW RI YLHZ� LV WKDW DOWKRXJK WKH UDSLGO\

GHFUHDVLQJ VROXWLRQ GLVDSSHDUV DOPRVW LQVWDQWO\� WKH VWHS VL]H K UHTXLUHG IRU QXPHULFDO VWDELOLW\� LQ WKH

XVXDO LQWHJUDWLRQ VFKHPHV� ZLOO EH GHWHUPLQHG E\ WKH VKRUW WLPH VFDOH ����� UDWKHU WKDQ WKH VORZ VFDOH�

����� � 7KXV� WKH WKLUG DSSURDFK� DGYRFDWHG E\ 3UHVV� HW DO���� LV DQ LPSOLFLW VFKHPH EDVHG RQ �KHUH

$ LV D PDWUL[ DQG [ D YHFWRU�

[
.
= −$ [

VR WKDW

[Q+� ≈ [Q + K [
.
Q+� ≡ [Q − K $ [Q+� �

7R VROYH ZH ZULWH

[Q+� ≈ � + K$
−�

[Q �

LI WKH PDWUL[ $ LV SRVLWLYH�GHILQLWH� WKHQ WKH LQYHUVH PDWUL[ KDV HLJHQYDOXHV WKDW DUH DOZD\V VPDOOHU

WKDQ XQLW\� KHQFH WKH PHWKRG LV VWDEOH HYHQ IRU ODUJH VWHS VL]H �DOWKRXJK LW PD\ ORVH DFFXUDF\ LQ WKDW

FDVH�� /HW XV DSSO\ LW WR WKH FDVH

$ = 



−���
���

−����
����





ZKRVH HLJHQYDOXHV DUH � DQG ����� UHVSHFWLYHO\� 7KH LQYHUVH (� + K$)−� LV WKHQ JLYHQ E\

��# -���		.�

�������
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��� &�:� *HDU� 1XPHULFDO ,QLWLDO 9DOXH 3UREOHPV LQ 2UGLQDU\ 'LIIHUHQWLDO (TXDWLRQV �3UHQWLFH�+DOO� (QJOH�
ZRRG &OLIIV� 1-� ������

��� :�+� 3UHVV� %�3� )ODQQHU\� 6� 7HXNROVN\ DQG :�7� 9HWWHUOLQJ� 1XPHULFDO 5HFLSHV �&DPEULGJH 8� 3UHVV�
&DPEULGJH� ������ S� ���II�



� + K$
−�

=












� +����K
� + ����K + ����K�

−���K
� + ����K + ����K�

����K

� + ����K + ����K�

� − ���K
� + ����K + ����K�












+RZHYHU� DOWKRXJK 3UHVV� HW DO� UHFRPPHQG WKLV DSSURDFK� VLPSOH H[SHULPHQWV LQGLFDWH WKDW LW ORVHV

D JUHDW GHDO RI DFFXUDF\� HYHQ IRU YHU\ VPDOO VWHS VL]H� 7KH %$6,& SURJUDP JLYHQ EHORZ GHPRQVWUDWHV

WKLV FOHDUO\�

’ solution of the "stiff" equations 
’   dx/dt = 998 * x  +  1998 * y 
’   dy/dt = -999 * x  -  1999 * y 
’   by the inverse method (Press, et al., p. 572 ff
DEFDBL C-H, X-Y 
DEFINT K CLS h = .0001 
DET = 1 + h * (1001! + 1000! * h) 
C = (1 + 1999! * h) / DET: D = 1998! * h / DET 
E = -999! * h / DET: F = (1 - 998! * h) / DET 
x = 1!: y = 0!: k = 0 
FOR t = h TO 4 STEP h 
   x = C * x + D * y
    y = E * x + F * y
    k = k + 1
    IF k MOD 1000 = 0 THEN
        k = 0
        PRINT t, x, y
    END IF
NEXT
END

