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:H EHJLQ E\ GHILQLQJ WKH GHILQLWH LQWHJUDO RI D IXQFWLRQ I([)� 7KHQ ZH GLVFXVV VRPH PHWKRGV IRU

�QXPHULFDOO\� DSSUR[LPDWLQJ WKH LQWHJUDO� 7KLV SURFHVV LV FDOOHG QXPHULFDO LQWHJUDWLRQ RU TXDGUDWXUH�

)LQDOO\� ZH GLVFXVV VHYHUDO SURJUDPV EDVHG RQ WKH YDULRXV PHWKRGV ZH GHVFULEH�
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7KH GHILQLWH LQWHJUDO ∫ I([) G[
D

E

LV WKH DUHD EHWZHHQ WKH JUDSK RI WKH IXQFWLRQ DQG WKH [�D[LV DV VKRZQ

EHORZ�

:H HVWLPDWH WKH LQWHJUDO E\ EUHDNLQJ XS WKH DUHD LQWR QDUURZ UHFWDQJOHV RI ZLGWK Z WKDW DSSUR[LPDWH

WKH KHLJKW RI WKH FXUYH DW WKDW SRLQW DQG WKHQ DGGLQJ WKH DUHDV RI WKH UHFWDQJOHV�� )RU UHFWDQJOHV RI

QRQ�]HUR ZLGWK WKH PHWKRG JLYHV DQ DSSUR[LPDWLRQ� ,I ZH FDOFXODWH ZLWK UHFWDQJOHV WKDW FRQVLVWHQWO\

SURWUXGH DERYH WKH FXUYH �DVVXPH IRU VLPSOLFLW\ WKH FXUYH OLHV DERYH WKH [�D[LV�� DQG ZLWK UHFWDQJOHV

WKDW FRQVLVWHQWO\ OLH EHORZ WKH FXUYH� ZH FDSWXUH WKH H[DFW DUHD EHWZHHQ WZR DSSUR[LPDWLRQV�:H VD\

WKDW ZH KDYH ERXQGHG WKH LQWHJUDO DERYH DQG EHORZ� ,Q PDWKHPDWLFDO ODQJXDJH�
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�� ,I D UHFWDQJOH OLHV EHORZ WKH KRUL]RQWDO D[LV� LWV DUHD LV FRQVLGHUHG WR EH QHJDWLYH�



Z ∑
Q=�

(E−D) ⁄Z

PLQ  I(D + QZ)� I(D + QZ + Z) ≤ ∫
D

E

G[ I([) ≤ Z ∑
Q=�

(E−D) ⁄Z

PD[  I(D + QZ)� I(D + QZ + Z) �

,W LV HDV\ WR VHH WKDW HDFK UHFWDQJOH LQ WKH XSSHU ERXQG LV DERXW Z_I ′([)_WRR KLJK� RQ DYHUDJH� KHQFH

RYHUHVWLPDWHV WKH DUHD E\ DERXW
�

�
Z�_I ′([)_� 7KHUH DUH �E²D��Z VXFK UHFWDQJOHV� VR LI _I ′([)_ UHPDLQV

ILQLWH RYHU WKH LQWHUYDO >D� E@ WKH WRWDO GLVFUHSDQF\ ZLOO EH VPDOOHU WKDQ

�

�
Z(E−D) PD[

D≤[≤E
_I ′([)_ �

6LPLODUO\� WKH ORZHU ERXQG ZLOO EH ORZ E\ DERXW WKH VDPH DPRXQW� 7KLV PHDQV WKDW LI ZH KDOYH Z �E\

WDNLQJ WZLFH DV PDQ\ SRLQWV�� WKH DFFXUDF\ RI WKH DSSUR[LPDWLRQ ZLOO GRXEOH� 7KH PDWKHPDWLFDO

GHILQLWLRQ RI ∫ G[
D

E

I([) LV WKH QXPEHUZH JHW E\ WDNLQJ WKH OLPLW DV WKHZLGWKZ RI WKH UHFWDQJOHV EHFRPHV

DUELWUDULO\ VPDOO� :H NQRZ WKDW VXFK D OLPLW H[LVWV EHFDXVH WKH DFWXDO DUHD KDV EHHQ FDSWXUHG EHWZHHQ

ORZHU DQG XSSHU ERXQGV WKDW VKULQN WRJHWKHU DV ZH WDNH PRUH SRLQWV�
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6XSSRVH ZH WKLQN RI ∫ G[
D

E

I([) DV D IXQFWLRQ³FDOO LW )(E)³RI WKH XSSHU OLPLW� E� :KDW ZRXOG KDSSHQ

LI ZH FRPSDUHG WKH DUHD )(E) ZLWK WKH DUHD )(E + ∆E) " :H VHH WKDW WKH GLIIHUHQFH EHWZHHQ WKH WZR

LV �IRU VPDOO ∆E� LV

∆)(E) = )(E+∆E) −)(E) ≈ I(E)∆E +2((∆E)�)

VR WKDW

G)(E)
GE

= OLP
∆E→�

�

∆E



∫ G[
D

E+∆E
− ∫ I([) G[

D

E 



→ I(E)

7KLV LV D IDQF\ ZD\ WR VD\ WKDW LQWHJUDWLRQ DQG GLIIHUHQWLDWLRQ DUH LQYHUVH RSHUDWLRQV� LQ WKH VDPH VHQVH

DV PXOWLSOLFDWLRQ DQG GLYLVLRQ� RU DGGLWLRQ DQG VXEWUDFWLRQ�

7KXV ZH FRXOG FDOFXODWH D GHILQLWH LQWHJUDO XVLQJ D GLIIHUHQWLDO HTXDWLRQ VROYLQJ SURJUDP �WR EH

GHYHORSHG LQ D VXEVHTXHQW FKDSWHU�� :H FDQ H[SUHVV WKH SUREOHP LQ WKH IROORZLQJ IRUP�
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�� I ′�[� LV WKH VORSH RI WKH OLQH WDQJHQW WR WKH FXUYH DW WKH SRLQW [� ,W LV FDOOHG WKH ILUVW GHULYDWLYH RI I�[��



Solve the differential equation

G)

G[
= I([)

on the interval x ∈  [a, b] with the initial condition F (a) = 0.

7KH FKLHI GLVDGYDQWDJH RI XVLQJ D GLIIHUHQWLDO HTXDWLRQ VROYHU WR HYDOXDWH D GHILQLWH LQWHJUDO LV WKDW LW

JLYHV XV QR HUURU FULWHULRQ� :H ZRXOG KDYH WR VROYH WKH SUREOHP DW OHDVW WZLFH� ZLWK WZR GLIIHUHQW VWHS

VL]HV� WR EH VXUH WKH UHVXOW LV VXIILFLHQWO\ SUHFLVH��
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7KH IROORZLQJ LV D ´EUXWH IRUFHµ0RQWH&DUOR LQWHJUDWLRQ VFKHPH� LI D FXUYH LV HQWLUHO\ ERXQGHGZLWKLQ

D ER[ RI FRUQHUV ([D� \D)� ([E� \D)� ([D� \E)� ([E� \E) WKHQ LI ZH SLFN SRLQWV DW UDQGRP LQ WKH ER[� WKH

IUDFWLRQ WKDW IDOO LQVLGH WKH FXUYH LV� LQ WKH OLPLW RI PDQ\ SRLQWV� SURSRUWLRQDO WR WKH UDWLR RI WKH DUHD

XQGHU WKH FXUYH WR WKDW RI WKH ER[� ,W LV UDWKHU OLNH WKURZLQJ GDUWV DW UDQGRP� DW D WDUJHW RQ D ZDOO�

7KH GDUWV PXVW JR VRPHZKHUH RQ WKH ZDOO� DQG WKH IUDFWLRQ WKDW KLW WKH WDUJHW LV� ZLWKLQ VWDWLVWLFDO

HUURUV� WKH UDWLR RI WKH DUHD RI WKH WDUJHW WR WKDW RI WKH ZDOO�

7KH IROORZLQJ URXWLQH LPSOHPHQWV WKLV LGHD�

\ Brute force Monte Carlo integration in 1 dimension 
\
\     (c) Copyright 1998  Julian V. Noble.          
\         Permission is granted by the author to      
\         use this software for any application pro-  
\         vided this copyright notice is preserved.
\
\ Usage:  use( fn.name xa xb ya yb )bfmc 
\ Examples:
\ use( fsqrt  10000 0e 2e 0e 2e fsqrt )bfmc fs. 1.88006E0  ok 
\ use( fsqrt  10000 0e 2e 0e 2e fsqrt )bfmc fs. 1.90806e0  ok 
\ use( fsqrt  10000 0e 2e 0e 2e fsqrt )bfmc fs. 1.88486e0  ok 
\ use( fsqrt  10000 0e 2e 0e 2e fsqrt )bfmc fs. 1.89363E0  ok

\ Environmental dependencies:
\ FLOAT wordset, separate floating point stack

MARKER -bfmc

\ Conditional definition of non-Standard words 
: undefined    BL WORD  FIND  NIP  0=  ;
undefined  prng  [IF]  include  prng.f  [THEN]
undefined  s>f   [IF] : sf   S>D  D>F  ;    [THEN] 
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�� 7KLV LV QRW VWULFWO\ FRUUHFW� RQH FRXOG XVH D GLIIHUHQWLDO HTXDWLRQ VROYHU RI WKH ´SUHGLFWRU� FRUUHFWRUµ YD�
ULHW\� ZLWK YDULDEOH VWHS�VL]H� WR LQWHJUDWH WKH SUHFHGLQJ HTXDWLRQ� 6HH� H�J�� 3UHVV� HW DO�� 1XPHULFDO 5HFL�
SHV �&DPEULGJH 8QLYHUVLW\ 3UHVV� &DPEULGJH� ������ SS� ��� II�



7KLV UDQGRP�VDPSOLQJ PHWKRG LV FDOOHG WKH 0RQWH &DUOR PHWKRG EHFDXVH RI WKH HOHPHQW RI FKDQFH�

7KH GLVDGYDQWDJHV DUH WZRIROG� ILUVW� DW HYHU\ VWHS� RQHPRUH UDQGRP QXPEHUPXVW EH FRPSXWHG WKDQ

WKH GLPHQVLRQDOLW\ RI WKH YROXPH RI LQWHJUDWLRQ� 7KXV IRU D IXQFWLRQ RI RQH YDULDEOH ZH QHHG WZR

undefined  f^2   [IF] : f^2   FDUP  F*  ;    [THEN] 
undefined  ftuck [IF] : ftuck  FSWAP  FOVER  ;   [THEN]

undefined  use(  [IF] 
\ Vectoring: for using function names as arguments 
: use(      ’       \ state-smart ’ for syntactic sugar
    STATE @  IF  POSTPONE LITERAL  THEN  ;  IMMEDIATE
’ NOOP  CONSTANT  ’noop 
: v:   CREATE  ’noop  ,  DOES> PERFORM  ;   \ create dummy def’n 
: ’dfa   ’ BODY  ;                          ( — data field address) 
: defines    ’dfa   STATE @
     IF   POSTPONE  LITERAL    POSTPONE  !
     ELSE   !   THEN  ;  IMMEDIATE 
\ end vectoring 
[THEN]

\ Data structures
    v: fdummy

    1000 VALUE  Nmax
    0    VALUE Npoints
    0    VALUE Nhits

    FVARIABLE xa    FVARIABLE xb-xa
    FVARIABLE ya    FVARIABLE yb-ya

\ Program begins here
    0.1 seed 2! \ initialize prng

: x     ( f: — x = xa + xi*[xb-xa])    \ guess a new point
    prng   xb-xa F@  F*   xa F@   F+  ;

: y     ( f: — y = ya + xi*[yb-ya])    \ guess a new point
    prng   yb-ya F@  F*   ya F@   F+  ;

: new_point
    Npoints  1+  TO Npoints
    x fdummy    y F>
    IF  Nhits  1+  TO Nhits  THEN  ;

: initialize       ( xt n —)   ( f:  xa xb ya yb —)
    TO Nmax     0 TO Npoints    0 TO Nhits    defines fdummy
    FOVER  F-  yb-ya F!     ya F!    FOVER  F-  xb-xa F!     xa F!   ;

: )bfmc   ( xt —)   ( f:  xa xb ya yb — integral)
    initialize
    BEGIN   Npoints Nmax
    WHILE   new_point
    REPEAT  Nhits  s>f   Npoints  s>f   F/
    xb-xa F@   yb-ya F@  F*  F*  ; 
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UDQGRP QXPEHUV SHU VWHS� HWF� 7KH VHFRQG GLVDGYDQWDJH LV WKDW D ERXQGLQJ UHFWDQJXODU K\SHU�VROLG

PXVW EH NQRZQ LQ DGYDQFH� ,Q VRPH DSSOLFDWLRQV WKLV PD\ EH GLIILFXOW WR DUUDQJH�
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$QRWKHU ZD\ WR LQWHJUDWH E\ UDQGRP VDPSOLQJ XVHV WKH IROORZLQJ �REYLRXV� IDFW� WKH DUHD XQGHU D

FXUYH I([) LV H[DFWO\ HTXDO WR WKH DYHUDJH KHLJKW 〈 I 〉 RI I([) RQ WKH LQWHUYDO >D� E@� WLPHV WKH OHQJWK�

E ² D� RI WKH LQWHUYDO�� +RZ FDQ ZH HVWLPDWH 〈 I 〉 " 6XSSRVH ZH VDPSOH I([) DW UDQGRP� FKRRVLQJ 1

SRLQWV LQ >D� E@ ZLWK D UDQGRP QXPEHU JHQHUDWRU� 7KHQ

〈 I 〉 ≈ �

1 ∑
Q=�

1

I([Q)

DQG

∫ I([) G[
D

E

≈ (E − D) 〈 I 〉 �
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7KH VWDWLVWLFDO QRWLRQ RI YDULDQFH OHWV XV HVWLPDWH WKH DFFXUDF\ RI WKH 0RQWH &DUOR PHWKRG� 7KH

YDULDQFH LQ I�[� LV

9DU (I) =
GI

∫
−∞

∞
GI ρ(I)  I − 〈 I 〉

�

ZKHUH ρ(I ) GI LV WKH SUREDELOLW\ RI PHDVXULQJ D YDOXH RI I EHWZHHQ I DQG I + GI� 6WDWLVWLFDO WKHRU\ VD\V

WKH YDULDQFH LQ HVWLPDWLQJ 〈 I 〉 E\ UDQGRP VDPSOLQJ LV

9DU  〈 I 〉 = �

1
9DU ( I )

L�H�� WKH PRUH SRLQWV ZH WDNH� WKH EHWWHU HVWLPDWH RI 〈 I 〉 ZH REWDLQ� +HQFH WKH XQFHUWDLQW\ LQ WKH

LQWHJUDO ZLOO EH RI RUGHU

∆



∫ I([) G[
D

E 



≈ (E−D) 



9DU ( I )
1





�⁄�

DQG LV WKHUHIRUH JXDUDQWHHG WR GHFUHDVH DV 1−�⁄� �
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�� 7KDW LV� WKLV VWDWHPHQW GHILQHV 〈I〉 �



+HUH LV D VLPSOH )RUWK SURJUDP WKDW LPSOHPHQWV WKLV VFKHPH�

\ One-dimensional Monte-Carlo integration

\     (c) Copyright 1998  Julian V. Noble.          \ 
\       Permission is granted by the author to      \ 
\       use this software for any application pro-  \ 
\       vided this copyright notice is preserved.   \ 
 
\ Usage:  use( fn.name xa xb )monte 
\ Examples:
\       use( FSQRT 10000 0e  1e  )monte FS. 6.67675E-1  ok 
\       use( FSQRT 10000 0e  2e  )monte FS. 1.88408E0  ok
\       : F1     FDUP FSQRT F*  ;  ok 
\       use( f1  0e  1e  1e-3 )monte FS. 3.97621E-1  ok 
\       use( f1  0e  2e  1e-4 )monte FS. 2.27428E0  ok

MARKER -mcint
\ Conditional definition of non-Standard words 
: undefined    BL WORD  FIND  NIP  0=  ;
undefined  prng  [IF]  include  prng.f  [THEN]
undefined sf   [IF] : sf   SD  DF  ;    [THEN] 
undefined f^2   [IF] : f^2   FDUP  F*  ;    [THEN] 
undefined ftuck [IF] : ftuck  FSWAP  FOVER  ;   [THEN]
undefined  use( [IF]

\ Vectoring: for using function names as arguments 
: use(      ’       \ state-smart ’ for syntactic sugar
    STATE @  IF  POSTPONE LITERAL  THEN  ;  IMMEDIATE
’ NOOP  CONSTANT  ’noop 
: v:   CREATE  ’noop  ,  DOES PERFORM  ;   \ create dummy def’n 
: ’dfa   ’ BODY  ;                         ( — data field address) 
: defines    ’dfa   STATE @
             IF   POSTPONE  LITERAL    POSTPONE  !
             ELSE   !   THEN  ;  IMMEDIATE 
\ end vectoring [THEN]

\ Program starts here
\ Data structures
    v: fdummy
    1000 VALUE  Nmax
    0 VALUE Npoints
    0.1 seed 2!
    FVARIABLE xa    FVARIABLE xb-xa
    FVARIABLE  Var

    FVARIABLE
\ Actions
    : x     ( f: — x = xa + xi*[xb-xa])    \ guess a new point
        prng   xb-xa F@  F*   xa F@   F+  ;

    : initialize    ( xt n —)    ( f: xa xb error — integral)
        TO Nmax
        defines  fdummy
        5 TO Npoints
        FOVER  F-  xb-xa F!     xa F!
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,W LV HDV\ WR VHH WKDW WKH 0RQWH�&DUOR PHWKRG FRQYHUJHV VORZO\� 6LQFH WKH HUURU GHFUHDVHV RQO\ DV

1
−�⁄� � ZKHUHDV HYHQ VR FUXGH D UXOH DV DGGLQJ XS UHFWDQJOHV KDV DQ HUURU WHUP WKDW GHFUHDVHV DV 1−��

ZKDW LV 0RQWH &DUOR JRRG IRU" 0RQWH &DUOR PHWKRGV FRPH LQWR WKHLU RZQ IRU PXOWLGLPHQVLRQDO

LQWHJUDOV� ZKHUH WKH\ DUH PXFK IDVWHU WKDQ PXOWLSOH RQH�GLPHQVLRQDO LQWHJUDWLRQ VXEURXWLQHV EDVHG

RQ GHWHUPLQLVWLF UXOHV� 7KH UHDVRQ WKH\ DUH VR PXFK IDVWHU LV WKDW� VD\� XVLQJ 6LPSVRQ·V UXOH ZLWK Q

SRLQWV LQ HDFK RI WHQ GLPHQVLRQV ZH PXVW WDNH URXJKO\ 1 = Q�� SRLQWV� EXW WKH DFFXUDF\ LV RI RUGHU Q−� ≡ 1
−�⁄� �

7KDW LV� WKH XQFHUWDLQW\ XVLQJ D FRPSRXQGHG TXDGUDWXUH IRUPXOD LQ PDQ\�GLPHQVLRQDO LQWHJUDWLRQ

FDQ EH PRUH VORZO\ GHFUHDVLQJ WKDQ WKDW IURP VLPSOH 0RQWH &DUOR LQWHJUDWLRQ�

7KH SUHFHGLQJ SURJUDPV DUH HDVLO\ JHQHUDOL]HG WR DQ DUELWUDU\ QXPEHU RI GLPHQVLRQV� �7KH JHQHUDOL�

]DWLRQ LV OHIW DV DQ H[HUFLVH��

        f0.0  <f>  F!     f0.0 Var F! 
        5 0  DO  x  fdummy  FDUP

                 <f>  F@  F+   <f> F!
                 f^2   Var  F@   F+   Var  F!
        LOOP

         <f>   F@  Npoints  s>f  F/     <f>  F! 
        Var F@   F@  f^2  Npoints s>f F*  F-   Var F!   ;

    : New_point
        x fdummy

         <f> F@   ftuck  F-  ftuck       ( f: f-<f>  <f>  f-<f>)
        Npoints 1+  DUP TO  Npoints     \ n=n+1
        s>f  F/   F+   <f>   F!         \ <f’> = <f> + (f-<f>)/(n+1)
        Npoints DUP  1-  s>f  F*

        s>f   F/                        ( f: n*[f-]^2/[n+1] )
        Var F@   F+   Var F!            \ Var’ = Var + n*(f-)^2/(n+1)
    ;

