1. Take a gaussian wave packet in air, of the form
z

. . . i 22t i 22t
A(y;z) = drduexp(ikyy +ikzz jilt)exp i(? i Yo)"=2a" exp i(K i Ho)"=2b

with ky = (Y=c)sinp and k, = (!=c)cosp: The integration can be performed
after we approximate

ky = (Yo=c)sinpo + (Yo=C)(M i Ho) cospo + ((¥ i Yo)=C)sinjo
kz = (To=c)cospo i (Yo=C)(M i Ho)sinpo + ((¥ i To)=C)coSpo
We pull out the factor exp (i(?o=c)(ysinjy +zcosyp) j ilot) and we are left

with the product of two integrals. One is
z

dlexp(i((? i Yo)=c)(ysinpo +zcospo) i i(? i Yo)t)exp ! il !0)2:2a2¢;
P— n (@]
which evauates to = 2%aZexp j(a?=2)[t§ (ysinpo + zcosuo):c]2 : The other
integral is
z i ¢
dYexp(i((K i Ho)(1o=C)(y COSHo i ZSino)) exp ' i (K i Ho)2=2b? ;

 e— o]
and it evaluates to Io21/4b2 exp£ i (02=2)(19=c)?>(y coslo i zsinpo)? : The prod-
uct is
n (o] £ ol
2%abexp i (a2=2c¢?)[ct j (ysinpo +zcospg)]®> exp i (b2=2)(1o=c)?(y cospo i ZSinig)?

and represents a wave packet that propagates with speed c at an angle yp with
respect to the z axis. The packet does not spread.

2. Take the analogous gaussian wave packet in a medium of index n
z

. . . i 2.2t i 2 2%
A(y;z) = drdpexp(ikyy +ik,z jilt)exp i(? i Yo)"=2a" exp i(H i Ho)"=2b

with ky = (n¥=c)sinpy and k, = (n!=c) cos j1: The integration can be performed
after we approximate

ky = (ngYo=c)sinpo + (No!o=c)(U § Ho)cospo + ((!
k; = (noYo=c)cospg i (Noo=c)(i i Ho)sinpoe + ((!

Y9)=Vo) sinjig
¥9)=Vo) COS Lo;

where vq is the group velocity

_ C
V= d(nn=at

evaluated at T = I4:



We pull out the factor exp (i(ng ¥ o=c)(ysinyg +z cosyo) i i¥ot) and we are
left with the product of two integrals. One is
z

d¥exp(i((Y i Yo)=Vo)(ysinpo +zcospo) i i(! i Yo)t) expii(! i !0)2:232¢;

n (0]

P—
which evauatesto  2%a2exp j(a?=2)[t j (ysin o + z cos uO):VO]2 : The other
integral is
z

. . i ¢
d¥ exp (i((H i Ho)(Noto=C)(y oS i Zsinpio)) exp ' i (M i Mo)?=2b? ;

M £ a
and it evaluates to Io21/4b2 exp i(b?=2)(no!o=c)?(ycospo i zsinyg)? : The prod-
uct is
n o

~ £ a
A =2%abexp i (a2=2v2)[Vot i (ysinpo +2zcospo)’ exp i (h?=2)(No?o=c)?(y cos o i ZSin po)?
and represents a wave packet that propagates with velocity vy at an angle o

with respect to the z axis. We can say this because

A(t; y + votsinpo; z + Votcosjio) = A(0; y; z)

In this approximation the packet does not spread, even when the medium is
dispersive.

3. Take the wave packet 1 and let it pass through the air-medium interface
perpendicular to the z axis (so that i is tghe average angle of incidence). The
wave packet propagating in the medium is described by

z

i ¢ i ¢
Aly;z)=  diduT (1 p)exp (iky +ik,z i iTt)exp i (1 i 1o)?=2a% exp ' i (M i Ho)?=2b?

@

with ky = (¥=c)sinp and k, = (¥=c) n2 j sin?wT (¥;y) is the transmission
coeCcient. The integration can be performed if we assume that T varies slowly
and we approximate

ky = (To=c)sinpg + (Yo=C)(H i Mo)cos o + ((¥ i Yo)=C)sinyo
- 1 . nod(n¥=d1), j sin?
k, = (Y=€) N3 isin?lo j —Ctmmmmmm— (1 j Ho)Sin o COS o + (1 § Yo)— Q=i isin o,
¢ ndisin’o ¢ n2 jsin’ o

We have written the last term in k, in a way that makes it clear how it depends

on the group velocity c

V = e—
d(n?t)=d!
evaluated at ! = I4:It is also convenient to introduce the Snell angle us by
sin g = Ng sin ys, so that
(o [
ng i sin®jio = Ng CoS fis



We can then write

ky = (nolo=c)sinps + (Yo=C)(M i Ko)cospo + ((¥ i !o):C)SinH(i1
1 . il 1  sinpssin
ke = (M0%=C)Cosis | ——2— (i i o)sin s cospip +de0d " L TMe S0
CCOSUs Cos Us Vo c

We pull out the factor T (1o; to)exp (i(ng!o=c)(ysin s + zcosys) j iot) and
we are left with the product of two integrals. One is
z . |

H_(! i 'o)z ”i : sinps sin o +;(! iloy

dl exp i =———
COSis Vo c

T

. - i ¢
sinpo § i(Y § Yo)t exp (! i Yo)%=2a? ;

which evaluates to

pP— z H 1 sinyssin uoﬂ y -2t
Y,a? s (a2= H _— - Zqj
2%a’exp j(@=2) ti cosns Vo i s i Csmuo

: The other integral is
z V1 |

. cos . i ¢
dlexp i((M i Ho)(no!o:C)COSEZ (ycosus i zsinps) eXpl i (M i Ho)?=20%;

and it evaluates to

>

P 2
2vb2exp j (0%=2)(no ! o=C)? o o (ycosps i zsinps)?

c
cos? g

The product is
n 2O £ o
2Vabexp i (@%=2v3) [Vot i (ysinpg +zcospg)]” exp i (b%=2)(no!o=c)?(y cos o § ZSinpp)?

and represents a wave packet that propagates with velocity vq at an angle s
with respect to the z axis. We can say this because

A(t; y + Votsinis; z + Votcospg) = A(0; y; 2)

In this approximation the packet does not spread, even when the medium is
dispersive.

4. 1t seems magical that the group velocity comes out to be voR. To see
thatit is right and no mistakes were made, check the results for a non-dispersive
medium. Then vo = c=ng and we can rewrite the expression

z H 1 sinpgsin L
— = HsSNWo ¥ sin o
COSHs Vo c c

in the form

i ¢
Z |n i nsin?ys +chosinu3 =%(zcosus +ysinys):

€ COS lUs



This suggests that in teh general case we use

Hdn'ﬂ,

olk
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+
-
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1 p—
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andgo through th esame steps to obtain

LIy lJd 1

ccosps db

E = %(zcosus +ysinys) +

Sustituting y = vgtsinpus and z = vptcos s one obtains, amazingly but not
unexpectedly) E = t.

ake the wave packet 1 and let it pass through the air-medium interface perpen-
dicular to the z axis (so that Lg is tghe average angle of