7KH SUREOHP DULVHV IURP WKH IDFW WKDW WKH HLJHQYDOXHV RI WKH PDWUL[ $ DSSHDULQJ LQ (T� �� DUH

H[WUHPHO\ GLIIHUHQW LQ VL]H� � DQG ����� UHVSHFWLYHO\� 7R SXW LW LQ VRPHZKDW GLIIHUHQW WHUPV� ZH DUH

WU\LQJ WR FDOFXODWH WKH PDWUL[

% = H−$W = OLP
K→ �

(� + $K)
−W ⁄ K
�

LI $ LV ´ODUJHµ LQ VRPH VHQVH� WKHQ ZH ZLOO QHHG WR JR WR YDOXHV RI K FRQVLGHUDEO\ VPDOOHU WKDQ

__$__−� EHIRUH ZH FDQ H[SHFW WR DFKLHYH WKH DERYH OLPLW�

7KLV IDFW VXJJHVWV D SRVVLEO\ EHWWHU DOWHUQDWLYH� ZKRVH H[SORUDWLRQ ZH OHDYH WR WKH LQWHUHVWHG UHDGHU�

7KH LGHD LV WR VXEWUDFW IURP WKH PDWUL[ $ D WHUP RI ORZ UDQN VXFK WKDW WKH GLIIHUHQFH LV LQ VRPH VHQVH

´VPDOOµ� 7KXV ZULWH

$ = _D〉 α 〈E_ + 5

ZKHUH 5 LV PXFK VPDOOHU WKDQ $� DQG WUHDW K5 DV D SHUWXUEDWLRQ� :H FDQ DSSUR[LPDWH WKH YHFWRU

_D〉 E\ WKH XVXDO LWHUDWLYHPHWKRG� DQG VLPLODUO\ IRU 〈E_ � 7KHQ WKH FRPSXWDWLRQ RI (� + K$)
−�
LV JUHDWO\

VLPSOLILHG DQG WKH VROXWLRQ FORVHU WR SXUH TXDGUDWXUH�
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��

$ W\SLFDO SUREOHP DULVLQJ LQ DWRPLF� QXFOHDU DQG SDUWLFOH SK\VLFV LV WKH QHHG WR GHWHUPLQH WKH HQHUJLHV

RI �TXDQWXP�PHFKDQLFDO� ERXQG VWDWHV RI SDUWLFOHV LQ SRWHQWLDOV� 6XSSRVH VXFK D SRWHQWLDO LV

VSKHULFDOO\ V\PPHWULF� DQG WKH SDUWLFOH QRQUHODWLYLVWLF� 7KHQ WKH RUGLQDU\ GLIIHUHQWLDO HTXDWLRQ WKDW

PXVW EH VROYHG LV��

G�ψ
GU�

= 
 κ

� + 8(U) ψ

VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQV ψ(�) = � DQG OLP
U→ ∞

ψ(U) = � � 7KH SRWHQWLDO 8(U) LV DVVXPHG WR

YDQLVK IDVWHU WKDQ � ⁄ U IRU ODUJH U� KHQFH WKH VROXWLRQ PDQLIHVWO\ KDV DV\PSWRWLF EHKDYLRU

ψ(U) →
U→ ∞

$(κ) H−κU + %(κ) HκU�

,W LV WKHQ REYLRXV WKDW WKH FRQGLWLRQ WKDW ψ UHSUHVHQW D ERXQG VWDWH LV WKDW κ VKRXOG VDWLVI\ WKH
WUDQVFHQGHQWDO HTXDWLRQ

%(κ) = � �

7KH SUREOHP ZH DUH IDFHG ZLWK� LV KRZ FDQ ZH HYDOXDWH %(κ) DQG VHHN LWV ]HURV� VLQFH ZH GR QRW NQRZ
D FORVHG�IRUP H[SUHVVLRQ IRU LW"

6HYHUDO DOJRULWKPV KDYH EHHQ GHYHORSHG IRU VROYLQJ WKLV FRQXQGUXP� 7KH VR�FDOOHG ´VKRRWLQJ

PHWKRGµ UHTXLUHV XV WR FKRRVH D YDOXH RI κ� DVVXPH %(κ) = �� WKHQ LQWHJUDWH LQZDUG IURP VRPH ODUJH
GLVWDQFH �WKDW LV� LQ WKH GLUHFWLRQ RI GHFUHDVLQJ U�� 7KLV ZLOO EH VWDEOH� VLQFH WKH GHVLUHG �H[SRQHQWLDOO\