    : )monte    ( xt - - )    ( f: xa xb error - - integral)
        initialize
        BEGIN     Npoints Nmax <
        WHILE     New_point

        REPEAT     F@  xb-xa  F@  F*  ;

    : %error   ( f: — error )
        Var F@  FSQRT  Npoints s>f  F/

         <f>  F@  FABS  FDUP  F0>
        IF    F/  1.e2  F*

        ELSE  ."  too close to 0"  THEN  ;
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,Q WKH SUHFHGLQJ VHFWLRQV ZH H[DPLQHG WZR VFKHPHV IRU FRPSXWLQJ WKH LQWHJUDO RI DQ DUELWUDU\

IXQFWLRQ� WKH ILUVW� D GHWHUPLQLVWLF PHWKRG� LQYROYHG DGGLQJ XS WKH DUHDV RI UHFWDQJOHV WKDW OD\ HQWLUHO\

EHORZ RU HQWLUHO\ DERYH WKH JLYHQ FXUYH� LQ RUGHU WR GHULYH ORZHU DQG XSSHU ERXQGV IRU WKH DUHD� 7KLV

PHWKRG LV PRUH RI DQ H[LVWHQFH SURRI WKDQ D XVHIXO DOJRULWKP� %XW LW OHDGV XV WR FRQVLGHU SRVVLEOH

LPSURYHPHQWV� 7KH PDLQ LGHD LV WR DSSUR[LPDWH WKH JLYHQ IXQFWLRQ E\ D SRO\QRPLDO RYHU VRPH

LQWHJUDO� WKHQ WR LQWHJUDWH WKDW SRO\QRPLDO H[DFWO\��

�����)����	
��	�
7KH VLPSOHVW SRO\QRPLDO LV WKH VWUDLJKW OLQH MRLQLQJ WKH SRLQWV 


[� � I�

DQG 

[� � I�

�

\([) = I�
[ − [�

[� − [�
+ I�

[ − [�

[� − [�
�

ZKRVHLQWHJUDO LV

∫
[
�

[
�

\([) G[ = �

�


[� − [�



I� + I�

≈ ∫
[
�

[
�

I([) G[ �

6LQFH WKLV LV WKH DUHD RI WKH WUDSH]RLG ERXQGHG E\ WKH VWUDLJKW OLQH \([) � WKH [�D[LV DQG WKH YHUWLFDO

OLQHV DW [� DQG [� � WKLV TXDGUDWXUH IRUPXOD LV FDOOHG WKH WUDSH]RLGDO UXOH� 1RUPDOO\ ZH WDNH WKH SRLQWV

FORVH WRJHWKHU� WR HPSOR\ WKH WUDSH]RLGDO UXOH RYHU D ILQLWH LQWHUYDO ZH VLPSO\ DGG WKH DUHDV IURP WKH

VXE�LQWHUYDOV� ,Q SUDFWLFH WKLV PHDQV ZH WDNH HTXDOO\ VSDFHG LQWHUYDOV DQG ZULWH

∫
D

E

I([) G[ ≈ K




�

�
I� + I� + I� + … + �

�
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− QK�

��
I
(�)(ξ)

ZKHUH K LV WKH VSDFLQJ EHWZHHQ VXFFHVVLYH SRLQWV�

$ VLPLODU DSSURDFK FDQ EH WDNHQ XVLQJ D TXDGUDWLF DSSUR[LPDWLRQ WR HTXDOO\�VSDFHG IXQFWLRQ YDOXHV�

\([) = I�
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ZKRVH LQWHJUDO LV

∫
[
�

[
�

\([) G[ = K

�
I� + �K

�
I� + K

�
I� ≈ ∫

[
�

[
�

I([) G[ �

JLYLQJ WKH H[WHQGHG 6LPSVRQ·V UXOH

∫
D

E

I([) G[ ≈ K
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�� 2I FRXUVH ZH QHHG QRW EH OLPLWHG WR SRO\QRPLDOV³WULJRQRPHWULF IXQFWLRQV DUH DOVR DQ DFFHSWDEOH ZD\



1XPHULFDO TXDGUDWXUH UXOHV HPSOR\LQJ HTXDOO\�VSDFHG DEVFLVVDV� LQFOXGLQJ WKH HQGSRLQWV RI WKH

LQWHUYDO� DUH JHQHULFDOO\ NQRZQ DV FORVHG1HZWRQ�&RWHV UXOHV�� 2I FRXUVH LW ZRXOG EH SHUIHFWO\ IHDVLEOH

WR GHYLVH UXOHV ZLWK HTXDOO\�VSDFHG DEVFLVVDV WKDW RPLW WKH HQGSRLQWV³WKHVH DUH WKH RSHQ 1HZWRQ�

&RWHV IRUPXODV� 5HFLSHV WKDW LQFOXGH RQH RU WKH RWKHU HQGSRLQW EXW QRW ERWK DUHPL[HG1HZWRQ�&RWHV

UXOHV�2SHQ� DQGPL[HG1HZWRQ�&RWHV UXOHV DUH RQO\ RIPLQRU LQWHUHVW VLQFH WKH DSSOLFDWLRQV IRUZKLFK

WKH\ DUH RSWLPDO RFFXU EXW UDUHO\³LQ IDFW , KDYH QHYHU VHHQ RQH�

*�������
���������
2SHQ� FORVHG RU PL[HG 1HZWRQ�&RWHV IRUPXODH UHSUHVHQW WKH LQWHJUDO RI D IXQFWLRQ DV

∫
D

E

I([) G[ ≈ ∑
N = N

�

N
�

+ Q

ID + NK ZN

ZKHUH WKH SRLQWV DUH HTXDOO\ VSDFHG� DQG WKH ZHLJKWV ZN DUH FKRVHQ VR WKDW SRO\QRPLDOV RI D JLYHQ

GHJUHH DUH LQWHJUDWHG H[DFWO\ �WKDW LV� VR WKDW WKH IXQFWLRQ LV UHSUHVHQWHG E\ D WUXQFDWHG VXP RI VXFK

SRO\QRPLDOV�� 6LQFH WKHUH DUH Q IUHH SDUDPHWHUV ZN � ZH FDQ LQ JHQHUDO ILW D SRO\QRPLDO RI RUGHU

Q − � WR WKH IXQFWLRQ� :KDW LI ZH UHOD[HG WKH FRQGLWLRQ WKDW WKH SRLQWV EH HTXDOO\ VSDFHG" 7KHQ ZH

ZRXOG EH PRYHG WR UHSUHVHQW DQ LQWHJUDO E\

∫
D

E

G[ I([) ≈ ∑
N=�

Q

I

ξN

ZN �

ZKHUH WKH Q SRLQWV ξN OLH LQ WKH LQWHUYDO >D� E@ � 1RZ ZH KDYH WZLFH DV PDQ\ IUHH SDUDPHWHUV WR ZRUN

ZLWK� KHQFH FDQ ILW D SRO\QRPLDO RI RUGHU �Q − � � ,W WXUQV RXW WR EH FRQYHQLHQW WR WUDQVIRUP WKH

LQWHUYDO WR >−�� �@ YLD

[ = D + E

�
+ E − D

�
W �

7KHQ WR GHWHUPLQH WKH SDUDPHWHUV ξQ DQG ZQ IRU WKLV LQWHUYDO ZH PLJKW WKLQN RI VROYLQJ D UDWKHU

KRUULEOH VHW RI SRO\QRPLDO HTXDWLRQV� )RUWXQDWHO\ WKHUH LV D VLPSOHU PHWKRG� FRQVLGHU LQWHJUDOV RI WKH

IRUP

, = ∫
−�

�

GW ϕ(W) 

W − ξ�



W − ξ�

… 

W − ξQ

�

0DQLIHVWO\� , = � ZKHQ ϕ(W) LV DQ\ SRO\QRPLDO RI RUGHU Q − � �UHFDOO WKH IRUPXOD LV VXSSRVHG WR EH H[DFW

IRU DOO SRO\QRPLDOV RI GHJUHH XS WR DQG LQFOXGLQJ �Q − ���

+RZHYHU� WKH SRO\QRPLDO RI Q·WK GHJUHH WKDW LV RUWKRJRQDO WR DOO SRO\QRPLDOV RI OHVVHU GHJUHH RQ WKH

LQWHUYDO >−�� �@ LV WKH /HJHQGUH SRO\QRPLDO 3Q(W) � WKDW LV� ZH PD\ LPPHGLDWHO\ LGHQWLI\ WKH SRLQWV

����
��� ����������	
������
��
������� �!�
������
 ��������	
���������

�� 6HH� H�J�� 5� +DPPLQJ� 1XPHULFDO $QDO\VLV IRU 6FLHQWLVWV DQG (QJLQHHUV ��



ξN DV WKH URRWV RI 3Q(ξ) = � � 1H[W� KRZ GR ZH FDOFXODWH WKH ZHLJKWVZN ":H QRWH WKDW IRU DQ\ IXQFWLRQ

WKH DSSUR[LPDWH LQWHJUDO LV

∫
−�

�

G[ I([) ≈ ∑
N=�

Q

I

ξN

ZN =
GI

∑
N=�

Q

IN ZN �

QRZ VXSSRVH ZH PDNH WKH /DJUDQJLDQ SRO\QRPLDO DSSUR[LPDWLRQ WR I([)�

I([) ≈ ∑
N=�

Q

IN
3Q([)

([ − ξN) 3’Q(ξN)
�

7KLV LV D SRO\QRPLDO RI Q − �·VW GHJUHH WKDW SDVVHV WKURXJK DOO Q RUGLQDWHV IN � KHQFH WKH LQWHJUDO RI LW

PXVW EH H[DFW� 7KDW LV� ZH FDQ LGHQWLI\ WKH ZHLJKWV DV

ZN = ∫
−�

�

G[
3Q([)

([ − ξN) 3’Q(ξN)

