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:H VKDOO VWXG\ SDUWLDO GLIIHUHQWLDO HTXDWLRQV RI WKH IRUPV

∇ � ψ = � �/DSODFH HTXDWLRQ�

' ∇ � ρ = ∂ρ
∂W

�'LIIXVLRQ HTXDWLRQ�

∇ � ψ − �

X�
∂�

∂W�
ψ = � � �:DYH HTXDWLRQ�

− K−�

�P
∇ � ψ + 9( U→ ) ψ = L K− ∂ψ

∂W
�6FKU|GLQJHU HTXDWLRQ�

2I FRXUVH WKH GLIIXVLRQ DQG ZDYH HTXDWLRQV FDQ EH PDGH PRUH FRPSOLFDWHG ZLWK DGGLWLRQDO WHUPV

UHSUHVHQWLQJ VRXUFHV� EXW WKH EDVLF LGHDV FDQ DOUHDG\ EH GHVFULEHG XVLQJ WKH VLPSOHVW YDULDQWV�

7H[WV RQPDWKHPDWLFDOPHWKRGV RI SK\VLFV GLVFXVV WKH DERYH HTXDWLRQV IRU VSHFLDO JHRPHWULHV LQZKLFK

WKH HTXDWLRQV FDQ EH UHGXFHG WR VHYHUDO RUGLQDU\ GLIIHUHQWLDO HTXDWLRQV� 2EYLRXVO\ LI WKLV LV SRVVLEOH�

LW LV SUREDEO\ WKH RSWLPDO ZD\ WR SURFHHG� +RZHYHU� ZH RIWHQ HQFRXQWHU FDVHV ZKHUH WKH ERXQGDU\

FXUYHV RU VXUIDFHV DUH QRW VLPSOH LQ DQ\ FRRUGLQDWH V\VWHP� KHQFH WKHUH LV QR EHWWHU ZD\ WR SURFHHG

WKDQ EUXWH�IRUFH QXPHULFDO VROXWLRQ XVLQJ WKH PRVW SRZHUIXO FRPSXWHU DYDLODEOH� 7KH UDLVRQ G·HWUH

RI WKLV FKDSWHU LV WR GHVFULEH PHWKRGV IRU SHUIRUPLQJ VXFK FDOFXODWLRQV DV H[SHGLWLRXVO\ DQG VLPSO\ DV

SRVVLEOH�
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/HW XV EHJLQ ZLWK WKH /DSODFH HTXDWLRQ LQ WZR GLPHQVLRQV�

∇ � ψ([� \) =
GI ∂�ψ

∂[�
+ ∂�ψ

∂\�
= � � ���

ZKHUH WKH ERXQGDU\ FXUYH �ZKLFK ZH VKDOO LPDJLQH WR EH VLPSOH� VPRRWK DQG FORVHG� LV GHVFULEHG

SDUDPHWULFDOO\ E\





[

\



= 



I(τ)
J(τ)





DQG

ψ I(τ)� J(τ) = φ(τ) �

�
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$ VWDQGDUG DSSURDFK� WKH UHOD[DWLRQ PHWKRG� LV VLPSOH DQG LWHUDWLYH³KHQFH HDV\ WR SURJUDP IRU

DXWRPDWLF FRPSXWHUV� 7KH FHQWUDO LGHD LV EDVHG RQ WKLV PDWKHPDWLFDO IDFW� D IXQFWLRQ WKDW VDWLVILHV

/DSODFH·V HTXDWLRQ LV DSSUR[LPDWHG E\ LWV DYHUDJH� 7R PDNH WKLV PRUH SUHFLVH� OHW XV DYHUDJH ψ([� \)
RYHU DQ DUHD LQFOXGLQJ WKH SRLQW ([� � \�) �

�

∆6 ∫∫
∆6

G[ G\ ψ([� + [� \� + \) ≈ ψ([� � \�) + ∇ψ( [� � \�) ⋅
�

∆6 ∫∫
∆6

G[ G\ [
→ + ���

+ ∂�ψ
∂[� ∂\�

�

∆6 ∫∫
∆6

G[ G\ [ \ +

+ 
 ∇

� ψ 
 �

�

∆6 ∫∫
∆6

G[ G\
�

�

 [

� + \� + …

$VVXPLQJ WKH UHJLRQ� ∆6� RYHU ZKLFK ZH DYHUDJH LV FKRVHQ V\PPHWULFDOO\� WKH VHFRQG DQG WKLUG WHUPV

RQ WKH ULJKW RI (T� � YDQLVK E\ V\PPHWU\� WKH IRXUWK WHUP YDQLVKHV EHFDXVH WKH IXQFWLRQ ψ VDWLVILHV

WKH /DSODFH HTXDWLRQ� &OHDUO\ WKHVH UHPDUNV JHQHUDOL]H WR VSDFHV RI KLJKHU GLPHQVLRQDOLW\ WKDQ WZR�

7KH UHOD[DWLRQ PHWKRG IRU VROYLQJ D W\SLFDO ERXQGDU\ YDOXH SUREOHP LQ SRWHQWLDO WKHRU\ �WKDW LV�

/DSODFH·V HTXDWLRQ� ZLWK WKH YDOXH RI ψ VSHFLILHG RQ D ERXQGLQJ FXUYH RU VXUIDFH� WKXV FRQVLVWV RI WKH

IROORZLQJ VWHSV�

• FKRRVH D V\PPHWULF PHVK WR FRYHU WKH UHJLRQ LQ ZKLFK ZH GHVLUH D VROXWLRQ�

• IL[ WKH YDOXH RI ψ DW WKH PHVK SRLQWV FRUUHVSRQGLQJ WR WKH ERXQGDU\ FXUYH RU VXUIDFH�

• UHSODFH WKH YDOXH RI ψ DW HYHU\ LQWHULRU PHVK SRLQW E\ WKH DYHUDJH RI LWV QHDUHVW QHLJKERUV �FKR�
VHQ V\PPHWULFDOO\��

• LWHUDWH XQWLO WKH SURFHVV FRQYHUJHV WR WKH GHVLUHG SUHFLVLRQ�

&HUWDLQ WULFNV FDQ �DQG VKRXOG�� EH XVHG WR VSHHG XS WKH UHOD[DWLRQ SURFHVV� )LUVW� DQ\ V\PPHWULHV LQ

WKH UHJLRQ RI VROXWLRQ VKRXOG EH WDNHQ LQWR DFFRXQW� 7KXV� IRU H[DPSOH� WKH UHIOHFWLRQ V\PPHWU\ LQ

WKH H[DPSOH RQ WKH QH[W SDJH KDOYHV WKH QHW FRPSXWDWLRQ WLPH�

6HFRQG� WKH VROXWLRQ VKRXOG EH REWDLQHG ILUVW RQ D FRDUVH PHVK� 7KH VSDFLQJ EHWZHHQ SRLQWV FDQ WKHQ

EH UHGXFHG V\VWHPDWLFDOO\� ZLWK WKH SUHYLRXV VROXWLRQ VHUYLQJ DV WKH LQLWLDO JXHVV IRU WKH QH[W ILQHU

PHVK�

2Q WKH IROORZLQJ SDJH LV DQ H[DPSOH RI WKH UHOD[DWLRQ SURFHVV LQ RSHUDWLRQ� VROYLQJ /DSODFH·V HTXDWLRQ

LQ D VTXDUH UHJLRQ ZLWK WKH SRWHQWLDO VHW WR � RQ WKUHH VLGHV DQG � RQ WKH IRXUWK VLGH RI WKH VTXDUH�

:H QRZ VHH ZKHUH WKH PHWKRG GHULYHV LWV QDPH� DIWHU VXIILFLHQWO\ PDQ\ LWHUDWLRQV� DQ LQLWLDO JXHVV RQ

WKH LQWHULRU SRLQWV UHOD[HV WR WKH WUXH VROXWLRQ�

� " ������
�
�
�����
�



#��������	
���������
���
7KH YLUWXH RI UHOD[DWLRQ LV WKDW LW ZRUNV LQ WKUHH GLPHQVLRQV DV ZHOO DV LQ WZR� +RZHYHU� VWULFWO\