GHFUHDVLQJ� VROXWLRQ ZLOO EH LQFUHDVLQJ LQ PDJQLWXGH� $W WKH VDPH WLPH ZH LQWHJUDWH RXWZDUG IURP

U � �VWDUWLQJ ZLWK WKH DSSURSULDWH VPDOO�U EHKDYLRU�� :H WKHQ PDWFK WKH WZR VROXWLRQV DW VRPH

FRQYHQLHQW SRLQW��� 1DWXUDOO\ WKH\ ZLOO QRW PDWFK� VR GHSHQGLQJ RQ ZKLFK ORJDULWKPLF GHULYDWLYH LV

ODUJHU� RQH LQFUHDVHV RU GHFUHDVHV κ DQG WULHV DJDLQ�

7KH DOJRULWKP ZH VKDOO H[SRXQG KHUH LV D YHU\ XVHIXO RQH GHVFULEHG E\ .UHOO DQG (ULFVRQ��� 7KH EDVLF

LGHD LV WR JXHVV D YDOXH IRU κ DQG LQWHJUDWH RXWZDUG� :H NQRZ WKDW EH\RQG WKH UDQJH RI WKH SRWHQWLDO
WKH VROXWLRQ RI WKH �1XPHURY� GLIIHUHQFH HTXDWLRQ ZLOO EH

$
� + D� ⁄ � − D � + D� ⁄ �

�⁄�


Q

+ %
� + D� ⁄ � + D � + D� ⁄ �

�⁄�


Q

ZKHUH D = κK � 7KH VWUDWHJ\ LV WKHUHIRUH WR LQWHJUDWH RXWZDUG WR VRPH GLVWDQFH ZKHUH WKH SRWHQWLDO
KDV EHFRPH QHJOLJLEOH� PXOWLSO\ WKH VROXWLRQ E\

β
<

Q = � + D� ⁄ � − D � + D� ⁄ �

�⁄�


Q
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��� 7KH SRWHQWLDO 8�U� LV DVVXPHG WR EH DSSURSULDWHO\ EHKDYHG DW U � DQG U ∞�
��� ,Q IDFW� WR DYRLG KDYLQJ WR QRUPDOL]H WKH ZDYH IXQFWLRQ� ZH PDWFK WKH ORJDULWKPLF GHULYDWLYHV�

��� 0�.UHOO DQG 7�(�2� (ULFVRQ� -� &RPS� 3K\V� � ������ ����



LQ RUGHU WR LVRODWH %(κ)� DQG VHDUFK IRU D ]HUR� .UHOO DQG (ULFVRQ·V VHDUFK PHWKRG LQYROYHV SLFNLQJ
WKUHH LQLWLDO YDOXHV RI κ� VTXDULQJ WKH UHVXOWLQJ YDOXHV RI %� DQG ILWWLQJ D TXDGUDWLF IXQFWLRQ WR WKH
UHVXOWLQJ WKUHH YDOXHV LQ RUGHU WR H[WUDSRODWH WR ]HUR��� 7KDW LV� WKH\ ZULWH

ϕ(κ) =
GI

%�(κ) ≈ ϕ�

(κ − κ�) (κ − κ�)
(κ� − κ�) (κ� − κ�)

+ ϕ�
(κ − κ�) (κ − κ�)
(κ� − κ�) (κ� − κ�)

+ ϕ�
(κ − κ�) (κ − κ�)
(κ� − κ�) (κ� − κ�)

