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$ WUDQVFHQGHQWDO HTXDWLRQ KDV WKH IRUP

I([) = ��
 
ZKHUH I([) LV D WUDQVFHQGHQWDO IXQFWLRQ UDWKHU WKDQ D SRO\QRPLDO RU UDWLRQDO IXQFWLRQ �UDWLR RI
SRO\QRPLDOV�� 7KH ODWWHU FDQ EH VROYHG E\ VSHFLDO PHWKRGV WKDW ZLOO EH GLVFXVVHG LQ WKH IROORZLQJ

6HFWLRQ�

$ W\SLFDO FRQWH[W LQ ZKLFK LW EHFRPHV QHFHVVDU\ WR VROYH RQH RU VHYHUDO WUDQVFHQGHQWDO HTXDWLRQV LV

FRQWURO WKHRU\�:H RIWHQ GHVLJQ JRYHUQRUV ZLWK QHJDWLYH IHHGEDFN� WKDW LV� ZH WDNH SDUW RI WKH RXWSXW�

UHYHUVH LWV VLJQ DQG DSSO\ LW WR WKH LQSXW RI D V\VWHP� 7KLV FDQ KDYH D VWDELOL]LQJ HIIHFW LI DOO JRHV DV ZH

SODQQHG� 7KH HTXDWLRQ IRU VXFK D V\VWHP PLJKW EH

[
.
(W) = −D [(W) �

ZKHUH [(W) UHSUHVHQWV VRPH GHYLDWLRQ IURP QRUPDO RSHUDWLRQ� 7KLV HTXDWLRQ LV VWDEOH VLQFH LWV VROXWLRQ
UHSUHVHQWV GDPSHG SHUWXUEDWLRQV�

[(W) = [(�) H−D W �

+RZHYHU� LQ SUDFWLFH FRQWURO V\VWHPV LQFOXGH WLPH GHOD\V UHVXOWLQJ IURP VLJQDO SURSDJDWLRQ� KHQFH

FDQ GHYHORS LQVWDELOLWLHV� 7KDW LV� WKH SUHFHGLQJ HTXDWLRQ LV DFWXDOO\

[
.
(W) = −D [(W − τ)

ZKHUH τ UHSUHVHQWV WKH GHOD\� 7KH VWDQGDUG VXEVWLWXWLRQ [(W) = [(�) Hλ W \LHOGV D WUDQVFHQGHQWDO
HTXDWLRQ

λτ Hλ τ = −Dτ �

:KLOH LW LV REYLRXV WKDW QR UHDO DQG SRVLWLYH YDOXHV RI λ FDQ VDWLVI\ WKLV HTXDWLRQ� LW LV SRVVLEOH WKDW
IRU VRPH UDQJH RI Dτ WKHUH DUH FRPSOH[ URRWV ZLWK SRVLWLYH UHDO SDUWV� ,Q WKDW FDVH WKH FRQWURO V\VWHP
FRXOG VXSSRUW RVFLOODWLRQV WKDW LQFUHDVH H[SRQHQWLDOO\ LQ PDJQLWXGH³LW ZRXOG EH ZLOGO\ XQVWDEOH�

7KHUH DUH VHYHUDO VWDQGDUG PHWKRGV IRU ILQGLQJ D �RU SRVVLEO\� WKH� URRW RI D WUDQVFHQGHQWDO HTXDWLRQ

�ZKLFK PLJKW KDYH PDQ\ URRWV RU QRQH�� 7KH VLPSOHVW RI WKHVH LV 1HZWRQ·V PHWKRG� 8QGHU FHUWDLQ

FRQGLWLRQV WKH PHWKRGV RI ELQDU\ VHDUFK DQG UHJXOD IDOVL DUH PRUH VWDEOH DQG WKHUHIRUH WR EH SUHIHUUHG�

:H GLVFXVV WKHP LQ WKH RUGHU QDPHG�
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6XSSRVH I([) LV D GLIIHUHQWLDEOH IXQFWLRQ� WKHQ LI [Q LV QHDU D URRW ZH KDYH

I([Q) ≈ I([Q−�) + ([Q − [Q−�) I’([Q−�) + 2  ([Q − [Q−�)
�
 �

6HWWLQJ I([Q) = � DQG VROYLQJ IRU [Q ZH KDYH

[Q ≈ [Q−� −
I([Q−�)
I’([Q−�)

�

7KDW LV� ZH LWHUDWH XQWLO WKH VHTXHQFH 

[Q



FRQYHUJHV �RU GLYHUJHV��

&RQVLGHU WKH SUREOHP RI ILQGLQJ WKH VTXDUH URRW RI D SRVLWLYH QXPEHU� ,Q VFKRRO ZH ZHUH WDXJKW

V\QWKHWLF GLYLVLRQ� %XW 1HZWRQ·V PHWKRG RIIHUV D UDSLGO\ FRQYHUJLQJ �DQG TXLWH VWDEOH� LWHUDWLRQ�

[� − D = �

[Q+� = [Q +
D − [Q

�

�[Q
≡

D ⁄ [Q + [Q
�

�

*LYHQ D JRRG LQLWLDO JXHVV WKH LWHUDWLRQ FRQYHUJHV H[WUHPHO\ UDSLGO\� DV VKRZQ EHORZ IRU √� �
D = �� [� = D ⁄ �

Q 5HVXOW

0 ������������
1 ������������
2 ������������
3 ������������
4 ������������
5 ������������

7KH FRPSXWDWLRQ RI VTXDUH URRWV LV EXLOW LQWR YLUWXDOO\ HYHU\ QXPHULF FR�SURFHVRU DQG VRIWZDUH

IORDWLQJ�SRLQW DULWKPHWLF SDFNDJH LQ PRGHUQ XVH� &XEH URRWV� KRZHYHU� DUH UDUHO\ LQFOXGHG� 7KH

IROORZLQJ SURJUDP XVHV 1HZWRQ·V PHWKRG WR ILQG FXEH URRWV�

\ Cube root of real number by Newton’s method 
\ ANS compatible version
\     (c) Copyright 1994  Julian V. Noble.     Permission is granted 
\     by the author to use this software for any application provided 
\     the copyright notice is preserved.
\
\ Algorithm:
\ x’ = (N/x^2 + 2x)/3
\
\ This code conforms with ANS requiring: 
\ FLOAT and FLOAT EXT word sets
\ Environmental dependence:
\ assumes separate floating point stack 
\
\ Non STANDARD words: FTUCK   
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: undefined    BL WORD  FIND  NIP  0=  ;
undefined FTUCK  [IF]  : FTUCK   FSWAP  FOVER  ;  [THEN]   

: x’       ( f: N x - - x’)
FTUCK   FDUP F*   F/  FSWAP  F2*  F+  3e0  F/  ;

: converged?    ( f: x’ x x’ - - x’) ( - - f)
F-   FOVER   F/   FABS   1.E-8  F<   ;

: fcbrt    ( f: N — N^1/3)
FDUP  F0<  FABS                ( f: - - |N|)  ( - - f)
FDUP  FSQRT                    ( f: - - N x0 )
BEGIN    FOVER FOVER  x’   FTUCK   converged?
UNTIL
x’   IF   FNEGATE   THEN  ; 

%HORZ ZH VHH WKH WDEXODWHG UHVXOWV RI WKLV DOJRULWKP�

D = �� [� = √D
Q 5HVXOW

0 ������������
1 ������������
2 ������������
3 ������������
4 ������������
5 ������������

$V RXU ILQDO H[DPSOH� FRQVLGHU KRZ WR FRPSXWH WKH LQYHUVH RI D QXPEHU RQ D PDFKLQH ODFNLQJ D

GLYLVLRQ LQVWUXFWLRQ �DV GLG PDQ\ HDUO\ FRPSXWHUV�� :H PLJKW WKLQN RI WU\LQJ WR ILQG WKH URRW RI

D[− � = �

E\ 1HZWRQ·V PHWKRG� L�H�

[Q+� = [Q −
D[Q − �

D

EXW WKLV LV D PHUH WDXWRORJ\� 7KH SURSHU DSSURDFK LV WR DSSO\ 1HZWRQ·V PHWKRG WR

D − �
[
= �

JLYLQJ

[Q+� = 
� − D[Q

[Q �

7KLV LWHUDWLRQ LV XQVWDEOH LI� IRU D > � ZH FKRRVH [� > � RU YLFH�YHUVD� %XW LW FRQYHUJHV TXLWH UDSLGO\ LI
D SURSHU VWDUWLQJ YDOXH LV FKRVHQ� ,I D > � D JRRG FKRLFH LV WR ILQG WKH OHDGLQJ ELW� L�H� WKH OHDGLQJ SRZHU
RI � FRQWDLQHG LQ D� DQG WDNH [� = �

−N−� � 7KH UHVXOWV IRU LQYHUWLQJ ��� DUH VKRZQ EHORZ�
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D = �� [� = ����

Q 5HVXOW

0 ���������������
1 ���������������
2 ���������������
3 ���������������
4 ���������������
5 ���������������

:KHQ WKH VWDELOLW\ RI 1HZWRQ·V PHWKRG LV QRW NQRZQ LQ DGYDQFH �RU LV VXVSHFW�� LW LV XVHIXO WR FKRRVH

D PHWKRG WKDW LV JXDUDQWHHG WR ILQG D URRW EHFDXVH ZH NQRZ WKDW D URRW OLHV LQ D GHILQLWH LQWHUYDO RI

WKH [�D[LV� /HW XV ORRN ILUVW DW ELQRPLDO VHDUFK� VLQFH LWV DOJRULWKP LV HDV\ WR XQGHUVWDQG�

%��
�����
����
:H NQRZ WKDW VRPH LQWHUYDO� [/ ≤ [ ≤ [5� FRQWDLQV D URRW EHFDXVH I�[� FKDQJHV VLJQ ZKHQ [ JRHV IURP

[/→ [5 � 7KH PHWKRG EHJLQV ZLWK XSSHU DQG ORZHU ERXQGV RQ [ WKDW FDSWXUH WKH URRW� 1H[W ZH ORRN

DW I([
_
) ZKHUH [

_
OLHV KDOIZD\ EHWZHHQ [/ DQG [5 � ,I IQHZ = I([

_
) KDV WKH VDPH VLJQ DV I/ = I([/)� WKH QHZ

OHIW HQG RI WKH LQWHUYDO EHFRPHV [
_
� ,I WKH VLJQV DUH RSSRVLWH� [

_
EHFRPHV WKH QHZ ULJKW HQG RI WKH LQWHUYDO�

7KH DOJRULWKP LV GRQH ZKHQ OHIW DQG ULJKW HQGV DJUHH ZLWKLQ VRPH SUHGHWHUPLQHG DFFXUDF\� ,Q

SVHXGRFRGH� WKH ELQRPLDO VHDUFK DOJRULWKP LV

%LQDU\ VHDUFK KDV WKH IROORZLQJ YLUWXHV�

DECLARE FUNCTION dummy! (x!) 
DECLARE FUNCTION binsrch! (a!, b!, eps!) 
PRINT binsrch(0!, 1!, .00001) 
END

FUNCTION binsrch (a, b, eps)
    fa = dummy(a)
    fb = dummy(b)
    DO UNTIL ABS(b - a) < eps
        xp = (b + a) / 2
        fx = dummy(xp)
        IF fa * fx  0 THEN
            fb = fx
            b = xp
        ELSE
            fa = fx
            a = xp
        END IF
    LOOP
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�� $FWXDOO\� LQ 0LFURVRIW 4XLFN%DVLF��



• WKH WLPH LW WDNHV WR DFKLHYH D JLYHQ DFFXUDF\ LV SUHGLFWDEOH�

• LW LV JXDUDQWHHG WR ILQG D FDSWXUHG URRW�

��'	�
��
����
1RZ ZH ORRN DW UHJXOD IDOVL� /DWLQ IRU ´UXOH RI IDOVH DSSURDFKµ� +HUH WKH EDVLF SUHPLVH LV�

• $VVXPH WKH URRW OLHV LQ WKH LQWHUYDO ([/ � [5) � DQG SORW D VWUDLJKW OLQH EHWZHHQ WKH SRLQWV ([/ � I/)
DQG ([5 � I5) �

• 7KLV OLQH PXVW LQWHUVHFW WKH [�D[LV VRPHZKHUH LQ WKH LQWHUYDO� DQG ZH WDNH WKDW SRLQW� FDOO LW [’�
DV RXU QH[W JXHVV�

• ,I [’ LV WR WKH OHIW RI WKH URRW� DGMXVW WKH LQWHUYDO DFFRUGLQJO\� DQG WKH VDPH LI [’ LV WR WKH ULJKW RI
WKH URRW�

$V WKH ILJXUH WR WKH ULJKW VKRZV� WKH VWUDLJKW OLQH LV VXSSRVHG WR DSSUR[LPDWH WKH FXUYH I�[�� 7KH QHZ

JXHVV PD\ EH PXFK FORVHU WR WKH URRW

WKDQ LV WKH PLGSRLQW RI WKH LQWHUYDO

�ZKLFK ZDV WKH QH[W JXHVV LQ ELQR�

PLDO VHDUFK��

$ VWUDLJKW OLQH LQ WKH [�\ SODQH KDV WKH

DQDO\WLF IRUP

\ = D[ + E

ZKHUH D DQG E DUH FRQVWDQWV� 7KH

LQWHUFHSW RI WKH VWUDLJKW OLQH ZLWK WKH

[�D[LV LV JRWWHQ E\ VHWWLQJ \ � DQG

VROYLQJ IRU [�

[’ = − E

D
�

7R GHWHUPLQH D DQG E ZH XVH WKH WZR HTXDWLRQV

I/ = D[/ + E

I5 = D[5 + E

JLYLQJ

    binsrch = (b + a) / 2
END FUNCTION

FUNCTION dummy (x)
    dummy = x - EXP(-x) 
END FUNCTION
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D = �
�


I/ + I5 −

I5 − I/
[5 − [/



[/ + [5




DQG WKXV

[’ =
I5 [/ − I/ [5

I5 − I/
�

��)����������
6RPHWLPHV UHJXOD IDOVL FDQ EH YHU\ VORZ³WKLV KDSSHQV LI WKH IXQFWLRQ KDV D ´NQHHµ ZKHUH WKH URRW LV

ORFDWHG� DQG LV IODW RQ HLWKHU VLGH RI WKH NQHH� 7R VSHHG WKLQJV XS ZKHQ WKLV LV WKH FDVH LW LV XVHIXO WR

LQVHUW D ELQDU\ VHDUFK VWHS EHWZHHQ WKH UHJXOD IDOVL VWHSV� WKHUHE\ JLYLQJ ULVH WR D K\EULG DSSURDFK� $

VLPSOH )RUWK SURJUDP WKDW LPSOHPHQWV WKLV VWUDWHJ\ LV JLYHQ DW WKH HQG RI WKH FKDSWHU�

�� �����������������
��

)RU D FHUWDLQ W\SH RI IXQFWLRQ� QDPHO\ D SRO\QRPLDO ZLWK UHDO RU FRPSOH[ FRHIILFLHQWV� VSHFLDOL]HG

PHWKRGV KDYH EHHQ GHYLVHG WKDW FDQ ILQG DOO WKH URRWV� 7KH QHHG WR ILQG WKH URRWV RI SRO\QRPLDOV

DULVHV LQ VHYHUDO FRQWH[WV� )RU H[DPSOH� VXSSRVH WKH VROXWLRQ WR D SUREOHP ZH DUH LQWHUHVWHG LQ PD\

EH H[SUHVVHG DV DQ RUGLQDU\ GLIIHUHQWLDO HTXDWLRQ ZLWK FRQVWDQW FRHIILFLHQWV�

DQ
GQ[

GWQ
+ DQ−�

GQ−�[

GWQ−�
+ … + D� [ = I(W) �

WKHQ DV LV ZHOO NQRZQ� ZKHQ I(W) = α Hλ W� ZKHUH λ LV D URRW RI WKH HTXDWLRQ

DQ λ
Q + DQ−� λ

Q−� + …+ D� = � �

WKH VROXWLRQ [(W) EHFRPHV LQILQLWH� 6XFK HTXDWLRQV DULVH ZKHQ ZH WUHDW VWUXFWXUHV DV OXPSHG PDVVHV
FRQQHFWHG E\ VSULQJV� 'HVLJQHUV RI VWUXFWXUHV VXEMHFW WR H[WHUQDO YLEUDWLRQV PXVW EH FRJQL]DQW RI WKH

UHVRQDQW IUHTXHQFLHV RI WKHLU GHVLJQV VR WKDW GHVWUXFWLYH ORDGV GR QRW GHYHORS�

7KH IXQGDPHQWDO WKHRUHP RI DOJHEUD DVVHUWV WKDW D SRO\QRPLDO RI GHJUHH Q ZKRVH FRHIILFLHQWV

D� � D� �… � DQ DUH FRPSOH[ QXPEHUV KDV H[DFWO\ Q �FRPSOH[� URRWV� 7KH FRPSXWDWLRQ RI WKHVH URRWV
FDQ EH TXLWH WHGLRXV� SDUWLFXODUO\ LI WZR URRWV DUH FORVH� 0DQ\ DXWKRUV KDYH GHYLVHG DOJRULWKPV IRU

ILQGLQJ WKH URRWV RI SRO\QRPLDOV�� +HUH ZH H[SODLQ WKH /DJXHUUH DOJRULWKP� ZKLFK LV EDVHG RQ WKH

IROORZLQJ LGHD� ZULWH WKH SRO\QRPLDO DV D IXQFWLRQ RI WKH FRPSOH[ YDULDEOH ] LQ IDFWRUHG IRUP�

�* �����������������
��
�

�� 6HH� H�J�� )�6� $FWRQ� 1XPHULFDO 0HWKRGV WKDW :RUN �0DWK� $VV·Q RI $PHULFD� :DVKLQJWRQ� '&� �����
IRU UHIHUHQFHV WR WKH OLWHUDWXUH�



SQ(]) =
GI

D� + D�] + D�]
� +… + DQ]

Q ≡ DQ (] − ]�) (] − ]�) … (] − ]Q) �

7KHQ

ORJ 

SQ(])

= ORJ

DQ
+ ORJ ] − ]� + ORJ ] − ]� + … + ORJ ] − ]Q

VR WKDW

G ORJ _SQ(])_
G]

= �

] − ]�
+ �

] − ]�
+ … + �

] − ]Q
=

S’Q(])
SQ(])

=
GI

* �

DQG

−
G� ORJ _SQ(])_

G]�
= �

(] − ]�)
�
+ �

(] − ]�)
�
+… + �

(] − ]Q)
�
=




S’Q(])
SQ(])





�

−
S”Q(])
SQ(])

=
GI

+ �

1RZ VXSSRVH ZH PDNH WKH GUDVWLF DVVXPSWLRQ WKDW IRU D JLYHQ JXHVV� ]�

] − ]� = D

] − ]N = E � N = ��… � Q �

,Q WKDW FDVH ZH PD\ ZULWH

* = �

D
+ Q − �

E

+ = �
D�
+ Q − �

E�

DQG XSRQ HOLPLQDWLQJ E EHWZHHQ WKH WZR HTXDWLRQV� ILQG

D = Q

* ± √(Q+ −*�)(Q−�)
≡

Q SQ(])

SQ’(]) ± SQ(]) √(Q+ −*�)(Q−�)
�

$ FORTRAN URXWLQH WKDW LPSOHPHQWV WKLV LV�

      SUBROUTINE LAGUER(A,M,X,EPS,POLISH)
      COMPLEX A(*),X,DX,X1,B,D,F,G,H,SQ,GP,GM,G2,ZERO
      LOGICAL POLISH
      PARAMETER (ZERO=(0.,0.),EPSS=6.E-8,MAXIT=100)
      DXOLD=CABS(X)
      DO 12 ITER=1,MAXIT
        B=A(M+1)
        ERR=CABS(B)
        D=ZERO
        F=ZERO
        ABX=CABS(X)
        DO 11 J=M,1,-1