WZR�GLPHQVLRQDO /DSODFH SUREOHPV FDQ EH VROYHG XVLQJ WKH WKHRU\ RI IXQFWLRQV RI D FRPSOH[ YDULDEOH�

$ FRPSOH[ IXQFWLRQ

I(] = [ +L\) = X([� \) + LY([� \)�

WKDW LV DQDO\WLF ZLWKLQ D ERXQGDU\ FXUYH Γ VDWLVLIHV WKH &DXFK\�5LHPDQQ FRQGLWLRQV

∂X
∂[

= ∂Y
∂\

∂X
∂\

= − ∂Y
∂[

DQG KHQFH ERWK WKH UHDO SDUW� X([� \) � DQG WKH LPDJLQDU\ SDUW� Y([� \)� VDWLVI\ WKH WZR�GLPHQVLRQDO

/DSODFH HTXDWLRQ�

∂�X
∂[�

+ ∂�X
∂\�

= � �

6XSSRVH ZH DUH JLYHQ WKDW RQ WKH ERXQGDU\ Γ
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X(V) =
GI

X [(V)� \(V) �

ZKHUH ZH KDYH SDUDPHWHUL]HG Γ LQ WHUPV RI D UHDO SDUDPHWHU V� ,I ZH FDQ ILQG DQ DQDO\WLF IXQFWLRQ

Z(]) WKDW PDSV WKH LQWHULRU RI Γ LQWR D UHJLRQ LQ WKH Z�SODQH� ERXQGHG E\ D VLPSOHU FXUYH�

& = Z(Γ) �
ZH QHHG RQO\ ILQG DQ DQDO\WLF IXQFWLRQ WKDW KDV WKH DSSURSULDWH ERXQGDU\ YDOXH RQ &� DQG ZH KDYH

IRXQG WKH VROXWLRQ WR RXU RULJLQDO /DSODFH HTXDWLRQ� 2IWHQ WKLV FDQ EH GRQH E\ LQVSHFWLRQ� DOWKRXJK

&DXFK\·V LQWHJUDO IRUPXOD FDQ EH RI DVVLVWDQFH LI WKH ERXQGDU\ KDV EHHQ PDSSHG LQWR D UHFWDQJXODU

RU FLUFXODU UHJLRQ� 7KLV PHWKRG KDV EHHQ VR ZLGHO\ DSSOLHG LQ WKH WKHRU\ RI LUURWDWLRQDO IOXLG IORZ�

HOHFWUR� DQG PDJQHWRVWDWLFV WKDW OLVWV RI W\SLFDO FRQIRUPDO WUDQVIRUPDWLRQV KDYH EHHQ FRPSLOHG��

$QRWKHU ZD\ WR DSSURDFK WKH WZR�GLPHQVLRQDO /DSODFH HTXDWLRQ XVLQJ FRPSOH[ YDULDEOH PHWKRGV LV

EDVHG RQ WKH &DXFK\ LQWHJUDO UHSUHVHQWDWLRQ RI DQ DQDO\WLF IXQFWLRQ� LI I(]) LV DQDO\WLF ZLWKLQ DQG

FRQWLQXRXV RQ D VLPSOH FORVHG FXUYH Γ� WKHQ IRU DQ\ LQWHULRU SRLQW ]�

I(]) = X + LY = �

�πL ∫ GW
I(W)
W − ]

Γ

�

6XSSRVH ZH SDUDPHWULFDOO\ UHSUHVHQW WKH FXUYH DV

W(V) = W�(V) + LW�(V)

ZKHUH WKH UHDO SDUDPHWHU V UXQV IURP D WR E DQG W(D) = W(E) � WKHQ ZH PD\ ZULWH

X([� \) = ∫ GV .(V_ [� \) Y(V) + /(V_ [� \) X(V)D

E

Y([� \) = ∫ GV .(V_ [� \) X(V) − /(V_ [� \) Y(V)D

E

ZKHUH LQ DQ REYLRXV QRWDWLRQ� X(V) ≡ X

W�(V)� W�(V)

LV WKH YDOXH RI WKH VROXWLRQ RI WKH /DSODFH HTXDWLRQ

RQ WKH ERXQGDU\� 7KH IXQFWLRQV . DQG / DUH MXVW

.(V_ [� \) + L/(V_ [� \) =
GI

�

�π
GW

GV

�

W(V) − [ − L\
�

7KH SUREOHP ZLWK WKLV ZD\ RI ZULWLQJ WKH VROXWLRQ LV WKDW WKH IXQFWLRQ Y(V)³WKDW LV� WKH LPDJLQDU\

SDUW RI I(]) RQ WKH ERXQGDU\³PXVW EH NQRZQ EHIRUH ZH FDQ FRPSXWH X([� \) LQ WKH LQWHULRU� 7R

FRQVWUXFW WKLV IXQFWLRQ� KRZHYHU� ZH QHHG RQO\ VROYH D ��GLPHQVLRQDO LQWHJUDO HTXDWLRQ�

� % ������
�
�
�����
�

�� …LQ DQ REYLRXV QRWDWLRQ

�� VHH� H�J�� +� .REHU� 'LFWLRQDU\ RI FRQIRUPDO UHSUHVHQWDWLRQV �'RYHU 3XEOLFDWLRQV� 'RYHU 3XEOLFDWLRQV� 1HZ
<RUN� ������ )RU H[DPSOHV RI FRQIRUPDO WUDQVIRUPDWLRQ PHWKRGV� DOVR VHH :LOOLDP 5� 6P\WKH� 6WDWLF
DQG G\QDPLF HOHFWULFLW\� �G HG� �0F*UDZ�+LOO� 1HZ <RUN� ������



Y(U) = ∫ GV  κ(V_ U) X(V) − λ(V_ U) Y(V)D

E

ZKHUH

κ(V_ U) = .

V_ W�(U)� W�(U)

= �

�π
5H




W
.
(V)

W(V) − W(U)




DQG

λ(V_ U) = /

V_ W�(U)� W�(U)

= �

�π
,P





W
.
(V)

W(V) − W(U)



�

ZKHUH W
.
(V) = GW ⁄ GV � :H PXVW VROYH WKH LQWHJUDO HTXDWLRQ

Y(U) = ∫ GV  κ(V_U) X(V) − λ(V_U) Y(V)D

E

�

DOWKRXJK LW PLJKW VHHP DV WKRXJK λ(V_ U) EHFRPHV LQILQLWH OLNH (V − U)−� DV V→ U LQ WKH LQWHJUDO� LQ

IDFW WKH LQWHJUDO HTXDWLRQ LV QRQ�VLQJXODU VLQFH OLP
V→ U

_λ(V_U)_ < ∞ � ,Q IRUPDO WHUPV ZH KDYH

Y + λY = κX �

ZKRVH IRUPDO VROXWLRQ LV

Y = (� + λ)
−�
κ X �

:H QRZ ORRN DW WKH FRPSXWDWLRQDO FRPSOH[LW\ RI WKLV PHWKRG RI VROXWLRQ� ,Q SUDFWLFDO WHUPV ZH

HYDOXDWH �QXPHULFDOO\� D ��GLPHQVLRQDO LQWHJUDO IRU HDFK SRLQW LQ WKH LQWHULRU ZKHUH ZH ZDQW WR NQRZ

X([� \)� 7KXV ZH UHSODFH WKH LQWHJUDOV E\ VXPV

X([� \) = ∫ GV .(V_ [� \) Y(V) + /(V_ [� \) X(V)D

E

≈ ∑
N=�

1

ZN 
.(VN_ [� \) Y(VN) + /(VN_ [� \) X(VN)