= �

DQG VROYH WKH TXDGUDWLF HTXDWLRQ� 7KLV JLYHV WKH QH[W JXHVV� DW WKH QH[W LWHUDWLRQ WKH WKUHH YDOXHV RI

κ DUH WDNHQ WR EH WKH QHZ YDOXH DQG WKH WZR ROG YDOXHV FORVHVW WR LW� (DFK LWHUDWLRQ RQO\ UHTXLUHV RQH
QHZ HYDOXDWLRQ RI %(κ) VLQFH ZH NHHS WKH WZR YDOXHV RI % �FRUUHVSRQGLQJ WR WKH WZR ROG YDOXHV RI κ
WKDW ZH UHWDLQHG��

�+ 2������
����
�����������)�������

2QH ZD\ H[SHULPHQWDO SK\VLFLVWV LQYHVWLJDWH FRPSOH[ V\VWHPV VXFK DV FRQGHQVHG PDWWHU RU LVRODWHG

DWRPV RU DWRPLF QXFOHL �RU HYHQ� IRU WKDW PDWWHU� LVRODWHG QXFOHRQV� LV WR PHDVXUH WKHLU UHVSRQVH WR D

ZHDN H[WHUQDO SUREH� %\ ZHDN ZH PHDQ WKDW LI WKH +DPLOWRQLDQ RSHUDWRU RI V\VWHP DQG SUREH LV

+ = +� + . + 9

ZKHUH +� LV WKH KDPLOWRQLDQ RI WKH LVRODWHG V\VWHP� . WKDW RI WKH LVRODWHG SUREH� DQG 9 LV WKHLU

LQWHUDFWLRQ� WKHQ WKH DPSOLWXGH IRU D WUDQVLWLRQ IURP WKH LQLWLDO VWDWH _Q� N 〉 = _ΦQ 〉 ⊗ _χN 〉 WR WKH
ILQDO VWDWH _Q’� N’ 〉 = _ΦQ’ 〉 ⊗ _χN’ 〉 LV VRPHWKLQJ OLNH

0I� L =
GI

〈Q’� N’_9_Q� N 〉 = ∫ G�UΦQ’
� ( U→ ) 9N’N ( U

→ ) ΦQ( U
→) �

ZKHUH� W\SLFDOO\�

9N’N ( U
→) =

GI

∫ G�U’ χN’� ( U ’→ ) 9( U ’→ − U
→ ) χN ( U ’

→ ) �

,I WKH SUREH VWDWHV FDQ EH GHVFULEHG DV SODQH ZDYHV RI GHILQLWH PRPHQWXP� WKH WUDQVLWLRQ DPSOLWXGH

QHDWO\ IDFWRUL]HV LQWR

0I� L = 9
a
(T) ∫ G�U ΦQ’

� ( U→ ) ΦQ( U
→) HLT

→⋅ U→ �

ZKHUH T
→ = N

→
− N’

→

� 7KDW LV� WKH IDFWRU 9
a
(T) LV JHQHULF� FKDUDFWHULLQJ WKH H[SHULPHQWDO WHFKQLTXH�

ZKHUHDV WKH LQIRUPDWLRQ ZH KRSH WR REWDLQ DERXW WKH V\VWHP ZH DUH SURELQJ LV FRQWDLQHG LQ WKH

UHVSRQVH DPSOLWXGH
��
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��� 7KH IXQFWLRQ %�κ� SUHVXPDEO\ KDV D VLPSOH ]HUR DW WKH HLJHQ�HQHUJ\� 7KXV VTXDULQJ LW JHQHUDWHV D SRVL�
WLYH TXDGUDWLF IXQFWLRQ�

��� :KDW LV RIWHQ PHDVXUHG LV WKH LQFOXVLYH UHVSRQVH IXQFWLRQ� ZKLFK LV WKH VTXDUHG PRGXOXV RI WKH DPSOL�
WXGH� VXPPHG RYHU DOO ILQDO VWDWHV� DQG SHUKDSV LQFOXGLQJ DQ HQHUJ\�FRQVHUYLQJ δ�IXQFWLRQ�



6Q’� Q =
GI

∫ G�U ΦQ’
� ( U→) ΦQ( U

→ ) HLT
→⋅ U→ �

1RZ� ZKHQ WKH PRPHQWXP WUDQVIHU T = �� WKH DERYH DPSOLWXGH YDQLVKHV IRU Q’ ≠ Q EHFDXVH RI WKH

RUWKRJRQDOLW\ RI WKH HLJHQVWDWHV RI DQ+HUPLWLDQ RSHUDWRU VXFK DV+� � 7KH SUREOHP LV WKDW ZKHQ VXFK

LQWHJUDOV DUH FRPSXWHG QXPHULFDOO\� E\ QXPHULFDO LQWHJUDWLRQ RI GLIIHUHQWLDO HTXDWLRQV IRU WKH

HLJHQVWDWHV� WKH\ RIWHQ GR QRW YDQLVK� OHDGLQJ WR VSXULRXV UHVXOWV DW VPDOO T� 7KH UHDVRQ IRU WKH

QRQ�RUWKRJRQDOLW\ LV WKDW ZKHQ ZH UHSODFH GLIIHUHQWLDO RSHUDWRUV �DFWLQJ RQ D FRQWLQXXP� ZLWK

GLIIHUHQFH RSHUDWRUV �DFWLQJ RQ D PHVK�� WKH ODWWHU PD\ QRW EH +HUPLWLDQ� LQ WKH VHQVH RI PDLQWDLQLQJ

D V\PPHWULF LQQHU SURGXFW�

/HW XV HODERUDWH WKH ODWWHU VWDWHPHQW LQ WKH RQH GLPHQVLRQDO FDVH �WKDW ZRXOG DSSO\ LI� VD\� WKH

6FKURHGLQJHU HTXDWLRQ ZDV VHSDUDEOH LQ VSKHULFDO FRRUGLQDWHV�� $IWHU SDUWLDO ZDYH DQDO\VLV WKH

UHVSRQVH DPSOLWXGH ZRXOG LQYROYH WHUPV RI WKH IRUP

6IL = ∫ GU U� ϕ I
�(U) ϕ L(U) M�(TU)

�

∞
�

WKH +HUPLWLFLW\ RI WKH +DPLOWRQLDQ LV UHIOHFWHG LQ WKH IDFW WKDW WKH PDWUL[ HOHPHQWV RI WKH GLIIHUHQWLDO

RSHUDWRU

− �
U�

G

GU

 U

� Gψ
GU

 ≡ − �

U

G�

GU�
(Uψ)

PD\� LQWHJUDWLQJ E\ SDUWV� EH ZULWWHQ

0IL = ∫ GU U� ϕ I
�(U) 


− �
U�

G

GU

 U

� G

GU





ϕ L(U)

�

∞

= ∫ GU
G

GU

 Uϕ I

�(U)
G

GU

 Uϕ L(U)�

∞
− 


U ϕ I

�(U) G

GU

 Uϕ L(U)



 �

∞

�

7KH FRQWULEXWLRQ IURP WKH HQG SRLQWV RI WKH LQWHJUDO YDQLVKHV DVVXPLQJ WKH LQLWLDO DQG ILQDO VWDWHV

DUH ZHOO�EHKDYHG³ZKLFK LV FHUWDLQO\ WKH FDVH IRU WKH ZDYHIXQFWLRQV RI SRWHQWLDOV WKDW DUH QRQ�VLQ�

JXODU DW U = � DQG ZKLFK YDQLVK VXIILFLHQWO\ UDSLGO\ DV U→∞ �

:KHQ ZH QDLYHO\ FDOFXODWH WKH LQLWLDO� DQG ILQDO VWDWH ZDYHIXQFWLRQV E\ VROYLQJ QXPHULFDOO\ WKH

DSSURSULDWH GLIIHUHQWLDO HTXDWLRQV� D VWUDQJH WKLQJ KDSSHQV� 6LQFH ZH VROYH RQ D PHVK³W\SLFDOO\ RQH

RI FRQVWDQW VSDFLQJ³ZH ZRXOG H[SHFW WR HYDOXDWH WKH LQWHJUDO IRU 6IL XVLQJ D TXDGUDWXUH UXOH RI

XQLIRUP VSDFLQJ� IRU H[DPSOH WKH WUDSH]RLGDO UXOH� 7KXV ZH ZRXOG ZULWH

6IL ≈ δU ∑ 
 UN ϕ I

�(UN)