������� ����	�
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�� :�+� 3UHVV� HW DO�� 1XPHULFDO 5HFLSHV �&DPEULGJH 8� 3UHVV� &DPEULGJH� ������ S� ���II�



          F=X*F+D
          D=X*D+B
          B=X*B+A(J)
          ERR=CABS(B)+ABX*ERR
11      CONTINUE
        ERR=EPSS*ERR
        IF(CABS(B).LE.ERR) THEN
          DX=ZERO
          RETURN
        ELSE
          G=D/B
          G2=G*G
          H=G2-2.*F/B
          SQ=CSQRT((M-1)*(M*H-G2))
          GP=G+SQ
          GM=G-SQ
          IF(CABS(GP).LT.CABS(GM)) GP=GM
          DX=M/GP
        ENDIF
        X1=X-DX
        IF(X.EQ.X1)RETURN
        X=X1
        CDX=CABS(DX)
        IF(ITER.GT.6.AND.CDX.GE.DXOLD)RETURN
        DXOLD=CDX
        IF(.NOT.POLISH)THEN
          IF(CABS(DX).LE.EPS*CABS(X))RETURN
        ENDIF
12    CONTINUE
      PAUSE ’too many iterations’
      RETURN
      END

,W LV ZRUWK QRWLQJ WKDW WKLV VXEURXWLQH LV UDWKHU ORQJ EHFDXVH LW LQFOXGHV DQ RSWLRQDO LWHUDWLYH

SURFHGXUH IRU SROLVKLQJ WKH URRW� FRQWUROOHG E\ WKH IODJ �L�H� WKH ORJLFDO YDULDEOH� POLISH� 7KLV LV
W\SLFDO RI ODQJXDJHV OLNH FORTRAN RU C ZKLFK H[DFW D ODUJH UXQ�WLPH SHQDOW\ IRU EUHDNLQJ
SURFHGXUHV XS LQWR VPDOO� PDQDJHDEOH PRGXOHV�

2QFH ZH KDYH IRXQG DQ HVWLPDWH RI D URRW� ZH FDQ XVH 1HZWRQ·V PHWKRG WR SROLVK LW� 7R DFFRPSOLVK

WKLV H[SHGLWLRXVO\ UHTXLUHV IDVW URXWLQHV IRU HYDOXDWLQJ D SRO\QRPLDO DQG LWV ILUVW GHULYDWLYH� :H VKDOO

GLVFXVV WKHVH EHORZ�

6XSSRVH ZH KDYH IRXQG D URRW� ]� E\ /DJXHUUH·VPHWKRG³ZKDW QH[W" &OHDUO\ WKH QH[W VWHS LV WR GHIODWH

WKH SRO\QRPLDO E\ GLYLGLQJ RXW WKH IDFWRU (] − ]�) � WKHUHE\ SURGXFLQJ D SRO\QRPLDO RI GHJUHH Q − ��
7KH SURFHVV RI GHIODWLRQ FDQ EH FDUULHG RXW E\ V\QWKHWLF GLYLVLRQ� WKDW LV� E\ ZULWLQJ

SQ(]) ≡ (] − ]�) TQ−�(]) + SQ(]�) �

�� �����������������
��
�

�� …RU D FRPSOH[ FRQMXJDWH SDLU RI URRWV LI WKH FRHIILFLHQWV DN DUH UHDO�



7KH SURFHVV RI V\QWKHWLF GLYLVLRQ� \LHOGV ERWK WKH TXRWLHQW SRO\QRPLDO TQ−�(]) DQG WKH UHPDLQGHU�

5 =
GI

SQ(]�) �

,W LV HDVLHVW WR LOOXVWUDWH ZLWK DQ H[DPSOH� &RQVLGHU �[� − ��[� + [� − �[ +�� 7R GLYLGH LW E\
([ − �) ZH DUUDQJH LWV FRHIILFLHQWV LQ D WDEOHDX DV VKRZQ EHORZ�

3 0 –14 1 –5 7
5 0 15 75 305 1530 7625

3 15 61 306 1525 7632

7R WKH OHIW ZH SODFH WKH YDOXH �� DQG EHORZ WKH OHDGLQJ FRHIILFLHQW �WKDW LV� D�� ZH SXW �� 1RZ ZH DGG

WKH WZR HQWULHV LQ WKH ILUVW FROXPQ WR JHW �� 1H[W PXOWLSO\ E\ � DQG SODFH WKH UHVXOW LQ WKH VHFRQG

FROXPQ� DQG DGG WKHVH WZR HQWULHV WR JHW ��� 3URFHHGLQJ ULJKWZDUG DV LQGLFDWHG E\ WKH DUURZV� ZH

JHW WKH ERWWRP URZ� 7KH ILUVW ILYH QXPEHUV DUH WKH FRHIILFLHQWV RI WKH TXRWLHQW SRO\QRPLDO� WKDW LV�

TQ−�([) = �[
� + ��[� + ��[� + ���[ + ���� �

DQG WKH ODVW HQWU\ LV WKH SRO\QRPLDO HYDOXDWHG DW [ = �� 7KDW LV� ZH FDQ DFFRPSOLVK GHIODWLRQ DQG
HYDOXDWLRQ ZLWK D VLQJOH VXEURXWLQH�

6LPLODUO\� ZH FDQ HYDOXDWH WKH GHULYDWLYH S’Q([) DW D JLYHQ YDOXH RI [ E\ DSSO\LQJ V\QWKHWLF GLYLVLRQ
WR WKH TXRWLHQW SRO\QRPLDO�

$ )RUWK SURJUDP WR VROYH IRU WKH URRWV RI ZHOO�EHKDYHG SRO\QRPLDOV LV IRXQG DW WKH HQG RI WKLV FKDSWHU�
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�� )�6� $FWRQ� 1XPHULFDO 0HWKRGV WKDW :RUN �0DWK� $VV·Q RI $PHULFD� :DVKLQJWRQ� '&� ������ S� ��� II�



\ Regula Falsi - - ANS compatible version of September 10th, 1997 
\              - - tested with WinForth v. 3.5 on September 10th, 1997 
\ Finds roots of real transcendental functions by hybrid 
\       secant/binary search method
\ Usage example: 
\       : F1    ( F: x - - [x-e**-x])   FDUP  FNEGATE  FEXP  F-  ; 
\       USE( F1  % 0 % 1 % 1.E-5 )FALSI  5.671432E-1  ok
\ Environmental dependencies: 
\       Separate floating point stack 
\       ANS FLOAT and FLOAT EXT wordsets 
\       ANS TOOLS EXT wordsets 
\ 
\     (c) Copyright 1994  Julian V. Noble.  Permission is granted 
\     by the author to use this software for any application provided 
\     the copyright notice is preserved.
MARKER -falsi                   
\ say "-falsi" to evaporate

\ Vectoring wordset (conditionally compile if not present) 
DEFINED use(   NIP  0=  [IF]
    : use(    ’  STATE @  IF  POSTPONE LITERAL  THEN  ;  IMMEDIATE
    : v:   CREATE   [’]  NOOP  ,  DOES>  @  EXECUTE  ;
    : defines     ( xt - -)   ’ ( name )  >BODY
            STATE @  IF   POSTPONE  LITERAL  POSTPONE !
                     ELSE  !  THEN  ; IMMEDIATE [THEN]
\ Data structures
FVARIABLE A                       \ f(xa) 
FVARIABLE B                       \ f(xb) 
FVARIABLE XA                      \ lower end of interval 
FVARIABLE XB                      \ upper end of interval 
FVARIABLE EPSILON                 \ precision
v: dummy                          \ vectored function name
\ End data structures

: x’    ( F: - - x’)               \ secant extrapolation 
\         F" XA + (XA - XB) * A / (B - A) "    ;
          XA F@  FDUP   XB F@  F-       ( F: xa xa-xb )
          A  F@   B F@   FOVER  F-  F/  F*  F+   ;

: <x’>  ( F: - - <x’>)             \ binary search extrapolation 
\         F" (XA + XB) / 2  "  ;
          XA F@  XB F@  F+  F2/  ;

: same-sign?   ( F: x y - -)  ( - - f)    F*   F0>  ;

: !end    ( F: x - -)
FDUP  dummy   FDUP  ( F: - - x f[x] f[x] )
A F@  same-sign?

          IF   A F!  XA F!   ELSE   B F!  XB F!   THEN   ;

: shrink   x’  !end   <x’>  !end  ;     \ combine extrapolations
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: initialize    ( xt - -) ( F: lower upper precision - -)
        epsilon F!    XB F!    XA F!    \ store parameters
        defines dummy                   \ xt -> DUMMY
        XA F@  dummy  A F!              \ compute fn at endpts
        XB F@  dummy  B F!
        A  F@  B F@
        SAME-SIGN?  ABORT" EVEN # OF ROOTS IN INTERVAL!"  ;

: converged?    ( - - f) 
\       F" ABS( XA - XB ) < EPSILON  "   ;
        XA F@   XB F@  F-  FABS   EPSILON F@  F<   ;