�

WKHUHIRUH ZH QHHG WR NQRZ WKH ERXQGDU\ YDOXHV X(V) DQG Y(V) DW WKH SRLQWV 




VN




 �
.
� ,I ZH UHSODFH WKH

LQWHJUDO LQ WKH ��GLPHQVLRQDO LQWHJUDO HTXDWLRQ E\ WKH VDPH TXDGUDWXUH IRUPXOD� ZH REWDLQ . OLQHDU

DOJHEUDLF HTXDWLRQV IRU WKH YDOXHV Y(VN)� ZKLFK ZH FDQ VROYH E\ VWDQGDUG PHWKRGV� 7R REWDLQ WKH

VROXWLRQ DW 1� SRLQWV LQ WKH LQWHULRU ZLOO WKHQ UHTXLUH WLPH SURSRUWLRQDO WR

�

�
.� + .1� �

ZKLFK PD\ EH FRQVLGHUHG DQ RUGHU1� RU DQ1� DOJRULWKP� GHSHQGLQJ RQ ZKHWKHU . LV PXFK VPDOOHU

WKDQ� RU FRPSDUDEOH WR� 1� 7KLV LV FOHDUO\ DQ H[DPSOH ZKHUH LW PLJKW EH KHOSIXO WR HPSOR\ *DXVVLDQ

TXDGUDWXUH� VLQFH ZH FDQ JHW KLJK DFFXUDF\ ZLWK D PXFK VPDOOHU QXPEHU RI SRLQWV WKDQ ZRXOG EH

UHTXLUHG E\ D 1HZWRQ�&RWHV IRUPXOD�
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2Q WKH RWKHU KDQG� LI ZH VHW XS PHVK SRLQWV� UHSODFH WKH GLIIHUHQWLDO RSHUDWRUV ZLWK GLIIHUHQFH

RSHUDWRUV� OHW WKH YDOXHV RI X([� \) DW WKH LQWHULRU SRLQWV EH WKH XQNQRZQV DQG WKH YDOXHV DW ERXQGDU\
SRLQWV EH LQKRPRJHQHRXV WHUPV� ZH REWDLQ D VSDUVH V\VWHP RI 1� HTXDWLRQV WKDW FDQ EH VROYHG LQ

1� WLPH� 7KLV PHWKRG RI GLUHFW VROXWLRQ LV GLVFXVVHG EHORZ LQ WKH FRQWH[W RI WKH 3RLVVRQ HTXDWLRQ�

"� ��������
�
�����

,I WKH FRHIILFLHQW IXQFWLRQV LQ WKH GLIIXVLRQ� ZDYH RU 6FKU|GLQJHU HTXDWLRQV DUH LQGHSHQGHQW RI WLPH��

WKH VXEVWLWXWLRQ

ψ( U→� W) = φ(U→ ) HLωW

OHDGV WR WKH 3RLVVRQ HTXDWLRQ�

∇ � φ + N� φ = � � ���

7KHUH DUH VHYHUDO JRRG PHWKRGV IRU WUHDWLQJ (T� �� 7KH ILUVW LV WKH YDULDWLRQDO� RU 5D\OHLJK�5LW]