 UN ϕ L(UN) M�(TUN)
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7KH SUREOHP LV WKDW W\SLFDOO\ WKH VXP� HYDOXDWHG DW T = � LV QRW ]HUR� DQG LQ IDFW LV QRW HYHQ YHU\ VPDOO�
:KDW GR ZH PHDQ E\ ´QRW YHU\ VPDOOµ" )RU FDVHV RI LQWHUHVW WKH LQLWLDO VWDWH UHSUHVHQWV D ORZ�O\LQJ

ERXQG VWDWH RI WKH V\VWHP� KHQFH LV UDWKHU VPRRWK� WKH ILQDO VWDWH� FRQYHUVHO\� LV RIWHQ D VFDWWHULQJ
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VWDWH DW IDLUO\ KLJK HQHUJ\� KHQFH RVFLOODWHV VLQXVRLGDOO\� 7KH RYHUODS LQWJUDO ZLOO WKHUHIRUH KDYH

VLJQLILFDQW FDQFHOODWLRQV �WKLV LV DQ H[DPSOH RI WKH 5LHPDQQ�/HEHVJXH OHPPD LQ DFWLRQ� DQG EH VPDOO

ZKHWKHU WKH VWDWHV DUH WUXO\ RUWKRJRQDO RU QRW� 7KLV PHDQV WKDW FULWHULRQ RI VPDOOQHVV VKRXOG EH

FRPSDULVRQ RI 6IL(T=�) ZLWK WKH SODQH ZDYH %RUQ DSSUR[LPDWLRQ �WKDW LV� UHSODFLQJ UϕI(U) ZLWK
VLQ(.U) �� 2Q WKLV VFDOH� ZH W\SLFDOO\ ILQG WKDW WR PDNH WKH DERYH VXP VLJQLILFDQWO\ VPDOOHU WKDQ WKH
3:%$ UHTXLUHV VROYLQJ WKH GLIIHUHQWLDO HTXDWLRQ ZLWK DQ LQRUGLQDWHO\ VPDOO PHVK VSDFLQJ δU�

:K\ VKRXOG WKLV EH VR" ,QYHVWLJDWLRQ UHYHDOHG WKDW WKH ZDYH IXQFWLRQV� FRQVLGHUHG DV HLJHQVWDWHV RI

D GLIIHUHQFH RSHUDWRU RQ D PHVK RI QRQ�]HUR VSDFLQJ� ZHUH QRW WUXO\ RUWKRJRQDO EHFDXVH WKH PHWKRG

RI VROXWLRQ KDG SURGXFHG HQHUJ\ HLJHQYDOXHV WKDW ZHUH VXEWO\ LQ HUURU� 7KDW LV� LI ZH ZDQW WKH

H[SUHVVLRQ

0IL ≈ δU ∑ 
 UN ϕ I

�(UN)

 UN ϕ L(UN)

N=�

1

WR EH WKH H[DFW RUWKRJRQDOLW\ UHODWLRQ IRU WKHVH VWDWHV� IRU D JLYHQ PHVK� WKHQ ZH PXVW HQIRUFH WKH

KHUPLWLFLW\ RI WKH GLIIHUHQFH RSHUDWRU ∆� RQ WKH GLVFUHWH VSDFH� 7KLV DPRXQWV WR LQVLVWLQJ WKDW WKH

ERXQGDU\ FRQGLWLRQ IRU UQ = Q δU → ∞ LV WKDW ERXQG VWDWH IXQFWLRQV EHKDYH DV

β
<

Q = � + D� ⁄ � − D � + D� ⁄ �
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,I WKH HQHUJ\ HLJHQYDOXHV DUH GHWHUPLQHG IURP WKLV FRQGLWLRQ UDWKHU WKDQ WKH XVXDO RQH HPSOR\HG E\