: )falsi        ( xt - -) ( F: upper lower precision - -)
        initialize
        BEGIN    shrink  converged?    UNTIL
        <x’>    ;        
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\ Laguerre method for finding polynomial roots
\ --------------------------------------------------- 
\     (c) Copyright 1999  Julian V. Noble.          \ 
\       Permission is granted by the author to      \ 
\       use this software for any application pro-  \ 
\       vided this copyright notice is preserved.   \ 
\ ---------------------------------------------------
\ This is an ANS Forth program requiring the 
\   FLOAT, FLOAT EXT, FILE and TOOLS EXT wordsets. 
\ 
\ Environmental dependences: 
\       Assumes PARSE can be used interpretively. 
\ 
\       Assumes independent floating point stack 
\       Complex numbers reside on the fp stack as 
\       ( f: x y) where z = x + iy  (Im above Re).
\       The complex sqrt function, ZSQRT, is assumed to map 
\       (0, 2*pi) into (0, pi). That is, its branch cut is the 
\       positive real axis.
\ Non-Standard words 
\       Most of these are conditionally compiled. 
\       However as there is as yet no agreement as to the 
\       names of certain complex functions, I have chosen 
\       names that seemed sensible. Thus instead of 
\       ZABS I have defined |z| (more telegraphic). 
\       I also use the function |z|^2 which computes 
\       x^2 + y^2 = conjg(z) * z . 
\ 
\       The lexicon for arrays (arrays.f) builds both the number of 
\       elements and the data size into the header of an array. This 
\       information is required by the word }mov that moves data 
\       from one array to another array, since I have written it 
\       generically (that is, it works for any 2 arrays). }mov 
\       could easily be replaced by one that works only for complex 
\       arrays, if another array definition is preferred. 
\ 
\       Definitions using |z|, |z|^2 or }mov have been marked 
\       with **** for easy reference.
FALSE [IF]
    Reference:  F.S. Acton, "Numerical Methods that (Usually) Work"
                (Mathematical Ass’n of America, Washington, DC, 1990)
$OJRULWKP�

        For a given z, assumes z - z1 = a, and for all other
        roots, z - zn = b ; then
            G = p’(z)/p(z) = 1/a + (n-1)/b
        and
            H = G^2 - p"(z)/p(z) = 1/a^2 + (n-1)/b^2 .
        Eliminate b to get
            a = n/( G +- sqrt((nH-G^2)*(n-1)) ) .
        The next guess is z’ = z - a .
        Iterate until converged, then deflate polynomial
        by the factor (z - root) and repeat. 
[THEN]
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MARKER -laguer
\ define "undefined" if it does not already exist
BL PARSE undefined DUP PAD C! PAD CHAR+ SWAP CHARS MOVE PAD FIND NIP 0= 
[IF]  : undefined   BL WORD  FIND  NIP  0=  ;  [THEN]

include complex.f               \ lexicon for complex arithmetic
undefined s>f       [IF]  : s>f     S>D  D>F  ;     [THEN] 
undefined f-rot     [IF]  : f-rot    FROT  FROT  ;  [THEN] 
undefined fnip      [IF]  : fnip   FSWAP  FDROP  ;  [THEN] 
undefined ftuck     [IF]  : ftuck    FSWAP  FOVER ; [THEN] 
undefined 1/f       [IF]  : 1/f   F1.0  FSWAP  F/ ; [THEN] 
undefined f^2       [IF]  : f^2   FDUP  F*  ;       [THEN] 
undefined z^2       [IF]  : z^2    zdup z*  ;       [THEN] 
undefined z*f       [IF]  : z*f   FROT  FOVER  F*  f-rot  F*  ; [THEN] 
undefined z2*       [IF]  : z2*   F2*  FSWAP  F2*  FSWAP  ;     [THEN]

include arrays.f                \ lexicon for arrays
\ these are complex fp arrays 
20 long 2 FLOATS 1array a{      \ coefficients of input polynomial 
20 long 2 FLOATS 1array b{      \ coefficients of quotient polynomial 
20 long 2 FLOATS 1array c{      \ coefficients of 1st derivative 
20 long 2 FLOATS 1array d{      \ coefficients of 2nd derivative
\ complex variables 
: zvariables    ( n --)  0 DO     CREATE   2 FLOATS  ALLOT  LOOP  ;
3 zvariables  G  zz  zp
fvariable epsilon
0 VALUE dummy{ 
0 VALUE chummy{
0 VALUE #iter 
6 VALUE max_iter
\ ------------------------------------------- synthetic division 
\   p[z] = (z-s) * q[z] + p[s] 
\   adr1 is address of coeff array of input polynomial p[z] 
\   adr2 is address of coeff array of quotient polynomial q[z] 
\   n is degree of polynomial
: }zsynth  ( adr1 adr2 n -- ) ( f: s -- p[s])
    >R                  \ save N on rstack
    TO chummy{          \ vector array names
    TO dummy{
    dummy{ R@ }  z@                 ( f: -- z sum)
    0 R> 1-     DO                  \ count down from N to 1
        zdup   chummy{ I }  z!      \ b{ I } = sum
        zover  z*
        dummy{ I }  z@  z+          \ sum = sum * x + a{ I } 
    -1 +LOOP                        ( f: s p[s])
    znip ;
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FALSE [IF]
Test case for synthetic division:
    : }.    ( adr n -- )    \ display complex 1array
        0 SWAP  DO   DUP  I }  z@  CR  I .  z.  -1  +LOOP  DROP  ;

        7.e0 0e0 a{ 0 } z!
       -5.e0 0e0 a{ 1 } z!
        1.e0 0e0 a{ 2 } z!
      -14.e0 0e0 a{ 3 } z!
        0.e0 0e0 a{ 4 } z!
        3.e0 0e0 a{ 5 } z!
        a{ b{ 5 5.e0 0e0 )zsynth CR z.
        b{ 4 }.