PHWKRG� EDVHG RQ WKH IDFW WKDW (T� � FDQ EH GHULYHG E\ YDU\LQJ WKH IXQFWLRQDO

Λ(^φ̀ ) =
GI ∫ GU→ ∇φ ⋅ ∇ φ

∫ GU
→

φ�

VXEMHFW WR WKH FRQGLWLRQ WKDW WKH YDULDWLRQ� δφ� YDQLVKHV RQ WKH ERXQGDU\ �FXUYH RU VXUIDFH� RI WKH

UHJLRQ RI LQWHUHVW�

$ W\SLFDO TXHVWLRQ ZH PLJKW ZDQW WR DQVZHU LV ´:KDW YDOXHV RI N�³WKDW LV� WKH HLJHQYDOXHV³DUH

FRQVLVWHQW ZLWK WKH JLYHQ ERXQGDU\ FRQGLWLRQV"µ 7KH YDULDWLRQDO PHWKRG UHSODFHV WKH H[DFW VROXWLRQ

φE\ D WULDO IXQFWLRQ χ WKDW FRQWDLQV DGMXVWDEOH SDUDPHWHUV� 6LQFH WKH HLJHQYDOXH UHSUHVHQWV DPLQLPXP

�RU DW OHDVW D VWDWLRQDU\ SRLQW� RI WKH IXQFWLRQDO Λ ZH FRPSXWH Λ(^χ`) DQG PLQLPL]H ZLWK UHVSHFW WR

WKH SDUDPHWHUV� 7R PDNH WKLV PRUH VSHFLILF� FRQVLGHU WKH ORZHVW IUHTXHQF\ RI D VWUHWFKHG VWULQJ ZLWK

IL[HG HQGSRLQWV� 7KH HTXDWLRQ ZH ZDQW WR VROYH LV

G�φ
G[�

+ ω�

X�
φ = �

DQG WKH YDULDWLRQDO SULQFLSOH VWDWHV

ω� ≤ X�
∫
�

/

G[




Gφ
G[





�

∫
�

/

G[ φ2
�

� & ��������
�
�����
�

�� …DOVR WKHUH PXVW EH QR VRXUFH WHUPV�



6XSSRVH ZH FKRRVH WKH WULDO IXQFWLRQ WR EH χ([) = [ (/ − [)³WKLV VDWLVILHV WKH ERXQGDU\ FRQGLWLRQV

DQG LV VLPSOH WR FRPSXWH ZLWK� �,Q IDFW WKLV IXQFWLRQ KDV QR DGGLWLRQDO SDUDPHWHUV WKDW ZH FDQ YDU\��

7KH UHVXOW LV WKH HVWLPDWH

ω� ≤ X�
∫
�

/

G[ (/ − �[)�

∫
�

/

G[ [� (/ − [)�
= ��

X�

/�
�

6LQFH WKH H[DFW HLJHQYDOXH LV π� X� ⁄/�� WKLV VLPSOH ERXQG LV VHHQ WR EH DFFXUDWH WR DERXW �����

1H[W VXSSRVH ZH WU\ WKH IXQFWLRQ

χ� ([) = [(/ − [) + α [(/ − [)(/ − �[)

ZKHUH α LV DQ XQGHWHUPLQHG SDUDPHWHU� 7KH YDOXH RI WKH UHVXOWLQJ IXQFWLRQDO LV

Λ (^χ�`) =
�� + ���α�

� + α� ⁄ �
X�

/�

7KLV LV PLQLPL]HG E\ α = �� :H OHDYH LW DV DQ H[HUFLVH WR H[SODLQ ZK\ WKLV SDUWLFXODU WULDO IXQFWLRQ

SURGXFHV WKH VDPH UHVXOW DV WKH VLPSOHU RQH� DQG WR VXJJHVW D EHWWHU WULDO IXQFWLRQ ZLWK D ]HUR RU ]HURV

ZLWKLQ WKH LQWHUYDO�

$V D VHFRQG H[DPSOH� FRQVLGHU D FLUFXODU XQLIRUP GUXPKHDG FODPSHG DW WKH ULP� $JDLQ WKH WUDQVYHUVH

GLVSODFHPHQW REH\V D ZDYH HTXDWLRQ� ZKLFK³XSRQ VHSDUDWLQJ RXW WKH WLPH GHSHQGHQFH³\LHOGV WKH

3RLVVRQ HTXDWLRQ LQ WZR GLPHQVLRQV�

∇ � φ + ω�

X�
φ = � �

:H NQRZ WKH H[DFW VROXWLRQ FRUUHVSRQGLQJ WR WKH ORZHVW IUHTXHQF\ LV -�(NU) ZKHUH

ω5
X

= �������…

LV WKH ILUVW ]HUR RI -� � +RZHYHU� OHW XV WU\ D WULDO IXQFWLRQ

χ(U� θ) = FRV




πU
�5





DQG HYDOXDWH WKH IXQFWLRQDO Λ(^χ`) � :H VHH WKDW� DIWHU UHPRYLQJ WKH GLPHQVLRQDO TXDQWLWLHV ZH DUH

OHIW ZLWK

ω� ≤ X�

5�

∫
�

�

GU U  χ’(U)
�

∫
�

�

GU U  χ(U)
�

= X�

5�





π
�





� ∫
�

π⁄�
G[ [ VLQ�[

∫
�

π⁄�
G[ [ FRV�[

= X�

5�




π
�





�
π� + �

π� − �
= (������…)�

³DJDLQ D UDWKHU JRRG HVWLPDWH�
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:HKDYH VHHQ DERYH KRZ WR REWDLQ YDULDWLRQDO XSSHU ERXQGV IRU WKH ORZHVW HLJHQYDOXH RI D +HUPLWLDQ

RSHUDWRU�� 6XSSRVH ZH ZDQW HVWLPDWHV RI KLJKHU HLJHQYDOXHV DQG WKHLU FRUUHVSRQGLQJ HLJHQIXQFWLRQV�

LW LV HDV\ WR VHH WKDW WKH DSSURSULDWH SURFHGXUH LV WR ILQG WKH ORZHVW YDULDWLRQDO HLJHQIXQFWLRQ� WKHQ

FKRRVH IXQFWLRQV IURP D VSDFH RUWKRJRQDO WR WKDW IXQFWLRQ� 7KLV ZLOO \LHOG HVWLPDWHV RI WKH KLJKHU

HLJHQYDOXHV� �+RZHYHU� LW LV HDV\ WR VHH WKDW WKH IXQFWLRQDO Λ QR ORQJHU UHSUHVHQWV DQ XSSHU ERXQG

WR WKH QH[W HLJHQYDOXH VLQFH WKH WULDO IXQFWLRQ PD\ FRQWDLQ DQ DGPL[WXUH RI WKH WUXH ORZHVW

HLJHQVWDWH��

��
��������	�)�����������
������
�
$QRWKHU SRLQW WKDW LV ZRUWKPDNLQJ KHUH LV WKDW WKH HLJHQYDOXH REWDLQHG E\ WKH 5D\OHLJK�5LW]PHWKRG