FDQQHG 6FKURHGLQJHU HTXDWLRQ VROYHUV� QDPHO\ Uϕ(U) → H−κU� WKH RYHUODS LQWHJUDO ZLOO EH VPDOO� HYHQ

IRU IDLUO\ FRDUVH PHVKHV� 7KDW LV� WKH VROXWLRQV ZLOO EH W\SLFDOO\ � WR �� RUGHUV RI PDJQLWXGH VPDOOHU

WKDQ WKH3:%$�GHSHQGLQJ RQ WKHQXPHULFDO SUHFLVLRQXVHG LQ WKH VROXWLRQ�7KLVZLOO HQVXUH DGHTXDWH

SUHFLVLRQ LQ WKH FRPSXWHG UHVSRQVH DPSOLWXGHV�

2Q WKH IROORZLQJ SDJHV DUH %$6,& DQG )RUWK YHUVLRQV RI D SURJUDP WR VROYH WKH ERXQG VWDWH

6FKU|GLQJHU HLJHQYDOXH SUREOHP�
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’ BASIC program for finding bound state wave functions of the              p. 1
’ radial Schrödinger equation

DECLARE SUB make.y (B#) 
DECLARE FUNCTION BE# (B1#, B2#, B3#) 
DECLARE FUNCTION u# (r#) 
DECLARE FUNCTION Yfin# (B#) 
’ test of numerical orthogonality in the Schroedinger equation 
DEFDBL A-Z 
DIM SHARED yy(81), rr(81)

CLS 
B1 = 2: B2 = 5: B3 = 7 
BB = BE(B1, B2, B3) 
PRINT BB
 
CALL make.y(BB) 
FOR i% = 0 TO 80 STEP 5 
   PRINT rr(i%), yy(i%)
NEXT 
END

FUNCTION BE (B1, B2, B3) 
WHILE ABS(B3 - B1) > .0000001    
  R1 = Yfin#(B1): R2 = Yfin#(B2): R3 = Yfin#(B3) 
  a1 = R1 * (B2 - B3)
  a2 = R2 * (B3 - B1) 
  a3 = R3 * (B1 - B2) 
  ’ B = (a1 * (B2 + B3) + a2 * (B1 + B3) + a3 * (B1 + B2)) / (a1 + a2 + a3) / 2 
  alpha = a1 + a2 + a3 
  beta = a1 * (B2 + B3) + a2 * (B1 + B3) + a3 * (B1 + B2) 
  gamma = a1 * B2 * B3 + a2 * B1 * B3 + a3 * B1 * B2 
  B = (beta - SQR(ABS(beta * beta - 4 * alpha * gamma))) / 2 / alpha 
  ’ PRINT B1; “ ”; B2; “ ”; B3; “ ”; B 
  SELECT CASE B 
         CASE IS < B1  
             B3 = B2: B2 = B1: B1 = B  
         CASE B1 TO B2  
             B1 = B: B3 = (B2 + B3) / 2  
         CASE B2 TO B3   
             B3 = B: B1 = (B1 + B2) / 2  
         CASE ELSE
             B1 = B2: B2 = B3: B3 = B 
  END SELECT 
WEND 
BE = B 
END FUNCTION
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’ BASIC program for finding bound state wave functions of the              p. 2
’ radial Schrödinger equation

SUB make.y (B#)
    k2 = 2 * 939 * B# / 197.32 ^ 2
    h# = .2
    h2# = h# * h#: hk2# = h2# * k2
    x = 1 + hk2 / 2 - SQR(hk2 * (1 + hk2 / 4))
    y0 = 0    y1 = h * h: y1 = y1 * y1
    sum = 0
    yy(0) = 0: rr(0) = 0: i% = 0
    FOR r = h TO 16 STEP h 
       i% = i% + 1
       y = (2 + h2 * (k2 + u(r))) * y1 - y0
       rr(i%) = r
       yy(i%) = y 
       y0 = y1 
       y1 = y 
       sum = sum + y * y 
    NEXT 
     ’ FOR r = 8 + h TO 16 STEP h 
     ’  i% = i% + 1 
     ’  y = y * x 
     ’  sum = sum + y * y 
     ’  yy(i%) = y 
     ’  rr(i%) = r 
     ’ NEXT    sum = 1 / SQR(sum * h) 
    FOR i% = 1 TO 80 
       yy(i%) = yy(i%) * sum 
    NEXT 
END SUB