    answers should be
    7.63200E3  + i 0.00000E-1  ok
    4 3.00000E0  + i 0.00000E-1
    3 1.50000E1  + i 0.00000E-1
    2 6.10000E1  + i 0.00000E-1
    1 3.06000E2  + i 0.00000E-1
    0 1.52500E3  + i 0.00000E-1  ok
[THEN] 
\ --------------------------------------- end synthetic division
: guessed?    zdup  |z|  epsilon F@  F  ;  \ uses |z|      ****
: zmax     ( f: z1 z2 -- z1 | z2)   \ leave value with larger |z|
    zover zover                     ( f: z1 z2 z1 z2)
    |z|^2  f-rot |z|^2              ( f: -- z1 z2 |z2|^2  |z1|^2)
    F<   IF zdrop  ELSE  znip  THEN  ;      \ uses |z|^2    ****

: guess    ( n --) ( f: z -- a)
    >R                          \ save N on rstack
    zdup zz z!                  \ save initial guess
    a{ b{ R@ }zsynth            ( f: -- p[z])
    guessed?  IF  R DROP  EXIT  THEN
    zz z@  b{ c{ R@ 1- }zsynth  ( f: -- p[z] p’[z] )
    zover  z/  G z!             \ G = p’[z] / p[z]
    zz z@  c{ d{ R@ 2 - }zsynth
    z2*                         ( f: -- p[z] p"[z] )
    zswap  z/  znegate          ( f: --  -p"/p)
    G z@  z^2  z+               ( f: -- H)
    R@ sf  z*f  G z@  z^2 z-    ( f: -- n*H-G^2)
    R@ 1-  s>f  z*f  zsqrt      ( f: -- R)
    zdup  znegate               ( f: -- R  -R)
    G z@  z+                    ( f: -- R G-R)
    zswap G z@  z+              ( f: -- G-R G+R)
    zmax
    1/z  R> s>f  z*f   ;    \ a = n/( G +|- sqrt((nH-G^2)*(n-1)) )

0 VALUE #bytes 
: }mov      ( src dst n --)     \ array_dst = array_src
    >R    2DUP  @  TO #bytes  @  #bytes    ABORT" Inconsistent data types"
    0 R>  DO  OVER  I }  OVER  I }   ( src[0] dst[0] src[I] dst[I])
              #bytes MOVE
    -1 +LOOP    2DROP  ;
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: new_z     ( f: a --)   znegate  zz z@  z+ zp z!  ;

: apart?    zz z@ zp z@  z-  |z|  epsilon f@  F>  ;     \ uses |z| ****

: <root>     ( n --) ( f: -- root)
    >R
    zz z@  R@ guess         ( f: -- a)
    new_z
    0 TO #iter
    BEGIN   apart?   #iter max_iter < AND
    WHILE  zp z@  zdup  zz z!      \ zz = zp
           R@ guess
           new_z 
           #iter 1+ TO #iter
    REPEAT
    R> DROP  ;

: quadroots
    a{ 2 } z@  |z|^2  F0=               \ uses |z|^2    ****
    IF  a{ 1 } z@ |z|^2  F0=
        IF  CR  ." no roots!"
        ELSE  CR  ." only one root!  "
              a{ 0 } z@  a{ 1 } z@  z/  znegate  z.
        THEN
    ELSE
        a{ 1 } z@  znegate    ( f: -b)
        zdup  z^2
        a{ 0 } z@  a{ 2 } z@
        z*  z2*  z2*  z-
        zsqrt                 ( f: -b d)
        zover zover           ( f: -b d -b d)
        z+  z2/  a{ 2 } z@ z/  CR  z.
        z-  z2/  a{ 2 } z@ z/  CR  z.
    THEN  ;

: roots     ( n --) ( f: z0 epsilon --)
    epsilon F!  zz z!
    BEGIN   DUP  2 >
    WHILE   DUP  <root>    CR  zp z@ z.
            1-  DUP  R  b{ a{ R }mov      \ uses }mov     ****
    REPEAT  DROP
    quadroots ;
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FALSE [IF]
Test case for roots:
   p(z) = z^6 + 4*z^5 - 6*z^4 - 4*z^3 - 7*z^2 - 48*z + 60
        1.e0 0e0 a{ 6 } z!
        4.e0 0e0 a{ 5 } z!
       -6.e0 0e0 a{ 4 } z!
       -4.e0 0e0 a{ 3 } z!
       -7.e0 0e0 a{ 2 } z!
      -48.e0 0e0 a{ 1 } z!
       60.e0 0e0 a{ 0 } z!

Say:    6 -10e0 0e0 1e-9 roots

Should get
-5.00000E0  + i 0.00000E-1
 -2.00000E0  + i 0.00000E-1
 7.09585E-11  + i 1.73205E0
 1.00000E0  + i 6.14840E-12
 2.00000E0  + i -3.36886E-12
 2.93416E-11  + i -1.73205E0  ok
[THEN] 
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