)RU� VD\� Q = � ZH ILQG WKH URRWV DQG ZHLJKWV �UHFDOO 3�([) = �

�
[� − �

�
[ �

[±� = ±√�⁄�

[� = �

Z±� = �⁄�

Z� = �⁄� �

�����	��
������	�
2FFDVLRQDOO\ ZH PXVW HYDOXDWH VLQJXODU LQWHJUDOV QXPHULFDOO\� 2QH H[DPSOH LV WKH &DXFK\ SULQFLSDO

YDOXH LQWHJUDO GHILQHG E\

3 ∫
D

E

G[
I([)
[ − [�

=
GI

OLP
ε → �

+




∫
D

[
�

− ε
G[

I([)
[ − [�

+ ∫
[
�

− ε

E

G[
I([)
[ − [�




�

:� -� 7KRPSVRQ KDV VXJJHVWHG� QXPHULFDOO\ HYDOXDWLQJ WKH &DXFK\ SULQFLSDO YDOXH LQWHJUDO E\

UHZULWLQJ LW LQ WKH IRUP

3 ∫
D

E

= ∫
D

[
�

− ∆
+ ∫

[
�

+ ∆

E

+ 3 ∫
[
�

− ∆

[
�

+ ∆

ZKHUH ∆ LV D FRQYHQLHQW ILQLWH QXPEHU� 7KH SULQFLSDO YDOXH LQWHJUDO

3 ∫
[
�

− ∆

[
�

+ ∆
G[

I([)
[ − [�

≡ 3 ∫
−∆

+∆
G[

I([ + [�)
[

= 3 ∫
−∆

+∆
G[

J([)
[

RQO\ LQYROYHV WKH RGG SDUW RI J([) DQG KHQFH PD\ EH HYDOXDWHG YLD 7D\ORU·V VHULHV HPSOR\LQJ RQO\ RGG

GHULYDWLYHV�

�!+ ��������	
���������
��	��



�� &RPSXWHUV LQ 3K\VLFV �� ������ ���



$V LW LV XVXDOO\ LQFRQYHQLHQW WR FRPSXWH KLJK�RUGHU GHULYDWLYHV E\ LQWHUSRODWLRQ RU H[SOLFLWO\� DV

7KRPSVRQ DGYRFDWHV� ZH HPSOR\ D VLPSOHU VFKHPH EDVHG RQ HYHQ�RUGHU *DXVV�/HJHQGUH TXDGUDWXUH�

)LUVW VFDOH RXW WKH SDUDPHWHU ∆ �

,(∆) = 3 ∫
−∆

+∆
G[

J([)
[

= 3 ∫
−�

+�
G[

J([∆)
[

�

7KHQ VXEWUDFW J(�) IURP WKH LQWHJUDQG WR JHW

,(∆) = ∫
−�

�

G[
J([∆) − J(�)

[
≈ ∑

Q=�

�1
ZQ

ξQ
J

ξQ ∆



ZKHUH WKH ξQ DQG ZQ DUH UHVSHFWLYHO\ WKH DEVFLVVDV DQG ZHLJKWV RI WKH � (�1) *DXVV�/HJHQGUH

TXDGUDWXUH IRUPXOD�� $Q HYHQ�RUGHU IRUPXOD LV SUHIHUDEOH WR DQ RGG�RUGHU RQH EHFDXVH WKH DEVFLVVDV

GR QRW LQFOXGH WKH SRLQW [ = �� )RU H[DPSOH� WKH UHVXOWV IRU WKH LQWHJUDO

3 ∫
−�

+�
G[

H[

[
= �������������… ≈ ∑

Q=�

�1
ZQ

ξQ
H[S 


ξQ

=
GI

6�1

DUH JLYHQ LQ WKH 7DEOH EHORZ�

1XPHULFDO (YDOXDWLRQ RI 3ULQFLSDO 9DOXH ,QWHJUDO

2N S2N
2 2.11297772844928
4 2.11450171810538
6 2.11450175075134

6LPLODU LGHDV FDQ EH DSSOLHG WR RWKHU W\SHV RI VLQJXODU LQWHJUDO� )RU H[DPSOH� WKH LQWHJUDO

, = ∫
−∆

∆
G[

I([)
_[_α ≡ �

� ∫
−∆

∆
G[

I([) + I(−[)
_[_α

LV LQWHJUDEOH LI I([) ≠ � DQG 5H α < � �

*�������
���������
,��
,����
��������
$ ILQDO UHPDUN RQ *DXVVLDQ TXDGUDWXUH� VRPHWLPHV ZH QHHG WR HYDOXDWH LQWHJUDOV RI WKH IRUP

, = ∫
D

E

G[ σ([) I([)

ZKHUH WKH IXQFWLRQ σ([) LV D NQRZQ ´ZHLJKW IXQFWLRQµ� )RU H[DPSOH� LQWHJUDOV VXFK DV

∫
�

∞
G[ H

−[ I([) DQG ∫
−∞

∞
G[ H

−[� I([)

����
��� ����������	
������
��
������� �! 
������
 ��������	
���������

�� +DQGERRN RI 0DWKHPDWLFDO )XQFWLRQV� HG� E\ 0� $EUDPRZLW] DQG ,� 6WHJXQ �1DWLRQDO %XUHDX RI 6WDQG�
DUGV� :DVKLQJWRQ� '&� ����� S� ����



RIWHQ DULVH LQ HYDOXDWLQJ WKH DPSOLWXGHV IRU FHUWDLQ TXDQWXP PHFKDQLFDO WUDQVLWLRQV� 7KH VDPH

WHFKQLTXH ZH HPSOR\HG WR GHULYH WKH VDPSOH SRLQWV LQ *DXVV�/HJHQGUH LQWHJUDWLRQ �WKDW LV� WKH ]HURV

RI /HJHQGUH SRO\QRPLDOV� ZH VHH WKDW D IRUPXOD VXFK DV

∫
�

∞
G[ H

−[ I([) ≈ ∑
N=�

Q

ZN I
ξN

GLFWDWHV WKDW WKH VDPSOH SRLQWV EH WKH ]HURV RI WKH Q·WK²RUGHU /DJXHUUH SRO\QRPLDO� ZKHUHDV WKH

DSSURSULDWH DEVFLVVDV IRU

∫
−∞

∞
G[ H

−[� I([) ≈ ∑
N=�

Q

ZN I
ξN

DUH WKH ]HURV RI WKH Q·WK RUGHU +HUPLWH SRO\QRPLDO� 2WKHU ZHLJKW IXQFWLRQV DQG RWKHU LQWHUYDOV OHDG

WR YDULRXV IRUPV RI *DXVV�&KHE\VKHY LQWHJUDWLRQ�

$ FKDQJH RI YDULDEOH OHWV XV UHODWH RQH FDVH WR DQRWKHU� )RU H[DPSOH� VXSSRVH ZH ZDQW DEVFLVVDV DQG

ZHLJKWV IRU WKH ZHLJKW IXQFWLRQ OQ (� ⁄ [) RQ WKH LQWHUYDO >���@� /HWWLQJ [ = H
−X ZH JHW

− ∫
�

�

G[ OQ [ I([) ≡ ∫
�

∞
GX H

−X X I H
−X

 ≈ ∑
N=�

Q

ZN ξN I H
−ξ

N
 ≡ ∑

N=�

Q

VN I

λN

ZKHUH ξN DQG ZN DUH WKH SRLQWV DQG ZHLJKWV RI *DXVV�/DJXHUUH LQWHJUDWLRQ� WKHQ ZH LPPHGLDWHO\

LGHQWLI\ WKH SRLQWV DQG ZHLJKWV DSSURSULDWH WR ORJDULWKPLF LQWHJUDWLRQ DV

λN = H
−ξ

N

VN = ξN ZN �

�� -����.�
������


2EYLRXVO\� WR PLQLPL]H WKH H[HFXWLRQ WLPH RI DQ LQWHJUDWLRQ VXEURXWLQH UHTXLUHV WKDW ZH PLQLPL]H

WKH QXPEHU RI WLPHV WKH IXQFWLRQ I([) KDV WR EH HYDOXDWHG� 7KHUH DUH WZR DVSHFWV WR WKLV�

• )LUVW� ZH PXVW HYDOXDWH I([) PRUH GHQVHO\ ZKHUH LW YDULHV UDSLGO\ WKDQ ZKHUH LW YDULHV VORZO\� $OJR�
ULWKPV WKDW FDQ GR WKLV DUH FDOOHG DGDSWLYH�

• 6HFRQG� ZH HYDOXDWH I([) DV IHZ WLPHV DV SRVVLEOH³WKH LGHDO ZRXOG EH QHYHU WR GLVFDUG D YDOXH RI
I([) RQFH LW KDV EHHQ HYDOXDWHG��

7R DSSO\ DGDSWLYHPHWKRGV WR0RQWH&DUOR LQWHJUDWLRQ� ZH QHHG DQ DOJRULWKP WKDW ELDVHV WKH VDPSOLQJ

PHWKRG VR PRUH SRLQWV DUH FKRVHQ ZKHUH WKH IXQFWLRQ YDULHV UDSLGO\� 7HFKQLTXHV IRU GRLQJ WKLV DUH

NQRZQ JHQHULFDOO\ DV VWUDWLILHG VDPSOLQJ
�� RU LPSRUWDQFH VDPSOLQJ

��� 7KH GLIILFXOW\ RI DXWRPDWLQJ

�!" -����.�
������




�� +RZHYHU WKLV PD\ QRW EH WKH PRVW HIILFLHQW ZD\ WR SURFHHG� DV ZH VKDOO VHH EHORZ�

��� -�0� +DPPHUVOH\ DQG '�&� +DQVFRPE�0RQWH &DUOR 0HWKRGV �0HWKXHQ� /RQGRQ� ������

��� -� :� 1HJHOH DQG +� 2UODQG� 4XDQWXP 0DQ\�3DUWLFOH 6\VWHPV �$GGLVRQ�:HVOH\ 3XEOLVKLQJ &RPSDQ\�



DGYDQFHG VDPSOLQJ WHFKQLTXHV IRU JHQHUDO IXQFWLRQV SXWV DGDSWLYH 0RQWH &DUOR WHFKQLTXHV EH\RQG

WKH VFRSH RI WKHVH OHFWXUHV�

+RZHYHU� DGDSWLYH PHWKRGV FDQ EH DSSOLHG TXLWH HDVLO\ WR GHWHUPLQLVWLF TXDGUDWXUH IRUPXODH VXFK DV

WKH WUDSH]RLGDO UXOH� 6LPSVRQ·V UXOH� RU *DXVVLDQ TXDGUDWXUH� $GDSWLYH TXDGUDWXUH LV ERWK LQKHUHQWO\

XVHIXO DQG LOOXVWUDWHV D QHZ FODVV RI SURJUDPPLQJ WHFKQLTXHV� VR ZH SXUVXH LW LQ VRPH GHWDLO�

-����.�
���������
��
���
���������

:H QRZ FRQVWUXFW DQ DGDSWLYH SURJUDP WR LQWHJUDWH DQ DUELWUDU\ IXQFWLRQ I([)� VSHFLILHG DW UXQ�WLPH�

RYHU DQ DUELWUDU\ LQWHUYDO RI WKH [�D[LV� ZLWK DQ DEVROXWH SUHFLVLRQ VSHFLILHG LQ DGYDQFH� 7R PDNH WKH

XVHU LQWHUIDFH DV FORTRAN�OLNH DV SRVVLEOH� ZH LQYRNH WKH LQWHJUDWLRQ IXQFWLRQ ZLWK VHYHUDO DUJX�

PHQWV�
use( F.name  L.lim  U.lim  err )integral

1RZ� KRZ GR ZH HQVXUH WKDW WKH URXWLQH WDNHV D ORW RI SRLQWV ZKHQ WKH IXQFWLRQ I�[� LV UDSLGO\ YDU\LQJ�

EXW IHZ ZKHQ I([) LV VPRRWK" 7KH VLPSOHVW PHWKRG XVHV UHFXUVLRQ���

/���������
��
�������.�
�	�������
:H KDYH VR IDU QRW GLVFXVVHG UHFXUVLRQ� ZKHUHLQ D SURJUDP FDOOV LWVHOI GLUHFWO\ RU LQGLUHFWO\ �E\ FDOOLQJ

D VHFRQG URXWLQH WKDW WKHQ FDOOV WKH ILUVW�� 6LQFH WKHUH LV QR ZD\ WR NQRZ D SULRUL KRZ PDQ\ WLPHV D

SURJUDP ZLOO FDOO LWVHOI� PHPRU\ DOORFDWLRQ IRU WKH DUJXPHQWV PXVW EH G\QDPLF� 7KDW LV� D UHFXUVLYH

URXWLQH SODFHV LWV DUJXPHQWV RQ D VWDFN VR HDFK LQYRFDWLRQ RI WKH SURJUDP FDQ ILQG WKHP� 7KLV LV WKH

PHWKRG HPSOR\HG LQ UHFXUVLYH FRPSLOHG ODQJXDJHV VXFK DV 3DVFDO� & RU PRGHUQ %$6,&� 5HFXUVLRQ

LV RI FRXUVH QDWXUDO LQ )RUWK VLQFH VWDFNV DUH LQWULQVLF WR WKH ODQJXDJH�

:H LOOXVWUDWH ZLWK WKH SUREOHP RI ILQGLQJ WKH JUHDWHVW FRPPRQ GLYLVRU �JFG� RI WZR LQWHJHUV� 7KH

DQFLHQW *UHHN PDWKHPDWLFLDQ (XFOLG GHYLVHG D UDSLG DOJRULWKP IRU ILQGLQJ WKH JFG�� ZKLFK FDQ EH

H[SUHVVHG V\PEROLFDOO\ DV

JFG (P� Q) =




P

JFG (Q� P PRG Q)
LI Q = �
RWKHUZLVH �

7KDW LV� WKH SUREOHP RI ILQGLQJ WKH JFG RI P DQG Q FDQ EH UHSODFHG E\ WKH SUREOHP RI ILQGLQJ WKH JFG

RI WZR PXFK VPDOOHU QXPEHUV� $ )RUWK VXEURXWLQH WKDW GRHV WKLV LV��

: GCD ( u v — gcd)  
?DUP  0> \ stopping criterion
IF   TUCK  MOD  RECURSE   THEN   ;

����
��� ����������	
������
��
������� �!$
������
 ��������	
���������

5HDGLQJ� 0$� ����� S� ����

��� 6HH� H�J�� 5� 6HGJHZLFN� $OJRULWKPV �$GGLVRQ�:HVOH\ 3XEOLVKLQJ &RPSDQ\� 5HDGLQJ� 0$� ������ S� ���

��� 5� 6HGJHZLFN� RS� FLW�� S� ���

��� )RUWK GRHV QRW SHUPLW D VXEURXWLQH WR FDOO LWVHOI E\ QDPH� ZKHQ WKH FRPSLOHU WULHV WR FRPSLOH WKH VHOI�
UHIHUHQFH� WKH GHILQLWLRQ KDV QRW \HW EHHQ FRPSOHWHG DQG VR FDQQRW EH ORRNHG XS LQ WKH GLFWLRQDU\� ,Q�
VWHDG� ZH XVH RECURSE WR VWDQG IRU WKH QDPH RI WKH VHOI�FDOOLQJ ZRUG�



+HUH LV DQ H[DPSOH RI GCD LQ DFWLRQ� XVLQJ WKH GHEXJJHU IURP :LQ��)RUWK WR GLVSOD\ WKH VWHSV�

784 48 dbg gcd [2] 784 48
code  ?DUP           —> [3] 784 48 48
code  0>             —> [3] 784 48 -1
code  IF             —> [2] 784 48
code  TUCK           —> [3] 48 784 48

:  MOD            —> [2] 48 16
:  GCD            —> [2] 48 16
code  ?DUP           —> [3] 48 16 16
code  0>             —> [3] 48 16 -1
code  IF             —> [2] 48 16
code  TUCK           —> [3] 16 48 16

:  MOD            —> [2] 16 0
:  GCD            —> [2] 16 0
code  ?DUP           —> [2] 16 0
code  0>             —> [2] 16 0
code  IF             —> [1] 16
code  ;              —>  ok

5HFXUVLRQ FDQ JHW LQWR GLIILFXOWLHV LQ )RUWK E\ H[KDXVWLQJ WKH GDWD VWDFN RU WKH UHWXUQ VWDFN� 6LQFH

WKH VWDFN LQ GCD QHYHU FRQWDLQV PRUH WKDQ WKUHH QXPEHUV� RQO\ WKH UHWXUQ VWDFN PXVW EH ZRUULHG

DERXW LQ WKLV H[DPSOH�

5HFXUVLYH SURJUDPPLQJ SRVVHVVHV DQ XQGHVHUYHG UHSXWDWLRQ IRU VORZ H[HFXWLRQ� FRPSDUHG ZLWK

QRQUHFXUVLYH HTXLYDOHQW SURJUDPV��� &RPSLOHG ODQJXDJHV WKDW SHUPLW UHFXUVLRQ ³H�J�� %$6,&� &�

3DVFDO³ JHQHUDOO\ ZDVWH WLPH SDVVLQJ DUJXPHQWV WR VXEURXWLQHV� L�H� UHFXUVLYH URXWLQHV LQ WKHVH

ODQJXDJHV DUH VORZHG E\ SDUDVLWLF FDOOLQJ RYHUKHDG� )RUWK GRHV QRW VXIIHU IURP WKLV VSHHG SHQDOW\� VLQFH

LW XVHV WKH VWDFN GLUHFWO\�

1HYHUWKHOHVV� QRW DOO DOJRULWKPV VKRXOG EH IRUPXODWHG UHFXUVLYHO\� $ GLVDVWURXV H[DPSOH LV WKH

)LERQDFFL VHTXHQFH

)� = �� )� = �� )Q = )Q−� + )Q−�

expressed recursively in Forth as

�#% -����.�
������




��� )RU H[DPSOH� LW LV RIWHQ FODLPHG WKDW UHPRYLQJ UHFXUVLRQ DOPRVW DOZD\V SURGXFHV D IDVWHU DOJRULWKP� 6HH�
H�J� 6HGJHZLFN� RS� FLW�� S� ���



: FIB ( : n - - F[n] )
DUP   0>  NOT
IF    DROP   0 EXIT   THEN
DUP   1  =
IF EXIT   THEN \ n > 1
1-  DUP    1- ( - - n-1  n-2 )
RECURSE     SWAP ( - - F[n-2]  n-1 )
RECURSE    +    ;

7KLV SURJUDP LV YDVWO\ VORZHU WKDQ WKH QRQUHFXUVLYH YHUVLRQ EHORZ� WKDW XVHV DQ H[SOLFLW DO ORRS�

: FIB ( : n - - F[n] )
0  1   ROT ( : 0 1 n )
DUP   0>  NOT
IF   2DROP   EXIT   THEN
DUP    1  =
IF   DROP  NIP   EXIT   THEN
1   DO     TUCK   +    LOOP    PLUCK   ;

:K\ ZDV UHFXUVLRQ VR EDG IRU )LERQDFFL QXPEHUV" 6XSSRVH WKH UXQQLQJ WLPH IRU )Q LV 7Q � WKHQ ZH

KDYH

7Q ≈ 7Q−� + 7Q−� + τ

ZKHUH τ LV WKH LQWHJHU DGGLWLRQ WLPH� 7KH VROXWLRQ LV

7Q = τ 







� + √�
�





Q

− �



�

7KDW LV� WKH H[HFXWLRQ WLPH LQFUHDVHV H[SRQHQWLDOO\ ZLWK WKH VL]H RI WKH SUREOHP� 7KH UHDVRQ IRU WKLV

LV VLPSOH� UHFXUVLRQ PDQDJHG WR UHSODFH WKH RULJLQDO SUREOHP E\ WZR RI QHDUO\ WKH VDPH VL]H� L�H�

UHFXUVLRQ QHDUO\ GRXEOHG WKH ZRUN DW HDFK VWHS�

7KH SUHFHGLQJ DQDO\VLV RI ZK\ UHFXUVLRQ ZDV EDG VXJJHVWV KRZ UHFXUVLRQ FDQ EH KHOSIXO� ZH VKRXOG

DSSO\ LW ZKHQHYHU D JLYHQ SUREOHP FDQ EH UHSODFHG E\³VD\³WZR SUREOHPV RI KDOI WKH RULJLQDO VL]H�

WKDW FDQ EH UHFRPELQHG LQ Q RU IHZHU RSHUDWLRQV� $Q H[DPSOH LV 0HUJHVRUW� ZKHUH ZH GLYLGH WKH OLVW

WR EH VRUWHG LQWR WZR URXJKO\ HTXDO OLVWV� VRUW HDFK DQG WKHQ PHUJH WKHP� ,Q VXFK FDVHV WKH UXQQLQJ

WLPH LV JLYHQ E\

7Q ≈ 7Q ⁄ � + 7Q ⁄ � + Q = �7Q ⁄ � + Q

IRU ZKLFK WKH VROXWLRQ LV��

7Q ≈ Q ORJ� (Q)
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��� 7R VHH WKLV� OHW Q �N DQG ZULWH 7Q�Q 8N � 7KHQ 8N 8N��� � �



,Q IDFW� WKH UXQQLQJ WLPH IRU0HUJHVRUW LV FRPSDUDEOH ZLWK WKH IDVWHVW VRUWLQJ DOJRULWKPV� $OJRULWKPV

WKDW VXEGLYLGH SUREOHPV LQ WKLV ZD\ DUH VDLG WR EH RI GLYLGH DQG FRQTXHU W\SH�

5^T _V 4YWbUccY_^

$GDSWLYH LQWHJUDWLRQ FDQ EH H[SUHVVHG DV D GLYLGH DQG FRQTXHU DOJRULWKP� KHQFH UHFXUVLRQ FDQ

VLPSOLI\ WKH SURJUDP� ,Q 4XLFN%DVLF�� D ODQJXDJH WKDW SHUPLWV UHFXUVLRQ� ZH KDYH WKH SURJUDP�

2QH LV QRW REOLJHG WR XVH 6LPSVRQ·V UXOH RQ WKH VXE�LQWHUYDOV³DQ\ IDYRULWH DOJRULWKP ZLOO GR�

$ )RUWK YHUVLRQ RI WKLV SURJUDP� XVLQJ � SRLQW *DXVV�/HJHQGUH TXDGUDWXUH� LV JLYHQ DW WKH HQG RI WKLV

FKDSWHU� ,Q WKH )RUWK YHUVLRQ ZH UHSODFHG )INTEGRAL E\ RECURSE LQVLGH WKH ZRUG )INTEGRAL�
$V QRWHG �LQ D IRRWQRWH� DERYH� )RUWK QRUPDOO\ GRHV QRW SHUPLW ZRUGV WR UHIHU WR WKHPVHOYHV WKXV

DYRLGLQJ XQLQWHQWLRQDO UHFXUVLRQ� +HQFH D ZRUG EHLQJ GHILQHG UHPDLQV KLGGHQ IURP WKH GLFWLRQDU\

VHDUFK PHFKDQLVP �FRPSLOHU� XQWLO WKH GHILQLWLRQ LV WHUPLQDWHG E\ D FRQFOXGLQJ VHPLFRORQ � ; �� 7KH

ZRUG RECURSE XQKLGHV WKH FXUUHQW QDPH� DQG FRPSLOHV LWV H[HFXWLRQ WRNHQ�� LQ WKH SURSHU VSRW�
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7KH PDLQ DGYDQWDJH RI D UHFXUVLYH DGDSWLYH LQWHJUDWLRQ DOJRULWKP LV LWV HDVH RI SURJUDPPLQJ� 7KH

UHFXUVLYH SURJUDP LV VKRUWHU WKDQ WKH QRQ�UHFXUVLYH RQH� )RU DQ\ UHDVRQDEOH LQWHJUDQG� WKH VWDFN

GHSWK JURZV RQO\ DV WKH VTXDUH RI WKH ORJDULWKP RI WKH ILQHVW VXEGLYLVLRQ� KHQFH QHYHU JHWV WRR ODUJH�

DECLARE FUNCTION dummy! (x!) 
DECLARE FUNCTION simpson! (a!, b!) 
DECLARE FUNCTION integral! (a!, b!, e!)
’ Main program PRINT integral(0, 1, .001)

FUNCTION dummy (x)
    dummy = x * SQR(x)
 END FUNCTION

FUNCTION integral (a, b, e)
    c = (a + b) / 2
    old.int = simpson(a, b)
    new.int = simpson(a, c) + simpson(c, b)
    IF ABS(old.int - new.int) < e THEN
        integral = (16 * new.int - old.int) / 15
    ELSE        integral = integral(a, c, e / 2) + integral(c, b, e / 2)
    END IF 
END FUNCTION
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��� $Q ´H[HFXWLRQ WRNHQµ FDQ EH DQ LQGH[ LQWR D WDEOH RU DQ DGGUHVV SRLQWLQJ WR DFWXDO FRGH� ,Q )RUWK WKH
H[HFXWLRQ WRNHQ LV ZKDW WKH ZRUG EXECUTE XVHV WR H[HFXWH WKH FRUUHVSRQGLQJ VXEURXWLQH�



+RZHYHU� UHFXUVLRQ KDV VHYHUDO GLVDGYDQWDJHV ZKHQ DSSOLHG WR QXPHULFDO TXDGUDWXUH�

• 7KH UHFXUVLYH SURJUDP GLVFDUGV YDOXHV RI WKH IXQFWLRQ� KHQFH PD\ PDNH PRUH IXQFWLRQ FDOOV WKDQ
D QRQUHFXUVLYH PHWKRG�

• ,W ZRXOG EH KDUG WR QHVW WKH IXQFWLRQ )INTEGRAL IRU PXOWLGLPHQVLRQDO LQWHJUDOV�

• 7KH UHFXUVLYH SURJUDP FDQ UXQ RXW RI VWDFN VSDFH� ZLWK XQSUHGLFWDEOH UHVXOWV���

6HYHUDO VROXWLRQV WR WKHVH SUREOHPV VXJJHVW WKHPVHOYHV�

• :H FDQ HOLPLQDWH UHFXUVLRQ IURP WKH DOJRULWKP� WKHUHE\ PDLQWDLQLQJ FRQWURO RI PHPRU\ XVDJH�

• :H FDQ UHGXFH WKH QXPEHU RI IXQFWLRQ HYDOXDWLRQV ZLWK D PRUH SUHFLVH TXDGUDWXUH IRUPXOD RQ
WKH VXE�LQWHUYDOV�

• :H FDQ XVH ´RSHQµ IRUPXODV OLNH *DXVV�/HJHQGUH� WKDW RPLW WKH HQGSRLQWV�
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7KH FKLHI UHDVRQ WR ZULWH D QRQ�UHFXUVLYH SURJUDP LV WR PDLQWDLQ FRQWURO RI PHPRU\� :H VKRXOG DOVR

OLNH WR PLQLPL]H WKH QXPEHU RI SRLQWV [Q LQ >$� %@ FRQVLVWHQW ZLWK WKH GHVLUHG SUHFLVLRQ� HYDOXDWLQJ

I([) RQFH RQO\ DW HDFK [Q � 7KLV ZLOO EH HVSHFLDOO\ ZRUWKZKLOH ZKHQ I([) LV FRVWO\ WR HYDOXDWH�

7R PLQLPL]H HYDOXDWLRQV RI I([)� ZH VDYH YDOXHV IQ = I([Q) WKDW FDQ EH UH�XVHG DV ZH VXEGLYLGH� 7KH

EHVW SODFH WR VDYH WKH IQ ·V LV VRPH NLQG RI VWDFN RU DUUD\� 0RUHRYHU� WR PDNH VXUH WKDW D YDOXH RI

I([) FRPSXWHG DW RQH PHVK VL]H LV XVDEOH DW DOO VPDOOHU PHVKHV� ZH PXVW VXEGLYLGH LQWR HTXDO

VXE�LQWHUYDOV� WKDW LV� WKH SRLQWV [Q PXVW EH HTXDOO\ VSDFHG DQG LQFOXGH WKH HQG�SRLQWV� *DXVVLDQ

TXDGUDWXUH LV WKXV RXW RI WKH TXHVWLRQ VLQFH LW LQYDULDEO\ �EHFDXVH RI WKH QRQ�XQLIRUP VSDFLQJV RI WKH

SRLQWV� GHPDQGV WKDW SUHYLRXVO\ FRPSXWHG IQ ·V EH GLVFDUGHG EHFDXVH WKH\ FDQQRW EH UH�XVHG���

7KH VLPSOHVW TXDGUDWXUH IRUPXOD WKDW VDWLVILHV WKHVH FULWHULD LV WKH WUDSH]RLGDO UXOH� 7KLV LV WKH IRUPXOD

XVHG LQ WKH IROORZLQJ SURJUDP�

7R FODULI\ ZKDW ZH DUH JRLQJ WR GR� OHW XV YLVXDOL]H WKH LQWHUYDO RI LQWHJUDWLRQ� DQG PDUN WKH PHVK

SRLQWV ZKHUH ZH HYDOXDWH I([) ZLWK _ �

A

x0

B

x1
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��� $FWXDOO\ WKH UHVXOWV DUH DOO WRR SUHGLFWDEOH� D PDFKLQH FUDVK� RU LQ D SURWHFWHG�PRGH V\VWHP VXFK DV 06
:LQGRZV� RU /LQX[� IUHH]HXS RI D UXQQLQJ WDVN�

��� +RZHYHU� D *DXVVLDQ UXOH PD\ DFWXDOO\ OHDG WR IHZHU WRWDO HYDOXDWLRQV RI I�[� GHVSLWH WKURZLQJ SRLQWV
DZD\� DV ZH VKDOO VHH EHORZ�



:H QRZ VDYH �WHPSRUDULO\� ,� DQG GLYLGH WKH LQWHUYDO LQ WZR� FRPSXWLQJ ,’� DQG ,� RQ WKH KDOYHV�

7KLV ZLOO EH RQH IXQGDPHQWDO RSHUDWLRQ LQ WKH DOJRULWKP�

:H QH[W FRPSDUH ,’� + ,� ZLWK ,� � ,I WKH WZR LQWHJUDOV GLVDJUHH� ZH VXEGLYLGH DJDLQ� DV VKRZQ EHORZ

�ZH LPDJLQH WZR VWHSV KDYH WDNHQ SODFH��

1RZ VXSSRVH WKH ODVW WZR VXE�LQWHJUDOV �,� + ,�’� LQ WKH ODVW VWHS DJUHHG ZLWK WKHLU SUHGHFHVVRU �,���

ZH WKHQ DFFXPXODWH WKH SDUW FRPSXWHG VR IDU� DQG EHJLQ DJDLQ ZLWK WKH �OHIWZDUG� UHPDLQGHU RI WKH

LQWHUYDO� DV VKRZQ RQ WKH QH[W SDJH�

7KH SURJUDP IRU QRQ�UHFXUVLYH LQWHJUDWLRQ XVLQJ WKH WUDSH]RLGDO UXOH LV JLYHQ DW WKH HQG RI WKH FKDSWHU�

7KH QRQUHFXUVLYH SURJUDP UHTXLUHV VXEVWDQWLDOO\PRUH FRGH WKDQ WKH FRUUHVSRQGLQJ UHFXUVLYH YHUVLRQ�

7KLV LV WKH FKLHI GLVDGYDQWDJH RI D QRQUHFXUVLYH PHWKRG���

)RU FRPSOHWHQHVV , KDYH LQFOXGHG D QRQUHFXUVLYH YHUVLRQ RI WKH DGDSWLYH ��SRLQW *DXVVLDQ URXWLQH

DV WKH WKLUG SURJUDP DW WKH HQG RI WKH FKDSWHU� ,W UHTXLUHV OHVV PHPRU\ WKDQ WKH WUDSH]RLGDO UXOH

EHFDXVH LW GRHV QRW VDYH YDOXHV RI WKH IXQFWLRQ�

[ I([) VXE�LQWHJUDO HUURU

x0 f0
x1 f1 I’0 ε ⁄ 2
x2 f2 I1 ε ⁄ 2

A

x0

B

x2x1

[ I([) VXE�LQWHJUDO HUURU

x0 f0
x1 f1 I0 ε ⁄ 2
x2 f2 I1 ε ⁄ 4
x3 f3 I2’ ε ⁄ 8
x4 f4 I3 ε ⁄ 8

A

x0

B

x2x1 x3 x4
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��� 7KH PHPRU\ XVDJH LV DERXW WKH VDPH� WKH UHFXUVLYH PHWKRG SXVKHV OLPLWV� HWF� RQWR WKH IVWDFN�
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$OWKRXJK WKH WUDSH]RLGDO UXOH ZDV HPSOR\HG EHFDXVH� DE LQLWLR� LW ZRXOG VHHP WR UHTXLUH IHZHU IXQFWLRQ

HYDOXDWLRQV �EHFDXVH LW QHYHU GLVFDUGV DQ\ YDOXHV� WKDQ³VD\³D *DXVVLDQ TXDGUDWXUH IRUPXOD� LW LV

XVHIXO WR FKHFN ZKHWKHU WKLV DVVXPSWLRQ LV DFWXDOO\ ERUQH RXW LQ SUDFWLFH�

+HUH DUH WKH UHVXOWV RI KLJK�SUHFLVLRQ LQWHJUDWLRQ RI �LQWHJUDEOH� IXQFWLRQV ZLWK HQG�SRLQW VLQJXODUL�

WLHV�

\ Results of adaptive 3-point Gaussian:
12 set-precision  ok
use( fsqrt 0e 1e 1e-8 )integral 609  function calls ok
fs. 6.66666666670E-1  ok

: f1   FDUP  FSQRT  F*  ;  ( f: x — x^1.5)  ok
use( f1 0e 1e 1e-8 )integral 165  function calls ok
fs. 3.99999999994E-1  ok

\ Results with adaptive trapezoidal rule:
use( fsqrt 0e 1e 1e-8 )integral 14377  function calls ok
fs. 6.66666666667E-1  ok

: f1   FDUP  FSQRT  F*  ;  ( f: x — x^1.5)  ok
use( f1 0e 1e 1e-8 )integral 8925  function calls ok
fs. 4.00000000000E-1  ok

,Q RWKHU ZRUGV� WKH ��SRLQW *DXVVLDQ DGDSWLYH DOJRULWKP XVHV ���� WLPHV IHZHU IXQFWLRQ FDOOV �KHQFH

IRU D FRPSOLFDWHG IXQFWLRQ� LV IDVWHU E\ WKDW IDFWRU� WR HYDOXDWH WKH LQWHJUDO RI [
�⁄� DW LWV VLQJXODULW\

WKDQ WKH WUDSH]RLGDO UXOH� GHVSLWH GLVFDUGLQJ SRLQWV� 7KH IDFWRU LV HYHQ PRUH VHYHUH³����³IRU WKH

OHVV VLQJXODU IXQFWLRQ [
�⁄��

1RZ OHW·V UHDOO\ VWUHVV WKH DOJRULWKPV E\ LQWHJUDWLQJ [
−�⁄� QHDU WKH VLQJXODULW\�

\ Adaptive 3-point Gaussian
: f2  fsqrt  1e fswap f/ ;  ok
use( f2 1e-14 1e 1.e-6 )integral 5889  function calls ok
fs. 1.99999979913E0  ok

[ I([) VXE�LQWHJUDO HUURU

x0 f0
x1 f1 I0 ε ⁄ 2
x2 f2 I1 ε ⁄ 4

A

x0

B

x2x1

done
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\ Adaptive trapezoidal rule
use( f2 1e-2 1e 1e-6 )integral 5329  function calls ok
fs. 1.80000E0  ok
use( f2 1e-4 1e 1e-6 )integral 22575  function calls ok
fs. 1.98000E0  ok
use( f2 1e-6 1e 1e-6 )integral 76683  function calls ok
fs. 1.99800E0  ok

7KH ILUVW DWWHPSW WR GXSOLFDWH WKH ��SRLQW *DXVVLDQ UHVXOW �XVLQJ WKH WUDSH]RLGDO SURJUDP ZLWK D YHU\

VPDOO ORZHU OLPLW� IUR]H WKH SURJUDP LQWR ZKDW VHHPHG OLNH DQ HQGOHVV ORRS �RQ D YHU\ IDVW PDFKLQH��

7KH EHVW , ZDV DEOH WR GR ZDV WKH WKUHH FDVHV VKRZQ DERYH� ZKLFK DUH QRW WHUULEO\ VDWLVIDFWRU\�

7KH SUHFHGLQJ WHVWV RIIHU VHYHUDO PRUDOV�

• $VVXPSWLRQV WKDW VHHP WRR REYLRXV WR EH TXHVWLRQHG PD\ WXUQ RXW LQFRUUHFW� 7KLV KROGV WUXH LQ
DOO DVSHFWV RI H[LVWHQFH� EXW HVSHFLDOO\ ZKHQ GHVLJQLQJ DOJRULWKPV� ,W LV WKHUHIRUH ZRUWKZKLOH WR
SURSRVH DOWHUQDWH K\SRWKHVHV DQG WHVW WKHP KRQHVWO\�

• (YHU\ DVSHFW RI D SURJUDP PXVW EH WHVWHG� 'HVLJQ VWULQJHQW WHVWV WKDW ZLOO PDNH WKH SURJUDP IDLO�
:H RIWHQ OHDUQ PRUH IURP IDLOXUH WKDQ VXFFHVV�

• ,Q WKHVH SDUWLFXODU H[DPSOHV� LW ZRXOG EH ZRUWKZKLOH WR IDFWRU RXW WKH VLQJXODU EHKDYLRU DQG LQWH�
JUDWH LW H[SOLFLWO\³RQH PHWKRG XVHV *DXVVLDQ TXDGUDWXUH ZLWK VLQJXODU ZHLJKW IXQFWLRQV���
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��� 6HH� H�J�� $EUDPRZLW] DQG 6WHJXQ� S� ���II� IRU D GLVFXVVLRQ RI *DXVV�&KHE\VKHY IRUPXODV�



\ Integration by recursion - - an illustration of the concept
\   Uses 3 point Gaussian integration

FALSE [IF]
  Examples:
        use( fsqrt 0e 1e 1e-4 )integral fs. 6.66666744641E-1  ok
        use( fsqrt 0e 1e 1e-6 )integral fs. 6.66666670150E-1  ok
        : f1     FDUP FSQRT F*  ;  ok
        use( f1 0e 1e 1e-4 )integral fs. 3.99994557189E-1  ok
        use( f1 0e 2e 1e-6 )integral fs. 2.26274169632E0  ok
[THEN]

MARKER  -rint
: undefined   BL WORD  FIND  NIP  0=  ;
\ vectoring: for using function names as arguments, or fwd recursion
undefined use(  [IF]
    : use(      ’       \ state-smart ’ for syntactic sugar
        STATE @  IF  POSTPONE LITERAL  THEN  ;  IMMEDIATE
    ’ NOOP  CONSTANT  ’noop
    : v:   CREATE  ’noop  ,  DOES> PERFORM  ;   \ create dummy def’n
    : ’dfa   ’ BODY  ;                         ( — data field address)
    : defines    ’dfa   STATE @
             IF   POSTPONE  LITERAL    POSTPONE  !
             ELSE   !   THEN  ;  IMMEDIATE 
[THEN] 
\ end vectoring
\ define FVALUEs 
undefined FVALUE    [IF]
    : FVALUE    CREATE   0e   F,  DOES>  F@  ;
    : FTO       ’dfa  STATE @
            IF      POSTPONE  LITERAL  POSTPONE  F!
            ELSE    F!   THEN  ;  IMMEDIATE 
[THEN]
\ points and weights for 3 point Gauss-Legendre integration
    8e  9e  F/          FCONSTANT  w0
    5e  9e  F/          FCONSTANT  w1
    9e  15e  F/ FSQRT   FCONSTANT  x1
    x1  FNEGATE         FCONSTANT -x1

v: fdummy
FVALUE  dx FVALUE  <x>

: scale    ( f: xa xb - - )
    FOVER    F-    F2/      ( f: [xb-xa]/2)
    FSWAP  FOVER  F+        ( f: [xb-xa]/2  [xa+xb]/2 )
    FTO  <x>    FTO  dx  ;

VARIABLE Ntimes             \ count of function evaluations
: )int  ( f: xa xb — gauss_int)    \ 3 point Gauss-Legendre
    scale
                 <x>      fdummy      w0  F*    \ f(0) * w0
    x1   dx  F*  <x>  F+  fdummy                \ f(x1)
    -x1  dx  F*  <x>  F+  fdummy  F+  w1  F*    \ [f(-x1)+f(x1)] * w1
    F+   dx  F*    3 Ntimes +! ;
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FVALUE  oldI FVALUE  newI FVALUE  finI
FVALUE  xa FVALUE  xb FVALUE  xc FVALUE  err

: juggle   ( f: — xa xc err/2  xc xb err/2 )
       xa xc err F2/   xc FOVER  xb  FSWAP  ;

: storeI   finI  F+  FTO  finI  ;