LV DOZD\V UHODWLYHO\ PRUH DFFXUDWH WKDQ WKH FRUUHVSRQGLQJ HLJHQIXQFWLRQ φ� 7KDW LV� LW LV HDV\ WR VKRZ
WKDW LI __χ − φ__ < ε � WKHQ _ω − ωH[DFW_ < FRQVW × ε�� 7KH SURRI PD\ EH IRXQG LQ 0DWKHZV DQG

:DONHU� RU LQ *RHUW]HO DQG 7UDOOL�

*�������������+
��,�
���
6XSSRVH $ LV D +HUPLWLDQ� SRVLWLYH RSHUDWRU �WKH RSHUDWRU −∇ � ILWV WKHVH FULWHULD�� 7KHQ LW LV

VWUDLJKWIRUZDUG WR VKRZ WKDW LI WKH VHFRQG DQG KLJKHU HLJHQYDOXHV DUH ZHOO�VHSDUDWHG IURP WKH ORZHVW

RQH�

δ − ω
__
� ≥ 

ωH[DFW

� − ω
__
�

�

�

ZKHUH

ω
__
�

X�
= Λ(^χ`)

DV EHIRUH� DQG

δ(^χ`) = X�
($χ� $χ)
(χ� χ)

�

7KLV \LHOGV WKH ORZHU ERXQG

ωH[DFW
� ≥ ω

__
� − √δ − ω

__
�

WR WKH HLJHQYDOXH� 7R LOOXVWUDWH WKLV ZH FRQVLGHU RQFH DJDLQ WKH FLUFXODU GUXPKHDG� :LWK WKH WULDO

IXQFWLRQ

χ(U) = � − U�

5�

ZH ILQG δ = �� X� ⁄5��ω
__
� = � X� ⁄5�� KHQFH ZLWK WKH DERYH FKRLFH RI WULDO IXQFWLRQ�

�  ��������
�
�����
�

�� 7KLV PHWKRG LV VRPHWLPHV FDOOHG WKH 5D\OHLJK�5LW] SURFHGXUH DIWHU LWV LQYHQWRUV�



������… > ωH[DFW5 ⁄ X > ������…

,QGHHG WKH ORZHU ERXQG LV QRW WHUULEO\ JRRG� EXW LW LV D ORZHU ERXQG�

$� -��
����
�
�������
�����

�

7KH /DSODFH HTXDWLRQ� IRU H[DPSOH� FDQ EH WDFNOHG E\ PRUH GLUHFW PHDQV WKDQ UHOD[DWLRQ� ,I ZH

LPDJLQH WKH SRLQWV RQ D VROXWLRQ JULG �LQ� VD\� WZR GLPHQVLRQV� DUH ODEHOOHG VHTXHQWLDOO\ DV VKRZQ

EHORZ� WKHQ LI ZH UHSODFH WKH VHFRQG GHULYDWLYHV E\ VHFRQG GLIIHUHQFHV�

∇ �ψ = �

⇒ ψ([+K� \) − �ψ([� \) + ψ([−K� \) + ψ([� \+K) − �ψ([� \) + ψ([� \−K) = �

ZH KDYH� H�J��

ψ�� + ψ�� + ψ� + ψ�� − �ψ�� = � �

7KH V\VWHP RI �LQKRPRJHQHRXV� OLQHDU HTXDWLRQV ZH GHULYH �RQH IRU HDFK SRLQW LQ WKH JULG� WXUQV RXW

WR EH TXLWH VSDUVH DQG VLPSOH³RQO\ WKH QHDUHVW QHLJKERUV LQ WKH JULG LQWHUDFW ZLWK DQ\ JLYHQ SRLQW�

7KHUHIRUH GHWHUPLQLQJ WKH VROXWLRQ DW1 LQWHULRU SRLQWV UHTXLUHV PXFK OHVV WKDQ21
�
 WLPH WR VROYH�

LQ IDFW� LW FDQ EH REWDLQHG LQ 2(1) WLPH�

$ VLPLODU WUHDWPHQW DSSOLHV WR WKH 3RLVVRQ HTXDWLRQ� DV ZHOO DV WKH WLPH�LQGHSHQGHQW 6FKURHGLQJHU

HTXDWLRQ�
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5HFHQWO\ &ROH� KDV SURSRVHG D QHZ GLIIHUHQFLQJ VFKHPH IRU VROYLQJ WKH ZDYH HTXDWLRQ� WKDW SHUPLWV