FUNCTION u# (r#) 
    u# = -2.45 / (1 + EXP((r# - 4.1) / .5)) + 12# / r# / r# 
END FUNCTION

FUNCTION Yfin# (B#)
    k2 = 2 * 939 * B# / 197.32 ^ 2
    h = .2
    h2 = h * h
    hk2 = h2 * k2
    x = 1 + hk2 / 2 - SQR(hk2 * (1 + hk2 / 4))
    r = 0
    y0 = 0
    y1 = h2 * h2
    FOR r = h TO 16 STEP h
        y = (2 + h2 * (k2 + u(r))) * y1 - y0
        y0 = y1 * x
        y1 = y * x
    NEXT
    Yfin# = y1 * y1
    PRINT y1 * y1, B# 
END FUNCTION
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FALSE [IF]
Program to solve the nonrelativistic Schroedinger equation 
for bound states ( E < 0 )
---------------------------------------------------
    (C) Copyright 1999  Julian V. Noble.
      Permission is granted by the author to
      use this software for any application pro-
      vided this copyright notice is preserved,
      as per GNU Public License agreement.
---------------------------------------------------
This is an ANS Forth compatible program with the following 
environmental dependence:
      ANS FLOAT and FLOAT EXT wordsets
      ANS TOOLS EXT wordsets
      Assumes separate floating point stack
      Uses a FORmula TRANslator for ease of porting
      to other languages
[THEN]

MARKER  -sch
include ftran111.f      \ load FORmula TRANslator 
include ansfalsi.f      \ load root finder

: fvariables    ( n --)  0 DO  FVARIABLE  LOOP  ;

9  fvariables kappa alpha r0 r dr psi psi0 psi1 drsq 
3  fvariables chi chi0 chi1

: coul   ( f: r -- coul)  r f! f" 0.417/r "   ; \ pure Coulomb potential

: U     ( f: r -- U) \ Coulomb + nuclear potential
    r F!    r F@  r0 F@  F
    IF      f" 0.417*(3-(r/r0)^2)/r0 " F2/
    ELSE    f" 0.417/r "
    THEN    f" -2.414/(1+exp(2*(r-r0)) ) "   F+ ;

: startup
    f" r0 = 1.2*12^(1/3)"
    f" dr = 0.1"
    f" r = dr"
    f" drsq = dr^2"
    f" psi0 = 0"  f" psi1 = dr"
    f" chi0 = 0"  f" chi1 = dr" ;

: psi_step
    f" psi = ( 2+drsq*( U(r)+kappa^2) )*psi1 - psi0"
    f" chi = ( 2+drsq*( coul(r)+kappa^2) )*chi1 - chi0"
    f" psi0 = psi1"    f" psi1 = psi"
    f" chi0 = chi1"    f" chi1 = chi"
    f" r=r+dr" ;

: display   r f@ f.  psi1 f@ f.  psi0 f@ f.   chi1 f@ fs.
            f" psi1 / abs(chi1) " fs. ;
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2  fvariables OldB  NewB

: beta  ( f: kappa -- B[k])
    kappa F!
    startup
    psi_step
    f" NewB = psi1/abs(chi1)"
    BEGIN   f" OldB = NewB "
            psi_step
            f" NewB = psi1/abs(chi1)"
            f" abs(NewB-OldB)/(NewB+OldB) "  1e-7 F<
    UNTIL
    NewB F@ ;

: energy   ( f: -- energy)   f" 20.71 * kappa^2"  ;

: wf \ calculate the wavefunction
    startup
    BEGIN   r F@ 10e0 F<
    WHILE   CR display psi_step
    REPEAT  ;

\ say use{ beta 0.2e0 1e0  1e-4 )falsi  energy fs. 
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