: adaptive      ( f: xa xb err — )
    FTO err   FTO xb   FTO xa
    xa  xb  F+  F2/    FTO xc
    xa xb )int                      FTO  oldI
    xa xc )int   xc xb )int  F+     FTO  newI
    newI  oldI  F-  FDUP  FABS  err  F<
    IF   63e F/  newI  F+   storeI
    ELSE  FDROP   juggle  RECURSE RECURSE  THEN  ;

: )integral     ( xt - - )  ( f: xa xb err - - integral)
    defines fdummy          \ pass function xt to fdummy
    0e  FTO  finI           \ initialize integral
    0 Ntimes !              \ initialize count
    adaptive    finI
    Ntimes @  .  ."  function calls" ;
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\ Adaptive integration using trapezoidal rule 
\   with Richardson extrapolation
\ Integrate a real function from xa to xb
\
\     (c) Copyright 1998  Julian V. Noble.          \ 
\       Permission is granted by the author to      \ 
\       use this software for any application pro-  \ 
\       vided this copyright notice is preserved.   \ 
\
\ Usage:  use( fn.name xa xb err )integral 
\ Examples:
\       use( fsqrt  0e  1e  1e-3 )integral fs. 6.666659e-1 ok 
\       use( fsqrt  0e  2e  1e-4 )integral fs. 1.885618e0 ok
\       : f1     FDUP FSQRT F*  ;  ok 
\       use( f1  0e  1e  1e-3 )integral fs. 4.00000017830E-1  ok 
\       use( f1  0e  2e  1e-4 )integral fs. 2.26274170358E0  ok
\ Programmed by J.V. Noble (from “Scientific FORTH” by JVN) 
\ ANS Standard Program  — version of  October 15th, 1998
\ This is an ANS Forth program requiring: 
\      The FLOAT and FLOAT EXT word sets 
\ Environmental dependencies: 
\       Assumes independent floating point stack 
\       Uses a FORmula TRANslator for clarity
MARKER  -int
\ Non STANDARD words:
: undefined   BL WORD  FIND  NIP  0=  ; 
undefined f"        [IF]  include ftran110.f        [THEN]
undefined sf       [IF]  : sf     SD  DF  ;     [THEN] 
undefined f0.0      [IF]  0.0E0  FCONSTANT  f0.0    [THEN] 
undefined float_len [IF]  1 FLOATS  CONSTANT  float_len [THEN]
undefined 1array [IF]
    : long   ;
    : 1array    ( len data_size —)     CREATE  2DUP  ,  ,  *  ALLOT   ;
    : _len      ( base_addr — len)  \ determine length of an array
            CELL+  @  ;    : }         ( base_adr indx — adr[indx] )
            OVER  _len  OVER  <=  OVER  0<  OR  ABORT" Index out of range"
            OVER  @   *  +  CELL+  CELL+  ; 
[THEN]
\      1array  create a a one-dimensional array 
\           as in 20  1 FLOATS  1array A{ 
\      }    dereference a one-dimensional array 
\           as in  A{ I }  ( base.adr — base.adr + offset ) 
\ 
\      v:   define a function vector 
\      defines  (IMMEDIATE)  set a vector, as in 
\            v: dummy  ; 
\            : test    ( xt — ) defines dummy 
\                   dummy  ; 
\            3 5 ’ * test .  15 ok 
\      use(     (IMMEDIATE) get the xt of a word 
\ 
\      the vectoring words are included in ftran110.f
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\ Data structures 
FVARIABLE  c43 4 SF  3 SF  F/   c43  F!
20 CONSTANT Nmax
Nmax long float_len    1array x{ 
Nmax long float_len    1array E{ 
Nmax long float_len    1array f{ 
Nmax long float_len    1array I{
0 VALUE  N 
0 VALUE  NN
FVARIABLE  oldI 
FVARIABLE  finI 
FVARIABLE  deltaI

\ Begin program 
: )int  ( n —)  TO NN              \ trapezoidal rule
   f" ( f{nn} + f{nn_1-} ) * ( x{nn} - x{nn_1-} )  “  F2/
   I{ nn 1- } F!  ;

v: dummy                                  \ dummy function name
VARIABLE Ntimes
: initialize  ( xt —)  ( f: xa xb eps — integral)
     defines  dummy
     1 TO N     E{ 0 } F!   X{ 1 } F!   X{ 0 } F!
     f" f{0} = dummy( x{0} ) “ 
     f” f{1} = dummy( x{1} ) “
     1 )INT     f0.0  finI F!
     2 Ntimes !  ;

: check.n
       N  [ Nmax 1- ] LITERAL         ABORT" Too many subdivisions!"  ;

: E/2   E{ N  1- }  DUP   F@   F2/    F! ;

: }down    ( adr n —)        OVER @  R   }   DUP   R@ +   R   MOVE  ;

: move.down    E{ N  1- }down
               x{ N     }down
               f{ N     }down  ;

: x’   f" x{N} + x{N_1-}  “  F2/  x{ N } F!
       f" f{N} = dummy( x{N} )  “
       1 Ntimes +!  ;

: N+1   N 1+   TO N  ; : N-2   N 2 -  TO N  ;

: subdivide
     check.n     E/2   move.down
     f" oldI = I{N_1-} “ 
     x’   N )int   N 1+ )int    ;

: converged?   ( f: —)  ( — f)
        f" I{N} + I{N_1-} - oldI “
        FDUP   deltaI  F!   FABS
        E{ N 1- } F@   F2*    F  ;
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: interpolate    f" finI = deltaI * c43 + oldI + finI “  ;

: )integral    ( f: xa xb err — I[xa,xb]) ( xt —)
     initialize
     BEGIN   N 0>   WHILE
        subdivide
        converged?    N+1        IF    interpolate  N-2    THEN
     REPEAT   finI  F@     Ntimes @  .  ."  function calls" ;
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\ Adaptive integration using 3 point Gauss-Legendre rule
\   with Richardson extrapolation
\
\     (c) Copyright 1998  Julian V. Noble.          \
\       Permission is granted by the author to      \
\       use this software for any application pro-  \ 
\       vided this copyright notice is preserved.   \ 
\ 
\ This is an ANS Forth program requiring: 
\      The FLOAT and FLOAT EXT word sets 
\ Environmental dependencies: 
\       Assumes independent floating point stack 
\       Uses a FORmula TRANslator for clarity
\ Usage:  use( fn.name xa xb err )integral 
\ Examples: 
\   12 set-precision  ok 
\   use( fsqrt 0e 1e 1e-8 )integral cr fs. 609  function calls 
\   6.66666666670E-1  ok 
\ 
\   : x^1.5   fdup  fsqrt  f*  ;  ok 
\   use( x^1.5  0e 1e 1e-8 )integral cr fs. 165  function calls 
\   3.99999999994E-1  ok
MARKER  -int
needs ftran110.f
needs arrays.f

FALSE [IF]
    Non STANDARD words:
       1array       create a a one-dimensional array
                    Ex: 20  1 FLOATS  1array A{
       }            dereference a one-dimensional array
                    Ex: A{ I }  ( base_adr — base_adr + offset )
 
       Vectoring words included in ftran110.f
       v:           define a function vector
                    Ex:   v: dummy
       defines      set a vector
                    Ex:   ’ *  defines  dummy  7 2 dummy .  14 ok
                          : test    ( xt — ) defines dummy  dummy  ;
                          3 5 ’ * test .  15 ok
       use(         get the xt of a word 
[THEN]

\ points and weights for 3 point Gauss-Legendre integration
    8e  9e   F/         FVARIABLE  w0   w0 F!
    5e  9e   F/         FVARIABLE  w1   w1 F!
    3e  5e   F/ FSQRT   FCONSTANT  x1

\ Data structures
64e  63e  F/  FVARIABLE Cinterp   Cinterp F!
20 CONSTANT Nmax 
1 FLOATS  CONSTANT  float_len
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Nmax long float_len    1array x{ 
Nmax long float_len    1array E{ 
Nmax long float_len    1array I{

0 VALUE  N 
0 VALUE  nn
FVARIABLE  oldI 
FVARIABLE  finI 
FVARIABLE  deltaI
FVARIABLE dx 
FVARIABLE dxi 
FVARIABLE xi

\ Begin program
: scale    ( f: xa xb — )
    FOVER    F-    F2/      ( f: [xb-xa]/2)
    FSWAP  FOVER  F+        ( f: [xb-xa]/2  [xa+xb]/2 )
    xi F!    FDUP  dx F!
    x1 F*  dxi F!  ;

VARIABLE Ntimes             \ count of function evaluations

v: fdummy
: )int  ( n — )     \ 3 point Gauss-Legendre
    TO nn    x{ nn 1- }  F@  x{ nn }  F@   scale
    f" I{nn_1-}=dx*(w0*fdummy(xi)+w1*(fdummy(xi+dxi)+fdummy(xi-dxi))) “
    3 Ntimes +! ;

: initialize  ( xt —)  ( f: xa xb eps — integral)
     defines  fdummy
     1 TO N
     E{ 0 } F!   X{ 1 } F!   X{ 0 } F!
     0 Ntimes !
     1 )int
     0e  finI F! ;

: check.n
       N  [ Nmax 1- ] LITERAL  >
       ABORT" Too many subdivisions!"  ;

: E/2   E{ N  1- }  DUP   F@   F2/    F! ;

: }down    ( adr n —)
        OVER @  R   }   DUP   R@ +   R   MOVE  ;

: move.down    E{ N  1- }down
               x{ N     }down ;

: N+1   N 1+   TO N  ; 
: N-2   N 2 -  TO N  ;
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: subdivide
        check.n     E/2   move.down
        f" oldI = I{N_1-} “
        f” x{N} + x{N_1-} “  F2/  x{ N } F!
        N )int   N 1+ )int    ;

: converged?   ( f: —)  ( — f)
        f" I{N} + I{N_1-} - oldI “
        FDUP   deltaI  F!   FABS
        E{ N 1- } F@   F2*    F  ;

: interpolate    f" finI = deltaI * Cinterp + oldI + finI “  ;

: )integral    ( f: xa xb err — I[xa,xb]) ( xt —)
     initialize
     BEGIN   N 0>   WHILE
        subdivide
        converged?    N+1
        IF    interpolate  N-2    THEN
     REPEAT   finI  F@
     Ntimes @  .  ."  function calls" ;
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