FRDUVHU PHVKHV IRU D JLYHQ SUHFLVLRQ� WKHUHE\ UHGXFLQJ FRQVLGHUDEO\ WKH FRPSXWDWLRQDO HIIRUW RI D

JLYHQ SUREOHP� &RQVLGHU WKH ZDYH HTXDWLRQ LQ RQH VSDWLDO GLPHQVLRQ�

∂�ψ
∂W�

− Y�([) ∂
�ψ
∂[�

= �

7KH XVXDO WHFKQLTXH IRU VROYLQJ VXFK HTXDWLRQV UHSODFHV WKH SDUWLDO GHULYDWLYHV E\ VHFRQG GLIIHUHQFHV�

H[DFWO\ DV ZLWK WKH /DSODFH HTXDWLRQ�

∆W
� ψ − 




∆W
∆[




�

Y�([) ∆[
� ψ = � �

:H WKHQ LQWHJUDWH IRUZDUG LQ WLPH YLD

ψ(W+∆W� [) = �ψ(W� [) − ψ(W−∆W� [) + 



∆W
∆[




�

Y�([) ∆[
� ψ(W� [) �

,W LV FOHDU IURP WKLV VFKHPH WKDW WKH LQLWLDO VROXWLRQ� ψ(W=�� [) � DQG WKH LQLWLDO WLPH GHULYDWLYH�

∂W ψ(W=�� [) � PXVW EH NQRZQ� IRU DOO [�

7KH VFKHPH DGYRFDWHG E\ &ROH LV EDVHG RQ D PRGLILHG GLIIHUHQFH RSHUDWRU

∆
__
[ ψ(W� [) =

GI

ψ(W� [+β∆[) − ψ(W� [ − (�−β)∆[)

DQG D FRUUHFWLRQ IXQFWLRQ V([� ∆[�…) VXFK WKDW

∂ψ
∂[

≈
∆
__
[ ψ

V([� ∆[�…)
�

)RU H[DPSOH� LIψZHUH D VROXWLRQ RI WKH ��GLPHQVLRQDO ZDYH HTXDWLRQ FRUUHVSRQGLQJ WR ZDYH QXPEHU

N� ZH FRXOG FKRRVH V WR JLYH WKH H[DFW SDUWLDO GHULYDWLYH� 7KDW LV� OHW ψ = HLN[ DQG FKRRVH β = �

�
�

WKHQ

∂[ H
LN[ = LN HLN[ = HLN[

V

 H

LN∆[ ⁄ � − H−LN∆[ ⁄ �

RU

V = �

N
VLQ




N∆[
�




�

7R DSSO\ WKLV LGHD WR WKH ZDYH HTXDWLRQ ZH DOVR H[SUHVV WKH WLPH GHULYDWLYH DV D QRQ�VWDQGDUG ILQLWH

GLIIHUHQFH DQG ZULWH

�.! -��
����
�����

��	�����
�+�)
�
�
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�

�� -DPHV %� &ROH� &RPSXWHUV LQ 3K\VLFV �� ������ ���� LELG� �� ������ ���

�� ,I ZH DUH ZRUNLQJ ZLWK WZR RU WKUHH VSDWLDO GLPHQVLRQV WKH LQLWLDO GDWD DUH VSHFLILHG RQ D VXUIDFH RU YRO�
XPH �K\SHUVXUIDFH��



ψ(W+∆W� [) = �ψ(W� [) − ψ(W−∆W� [) + X�([) ∆
__

[

� ψ(W� [)

ZKHUH

X([) = VLQ(ω∆W ⁄ �)
VLQ(N([) ∆[ ⁄ �)

Y([)

DQG

N([) = ω
Y([)

�

7KLV DSSUR[LPDWLRQ LV H[DFW LQ D UHJLPH RI IL[HG ω DQG FRQVWDQW Y([)� LQ SUDFWLFH� ZKHQ WKH VROXWLRQ

LV D VXSHUSRVLWLRQ RI IUHTXHQFLHV ZLWK D OLPLWHG EDQGZLGWK� DQG ZKHQ Y([) YDULHV UHDVRQDEO\ VORZO\� LW
LV IDU PRUH DFFXUDWH WKDQ WKH VWDQGDUG VFKHPH� IRU D JLYHQ PHVK VL]H�

�� ����
��������
�����

,I ZH FDQ GHYLVH D UDQGRP SURFHVV ZKRVH GLVWULEXWLRQ LV WKH VROXWLRQ RI WKH HTXDWLRQ ZH DUH LQWHUHVWHG

LQ� WKHQ DQ DSSUR[LPDWH VROXWLRQ FDQ EH REWDLQHG E\ VLPXODWLQJ WKH UDQGRP SURFHVV� )RU H[DPSOH�

WKH GLIIXVLRQ HTXDWLRQ �KHDW HTXDWLRQ�

∂ρ
∂W

= ' ∇ � ρ

FDQ EH GHULYHG IURP SDUWLFOHV HQJDJLQJ LQ D UDQGRP ZDON� 7KXV E\ IROORZLQJ WKH EHKDYLRU RI PDQ\

VXFK SDUWLFOHV ZH FDQ GHWHUPLQH WKH IXQFWLRQ ρ([→� W) FRUUHVSRQGLQJ WR D SDUWLFXODU VHW RI ERXQGDU\ RU
LQLWLDO FRQGLWLRQV� 7HUPV LQYROYLQJ ILUVW GHULYDWLYHV FDQ EH VLPXODWHG E\ H[WHUQDO IRUFHV� VLPLODUO\ WHUPV

LQYROYLQJ VRXUFHV RU VLQNV DUH VLPXODWHG E\ D SUREDELOLW\ IRU D SDUWLFOH WR EH ERUQ RU WR GLH�

&� /��
(����
�
�������
�����

�

6RPH SDUWLDO GLIIHUHQWLDO HTXDWLRQV FDQ EH WUDQVIRUPHG LQWR LQWHJUDO HTXDWLRQV� FRQVLGHU� IRU H[DPSOH�

WKH WLPH�LQGHSHQGHQW 6FKURHGLQJHU HTXDWLRQ�


 ∇

� + N� − 8( U→ ) ψ( U
→ ) = � � ���

IRU SRVLWLYH HQHUJLHV� N� > � � :H FDQQRW VROYH WKH SUREOHP XQWLO ZH NQRZ WKH YROXPH FRQWDLQLQJ WKH

V\VWHP �IRU H[DPSOH� LW PLJKW EH D ER[ RI SHFXOLDU VKDSH� RU LW PLJKW EH LQILQLWH ��GLPHQVLRQDO VSDFH�

DVZHOO DV WKH ERXQGDU\ FRQGLWLRQ�H�J� WKH VROXWLRQ YDQLVKHV DW WKHZDOOV RI WKH ER[� RU LW PLJKW FRQWDLQ�

DV\PSWRWLFDOO\� RQO\ RXWJRLQJ UDGLDO ZDYHV DSSURSULDWH WR D VFDWWHULQJ SUREOHP��

7KH REMHFW LV WR H[SUHVV WKH VROXWLRQ LQ WHUPV RI WKH VROXWLRQV RI WKH SUREOHP IRU ZKLFK WKHUH LV QR

SRWHQWLDO 8( U→ ) � VXSSRVH ZH NQRZ KRZ WR VROYH


 ∇

� + N� *( U
→
� U
→
’) = δ(�)( U→− U

→
’) � ���
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WKHQ� OHIW�PXOWLSO\LQJ (T� � E\ ψ( U→ )� DQG (T� � E\ *( U→� U→’) ZH PD\ VXEWUDFW WKH WZR WR ILQG

ψ( U→ ) δ(�)( U→− U
→
’) =

= ψ( U→ ) ∇ � *( U→� U→’) − *( U→� U→’) ∇ � ψ( U→ ) + *( U→� U→’) 8( U→ ) ψ( U→ )

≡ ∇ ⋅  ψ( U
→ ) ∇ *( U→� U→’) − *( U→� U→’) ∇ψ( U

→ ) + *( U→� U→’) 8( U→ ) ψ( U→ ) �

7KHQ LQWHJUDWLQJ RYHU U
→
�DQG LQWHUFKDQJLQJ WKH ODEHOV U

→
DQG U

→
’� ZH REWDLQ

ψ( U→ ) = ∫∫∫
9

*( U→� U→’) 8( U→’) ψ( U→’) GU→’ ���

+ ∫∫
6

ψ( U
→
’) ∇ *( U→� U→’) − *( U→� U→’) ∇ ψ( U→’) ⋅ G6

→
’

ZKHUH 6 LV WKH VXUIDFH ERXQGLQJ WKH VROXWLRQ YROXPH 9� $VVXPLQJ ZH PD\ LPSRVH HLWKHU RI WKH

ERXQGDU\ FRQGLWLRQV

 ψ( U
→ ) 6 = �

RU

 Q
A⋅ ∇ψ ( U→ ) 6 = �

ZH PD\ GURS WKH VXUIDFH LQWHJUDO LQ (T� � WR REWDLQ

ψ( U→ ) = χ( U→ ) + ∫∫∫
9

*( U→� U→’) 8( U→’) ψ( U→’) GU→’ ���

ZKHUH ZH KDYH DGGHG DQ DSSURSULDWH VROXWLRQ χ( U→ ) RI WKH KRPRJHQHRXV GLIIHUHQWLDO HTXDWLRQ WR

HQVXUH WKDW WKH VROXWLRQ RI (T� � UHGXFHV WR WKDW RI WKH KRPRJHQHRXV HTXDWLRQ LQ WKH DEVHQFH RI WKH

SRWHQWLDO 8�

7KH NH\ WR EHLQJ DEOH WR VROYH (T� � E\ UHSODFLQJ LW ZLWK D ILQLWH VHW RI OLQHDU HTXDWLRQV OLHV LQ WKH

FKDUDFWHU RI WKH SRWHQWLDO�8( U→ ) � ,I LW LV VXIILFLHQWO\ ZHOO�EHKDYHG DV U→ � DQG U→∞ � WKH NHUQHO *( U→� U→’) 8( U→’) LV
D FRPSDFW OLQHDU RSHUDWRU�� ,I LW EHORQJV WR WKDW FODVV RI RSHUDWRUV� LW LV JXDUDQWHHG WKDW LI ZH WDNH PRUH

SRLQWV WR UHSUHVHQW WKH QXPHULFDO LQWHJUDO� WKH VROXWLRQ RI WKH FRUUHVSRQGLQJ DOJHEUDLF HTXDWLRQV

DSSURDFKHV WKH VROXWLRQ RI WKH LQWHJUDO HTXDWLRQ DV FORVHO\ DV ZH ZRXOG OLNH� 7KDW LV� WKH PRUH WLPH

DQG PRQH\ ZH VSHQG� WKH EHWWHU WKH DSSUR[LPDWLRQ�

�." /��
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�
�������
�����

�
�

�� %DVLFDOO\� D FRPSDFW RSHUDWRU FDQ EH DSSUR[LPDWHG E\ D ILQLWH PDWUL[� VXFK WKDW DV WKH UDQN RI WKH PD�
WUL[ LV LQFUHDVHG� WKH DSSUR[LPDWLRQ EHFRPHV EHWWHU�


